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Abstract

A fundamentalproblemin color imageprocessingis the
integrationof thephysicallawsof light reflectioninto im-
ageprocessingresults,theproblemknown asphotometric
invariance.Thederivationof objectpropertiesfrom color
imagesyieldstheextractionof geometricandphotometric
invariantsfrom color images.Photometricinvarianceis to
bederivedfrom thephysicsof reflection.In thispaper, we
rehearsetheresultsfrom radiativetransfertheoryto model
the reflectionandtransmissionof light in coloredlayers.
We concentrateon the Kubelka-Munktheoryfor colored
layers,which is posedasa generalmodelfor color image
formation. Themodelis usedfor decadesin thepainting
andprinting industrie,andis provento bevalid for awide
rangeof materials.WerelatetheKubelka-Munktheoryto
photometricmodelscurrently usedin imageprocessing.
As a consequence,thewide rangeof materialsfor which
Kubelka-Munkis provenvalid may be inheritedto algo-
rithmsbasedon newermodels.Furthermore,photometric
invariant propertiesproven for one model are, by using
Kubelka-Munk,easilyextendedto relatedmodels.

Intr oduction

Color seemsto beanunalienablepropertyof objects.It is
the orangethat hasthat color. However, the heartof the
matteris quite different. Humanperceptionactively as-
signscolorsto anobservedscene.Thereis a discrepancy
betweenthephysicsof light, andcolor assignifiedby the
brain. It is evolution that hasshapedthe actualmecha-
nismof colorvision. Evolution,suchthataspeciesadapts
to its (physical)environment,hasdriven the useof color
by perception.

In termsof physics,daylight is reflectedby an ob-
ject and reachesthe eye. It is the reflectanceratio over
the wavelengthsof radiantenergy that is an objectprop-
erty, hencethereflectionfunctionfor anorangeindeedis
aphysicalcharacteristicof thefruit. However, theamount
of radiantenergy falling onto the retinadependson both
theobjectreflectancefunction,thegeometryof theobject,
andthe light sourceilluminating theobject. Still, we ob-
serve an orangeto be orangein sunlight,by candlelight,
independentof shadow, frontal illumination,or obliqueil-

lumination.All thesevariablesinfluencetheenergy distri-
butionasit enterstheeye,thevariabilitybeingimposedby
the physicallaws of light reflection. Humancolor vision
hasadaptedto includethesephysicallaws, dueto which
weneglectthesceneinducedvariations.

From a computervision perspective, a fundamental
questionis howto integrate thephysicallawsof light re-
flection into color measurement?Modeling the physical
processof color imageformation providesa clue to the
object-specificparameters[3, 15, 17, 19, 20, 22, 25, 28,
31, 32]. Thequestionboils down to deriving theinvariant
propertiesof color vision, [1, 4, 7, 8, 11, 14, 28]. With
invariancewe meana property

�
of object � which re-

ceives value
��� ��� regardlessunwantedconditions � in

the appearanceof � . For humancolor vision, the group
of disturbingconditions ��� are categorizedby shadow,
highlights, light source, andscenegeometry. Scenege-
ometryis determinedby thenumberof light sources,light
sourcedirections, viewing direction, and object shape.
The invariant class ��� is referredto as photometricin-
variance. For observation of images,geometricinvari-
ance is of importance[6, 13, 16, 21, 30]. The groupof
spatialdisturbingconditionsis givenby translation, rota-
tion, andobservationscale. Sincethehumaneyeprojects
the three-dimensionalworld onto a two-dimensionalim-
age, the group may be extendedwith projection invari-
ance.Both photometricandgeometricinvariancearere-
quiredfor a color vision systemto reducethecomplexity
intrinsic to color images[10].

Photometric invariance is to be derived from the
physicsof reflection. Recently, several papershave ad-
dressedtheextractionof photometricmodelsfor computer
vision or visual inspectiontasks[9, 14, 22, 23, 28], prob-
ably themostfamousmodelgivenby Shafer[28]. In as-
trophysics,the physicsof light interactingwith material
is well established,the field known as radiative transfer
[2, 29], initiatedby thepioneringworkof Schuster[27]. In
thefield of colorimetry, thetheorieswererediscoveredby
KubelkaandMunk [20] whenthey describedthereflection
andtransmissionof light in coloredlayers.Thetheoryof
Kubelka-Munkhasbecomefamousin textile anddye in-
dustry. Notethat theoriginal problemsolvedby Schuster
[27] is still of interestfor computervision [23, 24].

The Kubelka-Munktheorymodelsthe reflectedand



transmittedspectrumof a coloredlayer, basedon a ma-
terial dependentscatteringandabsorptionfunction. The
theory unites spectralcolor formation for both reflect-
ing materialsas well as transparentmaterialsinto one
photometricmodel. The theory has proven to be suc-
cessfulfor a wide variety of materialsand applications
[15, 31]. Therefore,the Kubelka-Munktheory is well
suitedfor determiningmaterialpropertiesfrom colormea-
surements.The theorycombinesLambertianreflectance
[31], Shafer’s dichromaticreflectance[28], andLambert-
Beertransmissiveabsorption.

In this paper, we derive thesewell known reflection
modelsfrom the Kubelka-Munktheory in order to gen-
eralizephotometricinvariant propertiesas given in e.g.
[11, 10, 5]. The organizationof the paperis as follows.
In Section2, theKubelka-Munktheoryis derived. Image
formation for the caseof reflectingsurfacesis given in
Section2.1. For the caseof light transmissionthrougha
coloredlayer, imageformationis modelledin Section2.2.
Well known specialinstancesof themodelsarediscussed
in Section2.3. Thetheoryis extendedto truediffusionin
Section2.4. We concludewith andiscussionof which in-
variantpropertiesholdvalid underthesespecialinstances.

Kubelka-Munk Theory and Image
Formation

Transferof light througha mediumis characterizedby
threefundamentalprocesses:absorption,scattering,and
emission.Absorptionis theprocessby which radianten-
ergy is transformedinto anotherform of energy, e.g.heat
or light of differentwavelength(fluorescence).Hence,ra-
diantenergy is lost. Scatteringis theprocessby which the
radiantenergy is diffusedinto differentdirections.Emis-
sionis theprocessby whichnew radiantenergy is created,
e.g. by a light sourceinsidethe medium,or dueto fluo-
rescentpropertiesof themedium.Transfertheory[2, 29]
dealswith the combinedeffects of theseprocessesin a
mediumwith spatialextent. The Kubelka-Munktheory
modelstheeffectof theseprocessesundertheassumption
of a one-dimensionallight flux, henceisotropicscattering
within thematerial. [15, 20, 19, 31]. Underthis assump-
tion, the materiallayer is characterizedby a wavelength
dependentscattercoefficient and absorptioncoefficient.
Theclassof materialsfor whichthetheoryis usefulranges
from dyedpaperandtextiles,opaqueplastics,paintfilms,
up to enamelanddentalsilicatecements[15]. Themodel
maybeappliedto bothreflectingandtransparentmaterial.

Color Formation for Reflectionof Light

Considera homogeneouslycoloredmaterialpatchof uni-
form thickness	 andinfinitesimalarea,characterizedby
its absorptioncoefficient 
 ��� � andscattercoefficient 
 ��� � .
Whenilluminatedby incidentlight with spectraldistribu-
tion � ��� � , light scatteringwithin the materialcausesdif-

���

Figure 1: Illustration of thephotometricmodel.Theobject,re-
fractiveindex ��� , is illuminatedby ������� (mediumrefractivein-
dex ��� ), andlight is reflectedandscatteredin theviewingdirec-
tion.

fusebodyreflection(Figure1), while Fresnelinterfacere-
flectanceoccursat thesurfaceboundaries.

Whenthethicknessof thelayeris suchthatfurtherin-
creasein thicknessdoesnotaffectthereflectedcolor, Fres-
nel reflectanceat thebacksurfacemaybeneglected.The
incident light is partly reflectedat the front surface,and
partly entersthematerial,is isotropicallyscattered,anda
partagainpassesthefront-surfaceboundary. Thereflected
spectrumin the viewing direction �� , ignoring secondary
scatteringafter internal boundaryreflection, is given by
[15, 31]: "! ��� �$#%� ��� � �'&)(+*�,����.- �/ - �
 - �� �'��02143 �5� �6 � ��� � * , ���.- �/ - �
 - �� � (1)

where �/ is thesurfacepatchnormaland �
 thedirectionof
the illumination source,and

*�,
the Fresnelfront surface

reflectancecoefficient in theviewing direction.Thebody
reflectance 798 �����2:<;=������>@?A����� (2)

dependson theabsorptionandscatteringcoefficientby

;B�����2:DCFEHG �����I �����=J ?A������:%K ;=����� � >+CML (3)

Simplificationis obtainedby consideringneutralin-
terface reflection, assumingthat the Fresnelreflectance
coefficient hasa constantvalue over the spectrum. For
commonlyusedmaterials,interfacereflectionis constant
with respectto wavelengthwithin afew percentacrossthe
visiblespectrum[15, 26]. Equation(1) reducestoNPO ������:Q�������=��C$>@RTST�VU� J UI J UW �X� � 7 8 �����=EY��������RTSZ�[U� J UI J UW �\L(4)
The influenceof the Fresnelreflectancevariesfrom per-
fectly diffuse body reflectance

*�, #^] , or Lambertian



reflection, to total mirroring of the illuminating source
(
* , # &

). Hence,the spectralcolor of
 !

is an additive
mixture of the color of the light sourceandthe perfectly
diffusebodyreflectancecolor.

Becauseof projectionof the energy distribution on
the imageplane,vectors �/ , �
 and �� will dependon the
positionat theimagingplane.Theenergy of theincoming
spectrumata point �_ on theimageplaneis thenrelatedtoN`O ��� J Ua �.:b�Z��� J Ua ���cC$>dRTSe�fUa �X� � 7 8 ��� J Ua �BEM����� J Ua ��RTSe�fUa �(5)
wherethespectraldistributionateachpoint _ is generated
off a specificmaterialpatch.

Themajorassumptionmadefor themodelof Eq. (5)
is that locally planarsurfacepatchesare examined,for
which thematerialis homogeneouslycolored.Thesecon-
straintsareimposedby theKubelka-Munktheory, result-
ing in isotropicscatteringof light within thematerial.The
assumptionis valid when the resolutionis fine enough
to considerlocally uniform coloredpatches,whereasin-
dividual stainingparticlesarenot resolved. Further, the
thicknessof the layer is assumedto be suchthatno light
reachesthe other side of the material. For every day
scenes,theseassumptionsseemsto be justified. Con-
cerningtheFresnelreflectance,thephotometricmodelas-
sumesa neutral interfaceat the surfacepatch. As dis-
cussedin [26, 28], deviationsof

* ,
over thevisible spec-

trum are small for commonly usedmaterials,therefore
theFresnelreflectancecoefficientmaybeconsideredcon-
stant.TheinternallyFresnelreflectedlight contributeslit-
tle in many cases[31], andis ignoredin themodel.

Color Formation for Transmissionof Light

Considera homogeneouslycoloredmaterialpatchof uni-
form thickness	 andinfinitesimalarea,characterizedby
its absorptioncoefficient 
 ��� � andscattercoefficient 
 ��� � .
Whenilluminatedby incidentlight with spectraldistribu-
tion � ��� � , absorptionand scatteringby the materialde-
terminesits transmissioncolor (Figure2), while Fresnel
interfacereflectanceoccursatboththefront andbacksur-
faceboundaries.

Whenthelayeris thin, suchthatthematerialis trans-
parent,the transmittedspectrumthroughthe layer in the
viewing direction �� , ignoringtheeffect of interreflections
betweenthematerialsurfaces,is givenby [15, 31]:N`g �����.: ���������cCh>iRTST��� J U� J UI J UW �X���cCh>@Rkjf��� J U� J UI J UW �X�k?l�����m

(6)
wheren

#%o �5� ��p'qsr=tFu v ��� ��
 �5� ��w � �/ - �
 - �� �yxVz6 v �5� ��{}|Tp't.u v ��� ��
 ��� �yw � �/ - �
 - �� �yxVzd~
Again, �/ is thematerialpatchnormaland �
 is thedirection
of the illumination source.Further, x is thestainingcon-
centrationand w thedistancetraveledby thelight through

���

Figure 2: Illustration of thephotometricmodel.Theobject,re-
fractiveindex ��� , is illuminatedby ������� (mediumrefractivein-
dex ��� ). Whenthe material is transparent, light is transmitted
throughthematerial,enters medium��� , andis observed.

thematerial.Theterms
* ,

and
*��

denotetheFresnelfront
andbacksurfacereflectancecoefficient,respectively. The
factors o and v dependon the absorptionandscattering
coefficientsasgivenby Eq.(3).

Simplificationis obtainedby consideringneutralin-
terface reflection, assumingthat the Fresnelreflectance
coefficientshave a constantvalueover the spectrum. In
that case,the Fresnelreflectanceaffects the intensity of
thetransmittedlight only. Further, by consideringa small
angleof incidenceat thetransparentlayer, thepathlengthw � �/ - �
 - �� �$#%	 . Equation(6) reducesto

N g �����2: �������=�cCh>@RTST�VU� J UI J UW �X���cC$>dRkj[�[U� J UI J UW �X�Z?A�����;=�����Z�X���T��� ?l����� I �����5�����ZE�?l�������V�l�X��� ?A����� I �����5����� L
(7)

Becauseof projectionof the energy distribution on
the imageplane,vectors �/ , �
 and �� will dependon the
position �_ at theimagingplane,

N$g ��� J Ua �2: ����� J Ua ���cCh>iR S �fUa �X���cCh>iR j �fUa �X�5?l��� J Ua �m4� (8)

wheren
� #Ho �5�2- �_ ��p'qsr=t.u v ���.- �_ ��
 ���.- �_ �y	 � �_ �yx � �_ �cz6 v ���.- �_ ��{f|ep�t2u v �5�2- �_ �'
 �5�2- �_ ��	 � �_ ��x � �_ �czd~

Thespectraldistribution at eachpoint _ is generatedoff a
specifictransparentpatch.

Oneof theassumptionsmadefor themodelof Eq.(8)
is that locally planarmaterialpatchesareexamined,with
parallel sides,for which the material is homogeneously
colored.Theassumptionis valid whenthematerialis non-
fluorescentnor in any senseoptically active, andthe res-
olution is fine enoughto considerlocally uniform colored
patches,while individual stainparticlesarenot resolved.



Again, theseconstraintsare imposedby the Kubelka-
Munk theory. Further, normal incidenceof light at the
layer is assumed,so that the optical path lengththrough
thelayerapproximatesits thickness.In transmissionlight
microscopy, the preparationand observation conditions
fairly justify theseassumptions.Concerningthe Fresnel
reflectance,the photometricmodelassumesa neutralin-
terfaceat the transparentpatch.As discussedin [26], de-
viationsof

*�,B-�* �
over the visible spectrumaresmall for

commonlyusedmaterials.For example,therefractive in-
dex of immersionoil oftenusedin microscopy only varies
3.3%over thevisiblespectrum.Therefore,theFresnelre-
flectancecoefficients

* ,
and

*��
may be consideredcon-

stantover the spectrum. The contribution of internally
Fresnelreflectedlight is small in many cases[31], andis
thereforeignoredin themodel.

SpecialCases

Thusfar, we haveachievedaphotometricmodelfor spec-
tral colorformation,whichis applicablefor bothreflecting
and transmittingmaterials,andvalid undera wide vari-
ety of circumstancesandmaterials.Thefollowing special
casescanbederived.

For matte,dull surfaces,theFresnelcoefficientcanbe
consideredneglectable,

* , � �_ �)��] , for which
 !

Eq. (5)
reducesto the Lambertianmodelfor diffusebody reflec-
tion, N`O ��� J Ua �2:b����� J Ua � 7 8 ��� J Ua � (9)

asexpected.
By introducing x � �5� ��#�� ��� �y143 �5� � , x}� �5� ��#�� ��� � ,� �l� �/ - �
 - �� ��# �y&)(�* , � �/ - �
 - �� ��� 0 , and � � � �/ - �
 - �� ��#* , � �/ - �
 - �� � , Eq. (4) maybereformulatedasN`O ������:<�\jf�[U� J UI J UW �5�Vj[�����BEM���y�VU� J UI J UW �5���X����� (10)

which correspondsto the dichromatic reflection model
proposedby Shafer[28].

For light transmission,whenthescatteringcoefficient
is low comparedto the absorptioncoefficient, 
 �5� �D�
 ��� � ,  �� Eq.(8) reducesto Bouguer’sor Lambert-Beer’s
law for absorption[31], �� ���.- �_ ��#H� �5�2- �_ � ��&)(+*�,�� �_ ��� �'&)(+* � � �_ ���� _T  �y( 
 ���.- �_ �y	 � �_ �yx � �_ �'� (11)

asexpected.
Further, a unifiedmodelfor bothreflectionandtrans-

missionof light is obtainedwhenconsideringLambertian
reflectionanda uniform illumination for bothcases.For
matte,dull surfaces,anda uniform illumination affected
by shading,

 "!
Eq. (5) reducesto a multiplicative (Lam-

bertian)modelfor bodyreflection,N O ��� J Ua �2:b�������5¡y�fUa � 798 ��� J Ua � (12)

where � ��� � is thecoloredbut spatiallyuniform illumina-
tion and ¢ � �_ � denotesthe intensitydistribution dueto the

surfacegeometry. Similar, for auniformilluminatedtrans-
parentmaterial,intensityaffectedby shadingandFresnel
reflectance,

 �
Eq.(8) mayberewrittenasN g ��� J Ua �2:b�Z�����5¡y�fUa �X£¤��� J Ua � (13)

where ¢ � �_ � denotesthe intensity distribution, including
Fresnelreflectanceat front and back surface. Further,¥\���.- �_ � representsthetotalattenuationat �_ .

Locally Non-uniform ColoredMaterial

For the caseof a spatially varying absorptionand re-
flectancefunction, suchthat the variation scaleis small
comparedto theopticalthicknessof thematerial,wehave
to consideratruethree-dimensionalscatteringandabsorp-
tion flux inside the material. The scatteredlight energy
at a given point inside the materialcausesa diffuseflux
throughoutthematerial.Thediffusionprocessis givenby
theMilne-Eddingtonlaw [12],&¦F§ 0�¨ #ª© ��� � 0 ��� ¨ (�«k¬.­ � (14)

where © �5� �®#¯
 ��� � 6 
 �5� � is the total extinction coeffi-
cient,and

­
is thesourcefunction:«k¬.­ #H© ��� �y° ��� �y�T±�²k³s´lµ�¶ (15)

where 
 is thepathlengthto thepoint insidethemedium.
The theory is relatedto computervision by Koenderink
andvanDoorn[18], illustratedfor thecaseof shadingby
translucentobjects.

Conclusions

The derivation of object propertiesfrom color images
yiels the extractionof geometricandphotometricinvari-
antsfrom color images. Modeling the physicalprocess
of color imageformationgivesinsight into thedisturbing
conditionsduring imageacquisition.Hence,providesthe
calculationof photometricinvariance.

Combining the resultsof section Section2.3 with
photometricinvariantsasderivedin [11, 10, 5] leadsto the
following conclusions.Hue is only usefulfor reflectance
of light, wherespecularitiesmayoccur. For transmission
of light (Lambert-Beer),too much information is com-
pressed. Chromaticity ( ·k¸ � · 6�¹º6 vf� - ¹ ¸ � · 6»¹º6 vf� )
is useful in both light reflectanceandtransmittance.For
reflectance,chromaticityis invariantto shadow andshad-
ing, whereasfor transmittance,chromaticityis invariant
to stainintensityanddyethickness.Coloredgestrengthis
invariantto theilluminationcolor for bothLambertianre-
flectionandLambert-Beerabsorption,not for dichromatic
reflection. Invariantresultsvalid underonemodelcanbe
transferredto –by Kubelka-Munk–relatedmodels,allow-
ing for awell foundedchoicebetweenvariousphotometric
invariantsathand.



For colored layers, the Kubelka-Munk theory de-
scribesthe light reflectedby the material. The model
unitesboth reflectanceof light andtransparentmaterials.
Theclassof materialsfor whichthetheoryis usefulranges
from dyedpaperandtextiles,opaqueplastics,paintfilms,
up to enamelanddentalsilicatecements[15]. Thetheory
combinesLambertianreflectance[31], Shafer’s dichro-
maticreflectance[28], andLambert-Beertransmissiveab-
sorption.
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