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Abstract

A fundamentaproblemin color imageprocessings the
integrationof the physicallaws of light reflectioninto im-
ageprocessingesults the problemknown asphotometric
invariance.The derivationof objectpropertiesfrom color
imagesyieldsthe extractionof geometricandphotometric
invariantsfrom colorimages.Photometridnvariances to
bederivedfrom the physicsof reflection.In this paperwe
rehears¢heresultsfrom radiatve transfertheoryto model
the reflectionandtransmissiorof light in coloredlayers.
We concentraten the Kubelka-Munktheoryfor colored
layers,whichis posedasa generaimodelfor colorimage
formation. The modelis usedfor decadesn the painting
andprinting industrie,andis provento bevalid for awide
rangeof materials.We relatethe Kubelka-Munktheoryto

photometricmodelscurrently usedin image processing.

As a consequencehe wide rangeof materialsfor which

Kubelka-Munkis provenvalid may be inheritedto algo-

rithms basedon newer models.Furthermorephotometric
invariant propertiesproven for one model are, by using
Kubelka-Munk easilyextendedo relatedmodels.

Intr oduction

Color seemdo be anunalienablgropertyof objects.It is

the orangethat hasthat color. However, the heartof the

matteris quite different. Humanperceptionactively as-
signscolorsto anobsenedscene.Thereis a discrepang

betweerthe physicsof light, andcolor assignifiedby the

brain. It is evolution that hasshapedhe actualmecha-
nismof colorvision. Evolution, suchthata speciesadapts
to its (physical)ervironment,hasdriventhe useof color

by perception.

In termsof physics,daylight is reflectedby an ob-
ject andreacheghe eye. It is the reflectanceratio over
the wavelengthsof radiantenegy thatis an objectprop-
erty, hencethereflectionfunctionfor an orangeindeedis
aphysicalcharacteristiof thefruit. However, theamount
of radiantenepy falling onto the retinadependson both
theobjectreflectancdunction,thegeometryof theobject,
andthelight sourceilluminating the object. Still, we ob-
sene anorangeto be orangein sunlight,by candlelight,
independendf shadaev, frontal illumination, or obliqueil-

lumination.All thesevariablesnfluencetheeneny distri-
butionasit entergheeye,thevariability beingimposecdoy
the physicallaws of light reflection. Humancolor vision
hasadaptedo includethesephysicallaws, dueto which
we ngglectthescendnducedvariations.

From a computervision perspectie, a fundamental
guestionis howto integrate the physicallaws of light re-
flectioninto color measuement? Modeling the physical
processof color imageformation providesa clue to the
object-specifipparameter$3, 15, 17, 19, 20, 22, 25, 28,
31, 32). Thequestionboils down to deriving theinvariant
propertiesof color vision, [1, 4, 7, 8, 11, 14, 28]. With
invariancewe meana property f of objectt which re-
ceives value f(t) regardlessunwantedconditionsW in
the appearancef ¢t. For humancolor vision, the group
of disturbingconditionsW’ are categyorizedby shadow
highlights light source, and scenegeometry Scenege-
ometryis determinedy the numberof light sourceslight
sourcedirections, viewing direction, and object shape.
The invariantclassW' is referredto as photometricin-
variance For obsenation of images,geometricinvari-
anceis of importance[6, 13, 16, 21, 30]. The group of
spatialdisturbingconditionsis givenby translation rota-
tion, andobservatiorscale Sincethe humaneye projects
the three-dimensionalvorld onto a two-dimensionaim-
age, the group may be extendedwith projection invari-
ance. Both photometricand geometricinvariancearere-
quiredfor a color vision systemto reducethe complexity
intrinsic to colorimageq10].

Photometricinvarianceis to be derived from the
physicsof reflection. Recently several papershave ad-
dressedheextractionof photometrianodelsfor computer
vision or visualinspectiontasks[9, 14, 22, 23, 28], prob-
ably the mostfamousmodelgivenby Shafer[28]. In as-
trophysics,the physicsof light interactingwith material
is well establishedthe field known as radiative transfer
[2, 29, initiatedby thepioneringwork of Schustef27]. In
thefield of colorimetry, thetheorieswererediscaoeredby
KubelkaandMunk [20] whenthey describedhereflection
andtransmissiorof light in coloredlayers. Thetheoryof
Kubelka-Munkhasbecomefamousin textile anddye in-
dustry Notethatthe original problemsolved by Schuster
[27] is still of interestfor computervision [23, 24].

The Kubelka-Munktheory modelsthe reflectedand



transmittedspectrumof a coloredlayer, basedon a ma-
terial dependenscatteringand absorptionfunction. The
theory unites spectralcolor formation for both reflect-
ing materialsas well as transparentmaterialsinto one
photometricmodel. The theory hasproven to be suc-
cessfulfor a wide variety of materialsand applications
[15, 31]. Therefore,the Kubelka-Munktheory is well
suitedfor determiningmaterialpropertiefrom color mea-
surements.The theory combinesLambertianreflectance
[31], Shafers dichromaticreflectancd28], andLambert-
Beertransmissie absorption.

In this paper we derive thesewell known reflection
modelsfrom the Kubelka-Munktheoryin orderto gen-
eralize photometricinvariant propertiesas given in e.g.
[11, 10, 5]. The organizationof the paperis asfollows.
In Section2, the Kubelka-Munktheoryis derived. Image
formation for the caseof reflecting surfacesis given in
Section2.1. For the caseof light transmissiorthrougha
coloredlayer, imageformationis modelledin Section2.2.
Well known specialinstanceof the modelsarediscussed
in Section2.3. Thetheoryis extendedto true diffusionin
Section2.4. We concludewith andiscussiorof whichin-
variantpropertieshold valid underthesespecialinstances.

Kubelka-Munk Theory and Image
Formation

Transferof light througha mediumis characterizedy
threefundamentabrocessesabsorption scattering,and
emission.Absorptionis the processy which radianten-
ergy is transformednto anotherform of enepy, e.g. heat
or light of differentwavelength(fluorescence)Hence ra-
diantenepy is lost. Scatterings the processy whichthe
radianteneny is diffusedinto differentdirections. Emis-
sionis theprocessy which new radiantenepy is created,
e.g. by alight sourceinside the medium,or dueto fluo-
rescenfpropertiesof the medium. Transfertheory[2, 29
dealswith the combinedeffects of theseprocessesn a
mediumwith spatialextent. The Kubelka-Munktheory
modelsthe effect of theseprocessesndertheassumption
of aone-dimensiondight flux, henceisotropicscattering
within the material. [15, 20, 19, 31]. Underthis assump-
tion, the materiallayer is characterizedy a wavelength
dependenscattercoeficient and absorptioncoeficient.
Theclassof materialsor whichthetheoryis usefulranges
from dyedpaperandtextiles, opaqueplastics paintfilms,
up to enamelanddentalsilicatecementd15]. The model
maybeappliedto bothreflectingandtransparentnaterial.

Color Formation for Reflectionof Light

Considera homogeneouslgoloredmaterialpatchof uni-
form thicknessd andinfinitesimalarea,characterizedy
its absorptiorcoeficientk(\) andscattercoeficients(\).
Whenilluminatedby incidentlight with spectraldistribu-
tion e(\), light scatteringwithin the materialcausedif-

Figure 1: lllustration of the photometricmodel. Theobject,re-
fractiveindex ns, is illuminatedby e(X) (mediumrefractivein-
dexn1), andlight is reflectedand scatteedin theviewing direc-
tion.

fusebodyreflection(Figurel), while Fresneinterfacere-
flectanceoccursat the surfaceboundaries.

Whenthethicknessof thelayeris suchthatfurtherin-
creaseén thicknesgloesnotaffectthereflectedcolor, Fres-
nel reflectancet the backsurfacemaybe neglected.The
incidentlight is partly reflectedat the front surface,and
partly entersthe material,is isotropicallyscatteredanda
partagainpasseshefront-surfaceboundary Thereflected
spectrumin the viewing direction ¢/, ignoring secondary
scatteringafter internal boundaryreflection, is given by
[15, 31]:

Er()) =e(\) (1 — ps(\, 7, 5, 1))” Roo(N)
+e(Npr(\7,3,3) (1)

wherei is the surfacepatchnormalands the directionof
theillumination source,and p; the Fresnelfront surface
reflectancecoeficientin theviewing direction. The body
reflectance

Reo(A) = a(A) —b(}) )

depend®ntheabsorptiorandscatteringcoeficient by

b(\) = a(N)? —1 . 3)

Simplificationis obtainedby consideringneutralin-
terfacereflection, assumingthat the Fresnelreflectance
coeficient hasa constantvalue over the spectrum. For
commonlyusedmaterials,interfacereflectionis constant
with respecto wavelengthwithin afew percentacrosghe
visible spectrunf15, 26]. Equation(1) reducego

Er(A) = e(N) (1 — ps(7, 5,9))* Roo (A) + e(N)p(#, 3, 17)(4)
The influenceof the Fresnelreflectancevariesfrom per
fectly diffuse body reflectancepy = 0, or Lambertian



reflection, to total mirroring of the illuminating source
(py = 1). Hence,the spectralcolor of Ey is anadditive
mixture of the color of the light sourceandthe perfectly
diffusebodyreflectancesolor.

Becauseof projection of the enegy distribution on
the image plane, vectorsii, § and ¢ will dependon the
positionattheimagingplane.Theenegy of theincoming
spectrumata point # ontheimageplaneis thenrelatedto

Er(\, @) = e(A\, @) (1 - p£(%))” Roo(A, @) + (A, )py (9225)

wherethe spectralistributionateachpointz is generated
off aspecificmaterialpatch.

The majorassumptiommadefor the modelof Eq. (5)
is that locally planar surface patchesare examined, for
which the materialis homogeneouslgolored.Thesecon-
straintsareimposedby the Kubelka-Munktheory result-
ing in isotropicscatteringof light within thematerial. The
assumptionis valid when the resolutionis fine enough
to considerlocally uniform coloredpatcheswhereasn-
dividual stainingparticlesare not resohed. Further the
thicknessof the layeris assumedo be suchthat no light
reachesthe other side of the material. For every day
scenes theseassumptionsseemsto be justified. Con-
cerningthe Fresnereflectancethe photometriomodelas-
sumesa neutralinterface at the surface patch. As dis-
cussedn [26, 28], deviationsof p; overthe visible spec-
trum are small for commonly used materials,therefore
theFresnereflectanceoeficientmaybe consideredon-
stant.Theinternally Fresnekeflectedight contributeslit-
tle in mary caseg31], andis ignoredin themodel.

Color Formation for Transmissionof Light

Considera homogeneouslgoloredmaterialpatchof uni-

form thicknessd andinfinitesimalarea,characterizedby
its absorptiorcoeficientk(\) andscattercoeficients()\).

Whenilluminatedby incidentlight with spectradistribu-

tion e()), absorptionand scatteringby the material de-
terminesits transmissiorcolor (Figure 2), while Fresnel
interfacereflectanceccursatboththefront andbacksur

faceboundaries.

Whenthelayeris thin, suchthatthe materialis trans-
parent,the transmittedspectrumthroughthe layer in the
viewing direction, ignoringthe effect of interreflections
betweerthe materialsurfacesjs givenby [15, 31]:

B(A) (1 — pf(/\7 7_7:1 §7 17)) (1 — pb()‘1 T_iv gv ﬁ)) b(/\)
D
(6)

Er(\) =
where
D = a()) sinh[b(A\)s(N)(7, §, 0)c]
+ b(X) cosh[b(A)s(N)I(7, 8, D)c] .

Again, i is thematerialpatchnormalands’is thedirection
of theillumination source.Further ¢ is the stainingcon-
centrationand! the distancetraveledby the light through

Layer
Figure 2: lllustration of the photometricmodel. Theobject,re-
fractiveindex ns, is illuminatedby e(X) (mediumrefractivein-

dex n1). Whenthe materialis transpaent, light is transmitted
throughthe material,entess mediumns, andis observed.

thematerial. Thetermsp; andp; denotethe Fresnefront

andbacksurfacereflectancecoeficient, respectiely. The

factorsa and b dependon the absorptionand scattering
coeficientsasgivenby Eq. (3).

Simplificationis obtainedby consideringneutralin-
terfacereflection, assumingthat the Fresnelreflectance
coeficientshave a constantvalue over the spectrum. In
that case,the Fresnelreflectanceaffects the intensity of
thetransmittedight only. Further by consideringasmall
angleof incidenceat thetransparenkayer, the pathlength
(7, §,7) = d. Equation(6) reducego

e(A) (1 = py(7, 3, 9)) (1 = po(7i, 5, ) b(A)

Er()) = a(A) sinh[b(X)s(A)dc] + b(A) cosh[b(A)s(N)dc] ( )
7

Becauseof projectionof the enegy distribution on
the imageplane, vectorsqi, § and ¢ will dependon the
positionZ attheimagingplane,

Br(\ &) = e(A,#)(1 — pf(f%(,l — po(@))b(\, @) ®

where

Thespectraldistribution at eachpoint z is generateaff a
specifictransparenpatch.

Oneof theassumptionsnadefor themodelof Eq.(8)
is thatlocally planarmaterialpatchesare examined,with
parallel sides,for which the materialis homogeneously
colored.Theassumptions valid whenthematerialis non-
fluorescennorin ary senseoptically active, andthe res-
olution is fine enoughto considerocally uniform colored
patcheswhile individual stain particlesare not resohed.



Again, theseconstraintsare imposedby the Kubelka-
Munk theory Further normalincidenceof light at the
layer is assumedso that the optical pathlengththrough
thelayerapproximatests thickness.n transmissionight

microscopy, the preparationand obsenation conditions
fairly justify theseassumptions.Concerningthe Fresnel
reflectancethe photometricmodelassumes neutralin-

terfaceat the transparenpatch. As discussedn [26], de-
viationsof py, p, over the visible spectrumare small for

commonlyusedmaterials.For example,therefractivein-

dex of immersionoil oftenusedin microscojy only varies
3.3%overthevisible spectrum Thereforethe Fresnere-
flectancecoeficients py and p, may be consideredcon-
stantover the spectrum. The contribution of internally
Fresnelreflectedlight is smallin mary caseq31], andis

thereforeignoredin themodel.

SpecialCases

Thusfar, we have achieveda photometriomodelfor spec-
tral colorformation,whichis applicableor bothreflecting
and transmittingmaterials,and valid undera wide vari-
ety of circumstanceandmaterials.Thefollowing special
casesanbederived.

For matte dull surfacestheFresnekoeficientcanbe
considerecheglectable p; (%) = 0, for which Eg Eq. (5)
reducego the Lambertianmodelfor diffusebody reflec-
tion,

asexpected.

By introducingcy(A) = e(A)Reo(A), ¢i(A) = e(N),
my(70,5,0) = (1—ps(@t,59)° and m;(7,57) =
py (7, 8,7), Eq.(4) maybereformulatedas

ER()\) = mb(ﬁ, g, 17)0(,()\) + m; ('ﬁ, 3, i)’)ci()\) (20)

which correspondgo the dichromatic reflection model
proposedy Shafer[28].

For light transmissionwhenthe scatteringcoeficient
is low comparedto the absorptioncoeficient, s(\) <
k()), Er Eq.(8) reducego Bouguersor Lambert-Bees
law for absorptionf31],

Er(X, %) = e(A, Z) (1 = pp(Z)) (1 — po(2))
exp (—k(\, Z)d(Z)c(Z)) (11)

asexpected.

Further aunifiedmodelfor bothreflectionandtrans-
missionof light is obtainedwhenconsidering.ambertian
reflectionanda uniform illumination for both cases.For
matte,dull surfaces,anda uniform illumination affected
by shading,Er Eq. (5) reducego a multiplicative (Lam-
bertian)modelfor bodyreflection,

Er(A, &) = e(A)i(Z) Roo (X, £) (12)

wheree() is the coloredbut spatially uniform illumina-
tion andi (%) denotegheintensitydistribution dueto the

surfacegeometry Similar, for auniformilluminatedtrans-
parentmaterial,intensityaffectedby shadingandFresnel
reflectanceFEr Eq.(8) mayberewrittenas

Er(\2) = e(\)i(@)C(\, D) (13)

wherei(Z) denotesthe intensity distribution, including
Fresnelreflectanceat front and back surface. Further
C (A, £) representthetotal attenuatiorat Z.

Locally Non-uniform Colored Material

For the caseof a spatially varying absorptionand re-

flectancefunction, suchthat the variation scaleis small
comparedo theopticalthicknessf thematerial we have

to considemtruethree-dimensionacatteringandabsorp-
tion flux inside the material. The scatteredight enegy

at a given point inside the materialcausesa diffuse flux

throughouthe material. Thediffusionprocesss givenby

the Milne-Eddingtonlaw [12],

%va} = k(N (A — 47S) (14)

wherex(\) = k()\) + s()\) is thetotal extinction coefi-
cient,ands is thesourcefunction:

478 = k(A)I(N\)e *Ns (15)

wheres is the pathlengthto the pointinsidethe medium.
The theoryis relatedto computervision by Koenderink
andvanDoorn[18], illustratedfor the caseof shadingby

translucenbbjects.

Conclusions

The derivation of object propertiesfrom color images
yiels the extraction of geometricand photometricinvari-
antsfrom color images. Modeling the physical process
of colorimageformationgivesinsightinto the disturbing
conditionsduringimageacquisition.Hence providesthe
calculationof photometridnvariance.

Combining the results of section Section2.3 with
photometridnvariantsasderivedin [11, 10, 5] leadsto the
following conclusions.Hue is only usefulfor reflectance
of light, wherespecularitiesnay occur For transmission
of light (Lambert-Beer),too much information is com-
pressed. Chromaticity (r/(r + g + b),g/(r + g + b))
is usefulin both light reflectanceand transmittance.For
reflectancechromaticityis invariantto shadev andshad-
ing, whereasfor transmittancechromaticityis invariant
to stainintensityanddyethickness Coloredgestrengths
invariantto theillumination color for bothLambertiarre-
flectionandLambert-Beeabsorptionnotfor dichromatic
reflection. Invariantresultsvalid underonemodelcanbe
transferredo —by Kubelka-Munk—relatedmodels allow-
ing for awell foundedchoicebetweervariousphotometric
invariantsat hand.
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For colored layers, the Kubelka-Munk theory de-
ribesthe light reflectedby the material. The model

unitesbothreflectanceof light andtransparenmaterials.
Theclassof materialsor whichthetheoryis usefulranges
from dyedpaperandtextiles, opaqueplastics,paintfilms,

up to enamelanddentalsilicatecementg15]. Thetheory
combinesLambertianreflectance[31], Shafers dichro-

maticreflectancg28], andLambert-Beetransmissie ab-

sorption.
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