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Abstract

The finite sample behaviour is analysed of particular least squares (LS) and a
range of (generalized) method of moments (MM) estimators in panel data models
with individual effects and both a lagged dependent variable regressor and another
explanatory variable. The latter may be affected by lagged feedbacks from the de-
pendent variable too. Asymptotic expansions indicate how the order of magnitude
of bias of MM estimators tends to increase with the number of moment condi-
tions exploited. They also provide analytic evidence on how the bias of the various
estimators depends on the feedbacks and on other model characteristics such as
prominence of individual effects and correlation between observed and unobserved
heterogeneity. Simulation results corroborate the theoretical findings and reveal
that in small samples of models with dynamic feedbacks none of the techniques ex-
amined dominates regarding bias and mean squared error over all parametrizations
examined.

1. Introduction

Economic relationships usually involve dynamic adjustment processes. In time-series re-
gression models it is common practice to deal with these by including in the specification
lagged values of the current regressors, the regressand or both. The inclusion of lagged
dependent variables seems to provide an adequate characterization of many economic dy-
namic adjustment processes, but it induces inference problems such as small sample bias
and relegation to possibly poor asymptotic approximations.

In dynamic panel data models which allow for unobserved individual effects these
problems are aggravated. In such models least-squares (LS), i.e. fixed effects (LSDV) or
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random effects (GLS), can even be biased in large samples. Although consistent — provided
that the disturbances are white-noise and all regressors are predetermined conditional
on the individual effects — for a large number of time-series observations 7', they are
inconsistent for T finite and a large number of cross-section observations N. Since in
micro-economics the typical dimension of a panel data set is a short time span for a large
cross-section alternative (generalized) method of moments (MM) estimators have been
proposed. These may be inconsistent for 7" large, but they are consistent for N large (see
Anderson and Hsiao, 1982; Arellano and Bond, 1991; Blundell and Bond, 1998). However,
in many actual panel data sets the values of both IV and T are only moderately large
or even small, for example when in an attempt to mitigate heterogeneity of the slope
parameters sub-samples have to be analyzed. In such situations first-order asymptotic
approximations seem of little use to indicate which technique is to be preferred.

If in a panel data model for a particular dependent variable one of the explanatory
variables is affected by feedbacks from that same dependent variable and this feedback is
instantaneous then such an explanatory variable and the regressand are jointly dependent
and one should resort to ML (maximum likelihood) or specially designed MM techniques
in order to achieve consistency. If this feedback is lagged at least one period and the
disturbances are serially uncorrelated then such an explanatory variable, which may show
permanent dependence on the unobserved individual effects too, is predetermined with
respect to the current disturbance term. In this paper we will focus on the bias and
efficiency of estimators for dynamic panel data models with individual effects and white-
noise (not necessarily Gaussian) disturbances, which include a lagged dependent variable
and another explanatory variable, and we distinguish the two cases where — conditional on
the individual effects — this latter variable is either strongly exogenous or weakly exogenous
due to lagged feedbacks. The particular exogeneity properties of both regressors imply a
range of valid moment conditions and thus define a range of consistent MM estimators,
including the asymptotically most efficient implementation.

Obviously, it would not be wise to use just the standard first-order asymptotic prop-
erties (consistency and asymptotic variance) for choosing between the various LS and
MM estimators when the goal is to obtain accurate inference in samples where both N
and T may be small. After all, these asymptotic properties would suggest that there
are little worries regarding bias (because all estimators are consistent, either for large T’
or for large N) and among the MM estimators they naturally favor the asymptotically
efficient GMM (generalized method of moments) implementation, which uses all available
moment conditions and employs the asymptotic covariance of these moment conditions
as a weight matrix. It has been observed, though, that in moderately large samples con-
sistent — especially asymptotically most efficient — estimators may show substantial bias,
and that actual MSE (mean squared error) may deteriorate by using an abundance of
moment conditions, see Ziliak (1997) and Koenker and Machado (1999).

In order to obtain a better understanding of these phenomena in the context of panel
data we will apply in this study higher-order asymptotic methods to obtain for the various
estimators the leading term in an expansion of their estimation error. This will uncover
the asymptotic order with respect to both T" and N of the bias of the various estimators
and it will disclose also the model parameters which seem important for any inaccura-
cies of the first-order asymptotic approximations. Asymptotically the bias of consistent
estimators is invariant with respect to all parameters of the data generating process, but
the leading term of its expansion will contain information on the parameters that promi-
nently determine any bias in finite sample. In addition to these analytical investigations,



the actual finite sample bias, standard deviation and MSE of the various LS and MM es-
timators will be assessed in a series of Monte Carlo experiments. The theoretical findings
will also prove to be helpful in designing the simulation experiments because they provide
the major determining factors of the actual finite sample behaviour.

In Kiviet (1999) higher-order asymptotic methods have been applied to LSDV and to
particular simple MM methods in dynamic panel data models with predetermined regres-
sors which employ a number of instruments equal to the number of regressors. Hence,
they are not asymptotically efficient and moments may not exist. The actual accuracy
and relevance of these particular higher-order asymptotic findings have not been exam-
ined yet in a Monte Carlo study. Most Monte Carlo studies that have made comparisons
between LS and alternative MM estimators in dynamic panel data models examined the
case of no or only strictly exogenous regressors. Small 7" with relatively large N simu-
lation studies are Arellano and Bond (1991), Blundell and Bond (1998), Kiviet (1995)
and Alonso-Borrego and Arellano (1999). These show that the bias of LS estimators can
be severe, but MM implementations can have a very poor performance too, but less so
for larger N. A complication of MM estimators is that the instruments may become
weak, especially when the coefficient of the lagged dependent variable regressor is large.
Judson and Owen (1999) performed simulations with both dimensions of the sample size
small or moderate. They find that the bias of LSDV is relatively large compared to sim-
ple MM estimators and is more or less equal in magnitude to the bias of a particular
GMM estimator. Like Ziliak (1997), they also present some evidence that the bias of MM
estimators increases with the number of instruments employed. Generally, it has been
established that the variance of LS estimators is relatively small. Therefore, based on a
MSE criterion, LSDV estimators which exploit bias correction techniques, as suggested in
Kiviet (1995), perform well under particular circumstances. However, clear-cut guidelines
for practitioners are not yet available, especially not for the situation where N and T are
both small and regressors next to the lagged dependent variable may be weakly and not
strongly exogenous. Some Monte Carlo results for models with instantaneous feedbacks
are presented in Blundell, Bond and Windmeijer (2000).

We shall produce simulation evidence for models with various forms of lagged feedbacks
and with correlation between observed and unobserved heterogeneity and compare actual
bias with a numerical evaluation of the higher-order asymptotic approximation of the bias.
We do this for LSDV, GLS and for various forms of 1-step (G)MM estimators, including
the so-called system estimator, and compare the numerical and the analytic effects of
using all available instruments, amounting to a number of order O(7?), with omitting
instruments and use only a number of order O(T') of them, or just a fixed O(1) number.

The structure of this paper is as follows. After the introduction of the model and its
particular stochastic structure in Section 2, and the presentation of the various estimators
in Section 3, we obtain in Section 4 the leading terms of the estimation errors of the various
estimators. There we examine for all estimators the order of magnitude of bias in terms of
N and T and the effects on estimator location of various forms of lagged feedbacks and the
prominence of the unobserved individual effects. In Section 5 appropriate simulations are
designed and experiments are performed to examine whether the analytical higher-order
asymptotic results are corroborated by the actual performance of the estimators in small
samples. Section 6 concludes.



2. Stochastic structure of the model

We consider the standard first-order dynamic panel data model with only one further
explanatory variable!, i.e.

Yit :’yyi,t—l_}_ﬂmit_}_uih 1= 177Na t= 17"'7T7 (21)

where the disturbance term u;; = 1, + €4 contains two error components, viz. an unob-
served individual specific effect n, and a general disturbance term ;. We assume that the
time-variant regressor z;; may be correlated with 7, and is predetermined with respect to
Eity i.e.

E(ziseir) = 0, s<t .
E(zsen) £ 0. . ¢ } i=1,..,N. (2.2)

Below we will formalize the correlation of z;; with 7, and the lagged feedback mechanism
of past disturbances on z;;. We assume mutual independence of the cross-section units
and serial independence of the disturbances, i.e.

n; ~ 1.i.d.(0,07)

et ~ i.i.d.(0,0?)

} i=1,.,N; t=0,..,T, (2.3)

and hence we also suppose that, probably after a successful weighting operation, the
disturbances are homoskedastic, both in the time and in the cross-section dimension. We
define ;9 because it will enable to specify the random characteristics of the start-up values
yio and lagged feedbacks in x;;. As usual we assume

E(’?ifjt) - 07 Vi>jata
E(?Ji05jt) = 07 Vi7j7t>07

hence the two error components are uncorrelated and all N initial observations y;, are
uncorrelated with all disturbances for ¢ > 0. Furthermore, we suppose that the model in
(2.1) is dynamically stable, i.e. |y| < 1.

In order to obtain higher-order asymptotic results we need expressions that make fully
explicit how all observations on y;; and z;; depend on both error components. As in Kiviet
(1999) we therefore decompose y and x into a zero-mean relevant random component,
denoted by a tilde, and irrelevant random plus deterministic components, denoted by
a bar. The relevant random components are those which are related to the individual
effects n; and the disturbance terms ;. In the analysis to follow we shall condition on
Tiyp = Tig — Tig, Y = Yir — Yar and on Yoo = Yio — Yio, V1, 1.

Regarding = we start by examining the same simple setup as in Kiviet (1999) where
x;; can be decomposed as

Tit = Tit + Ty

mit:¢5i,t—1+ﬂni} L LA y et (6)

with E(Z4n;) = 0 and E(Zyejs) = 0 for Vi, j, ,s. The parameter 7 allows for correlation
between observed and unobserved heterogeneity and ¢ determines the feedback of the
lagged disturbance into the explanatory variable z;;. When ¢ = 0 regressor x;; is strongly

LOur findings can be generalized — though will not yield qualitatively different results as it seems — for
models with higher-order lags and more explanatories. For ease of exposition we thus restrict ourselves
to the relatively simple model (2.1).



exogenous, and when ¢ # 0 then x;; is weakly exogenous, because, conditional on 7, and
the past, the joint density of y;; and x;; can be factorized in the density of y;; conditional
on x; and the marginal density of z; such that the parameters of these two densities
are unrelated. The form of weak exogeneity in (2.6) is very specific, but it captures the
essentials of lagged feedbacks, whereas its simplicity makes further derivations relatively
easy. Later we will discuss and simulate more general forms of weak exogeneity.

For the relevant random component g;; of y;; and its complement 7; we have

Yie = VWis—1 + Pig 1 + St i=1,.,N;t=1,..,T. (2.7)
Uit = VYi—1 + BTy

To be able to decompose the relevant random components of ¢;; into the two error compo-

nents 7; and £; we have to make an assumption on the accumulated size of the individual

effect n, in y,0. For the sake of simplicity we shall assume that the full long-run impact of
the individual effect n; on y;; is already present in y;p, which implies

E(Ji | m;) = an;, i=1,..N;t=0,..T, (2.8)

where a = 1%_&—”, so we assume effect-stationarity (labelled mean-stationarity in Blundell
and Bond, 1998) for both z; and y;;. For the N initial values we further assume

giO = an; -+ WEeo, Vi (29)

where w is either 0 or 1. In case of lagged feedback (i.e. ¢ # 0) x;; depends on &; and

then g, should also contain €;y, because it is in this case a relevant random component

of y;0. Hence, when ¢ # 0 we take w = 1 giving ;0 = an; + ;0. However, we choose to

take w = 0 in case ¢ = 0, because when x;; is strongly exogenous the normal procedure

is to condition on z; and on ¥;0 = y;p — an,. Hence, in that case g;o should not contain

g0 (because it is an irrelevant random component now), thus g;0 = an; when ¢ = 0.
Stacking the observations over time we get (i = 1,..., N)

Yi = YYi—1) + Bz +nr + &, (2.10)
T = Ij+ ¢gi—1) + T, (2.11)

where y;—1) = (Yios .- Yir—1)' €i(—1) = (€i0y -y €i7—1) and vp = (1,...,1)" a T x 1 vector
of ones. From the above it follows that

Ui = YUi-1) + Boei—1) + (Bm + V)nr + &
= V(L1 + Guoera) + Bo(Lre; + ewer,n) + (B + L)ner + &,

where we introduced the 7' x T" matrix Ly with ones on the first lower subdiagonal and
zeros elsewhere and the ¢ x 1 unit vector e,, with p' element equal to one. Defining
Iy = (Ir — yLy)~" and using (2.9), the relevant random part of y; is

Ui = amir + Dp(Ir + BoLr)e; + (wy + ¢B)rer €. (2.12)
Stacking the T" observations per individual over all NV individuals yields

y=Wé+u, (2.13)



where § = (v,8), y and u are NT x 1, W = (y_1),2) is NT x 2, u = Sn + ¢, with
S =1Iny®uran NT x N matrix and n = (94, ...,ny)". Using (2.6) and (2.12) the relevant
random parts of ¥ and x can be written explicitly as

= aSn+T(Inr + BoL)e + (wy + ¢8)T'(Iy ® erq)eo, (2.14)
= 7TS7’] + ¢[L€ -+ (IN X €T71)€0], (215)

ST

where I' = Iy @ I'r, L = Iy ® Ly and gy = (€19, -..,En0) -

The expressions (2.14) and (2.15) will be used for obtaining analytical results on the
properties of the various estimators of 6 introduced in the next section. To express some
of these estimators particular transformations of the data have to be considered, for which
we will use the (T"— 1) x T transformation matrices

010 - -0
001 - .
Jp = |, Kp= : (2.16)
-1 0 . -1 0 -

o - - -01 o - - 010
and also Dy = Jp — Kp. Note that Dy transforms a 7' element vector for individual ¢
into T — 1 first differences, because Jr skips the first observation and K7 skips the final

observation. We define also D = Iy ® Dy, J = Iy ® Jy and K = Iy ® K.

3. Estimators for dynamic panel data models

3.1. Least Squares

Treating the random individual specific effects as fixed, estimation of 6 and 7 in (2.13)
by OLS yields estimates which are called Least Squares Dummy Variables (LSDV), fixed
effect or within group estimates. For ¢ this estimator can be expressed as

drspy = (W/AW) ' W' Ay, (3.1)

where the NT x NT matrix A = Iy ® Ap with A = Ir — %LTL’T is the within trans-
formation which wipes out the individual effects. This estimator can also be obtained
by premultiplying model (2.13) by any matrix R = Iy ® Ry, where Ry is (T'— 1) x T
with rank T'— 1 and Ryt = 0. While removing the individual effects such a transforma-
tion reduces the number of observations and produces disturbances with V(Re) = 0?RR/,
which is full rank. Applying GLS yields [W'R'(RR)*RW]|'W'R'(RR) 'Ry = SLSDV,
because R'(RR')™'R = A follows from the orthonormality of [T~'/2ip, R.(RrRy) ™).
Valid matrices Ry are Dr (first differences) and Pr (forward orthogonal deviations), see
Arellano and Bover (1995). The latter transformation will prove to be useful below when
constructing and analyzing MM estimators. The (T'— 1) x T upper-triangular matrix Pr
transforms as

Y = cilyie — (T =) (Yigsr + - + vir)], (3.2)
with ¢ = (T —t)/(T —t +1). Since PrPj = Ir_1, independence of g is preserved in the
transformed model.

Treating the individual effects as random, the covariance matrix of the combined
disturbance term v = Sn +¢eis V = a%SS’ + 02Iyr and the Generalized Least Squares

6



(GLS) estimator of ¢ is
bors = (W'VT'W)'W'Vly, where (3.3)
N
V= Iy ® (I — Okurdy),  0=1— (1+T;;L> .

Note that 0 < # < 1,and § — 1 as T' — oo for 0727 > 0, which shows the equivalence of
GLS and LSDV for T large. However, for finite 7' these estimators differ and V! will
only partially wipe out the individual effects, which explains that the GLS finite sample
bias is not invariant with respect to o2 /02, whereas LSDV’s is under effect-stationarity.
Note, moreover, that GLS is not feasible unless o2 /0?2 is known. In our simulations we
will also consider the feasible FGLS estimator

draLs = (WVIW)TW'V 1y, (3.4)

where V1 is estimated by obtaining 6 from estimates 6? and &727 based on within and
between residuals as in Doornik et al. (2002).

3.2. Method of Moments

The assumptions made on the stochastic structure of the model imply for each individual
i a set of linear and non-linear moment conditions, see Ahn and Schmidt (1995). In this
study we will focus on MM implementations using linear moment conditions only and
we will not exploit any moment conditions associated with the homoskedasticity of ;.
Arellano and Bond (1991) used all linear moment conditions for the model in first differ-
ences associated with the predeterminedness of the regressors and the absence of serial
correlation in the (original) disturbances. Blundell and Bond (1998) suggest to exploit in
addition moment conditions associated with the effect-stationarity of the variables. The
various sets of linear moment conditions emerge straightforwardly, depending on whether
or how the individual effects are removed from the model or from the instruments.

3.2.1. Removing the effects from the model

Like Anderson and Hsiao (1982), Arellano and Bond (1991) suggest to take first differ-
ences, i.e.

Dy = DW§ + De. (3.5)

Since E[(Dy(-1))'De] = —E(y(_1)e(-1)) = —E(e{_ye(-1)) = —02N(T — 1), the correlation
of one of the regressors with the errors of (3.5) is such that here LS is inconsistent,
irrespective of how the sample size is extended. However, there are many valid moment
conditions for individual 7 in the differenced model (3.5), viz.

E(yi,t—sAfit)

t=2,....T; s=2 ..1,
E(xi,t—sAfit) } (3'6)

= ()7
=0, t=2,..T;, s=1,...t—1.
Even more valid instruments than these T'(T' — 1) are available under our particular form
of weak exogeneity (2.6), or when x is strongly exogenous, but we will not use these
here. Not just D, but any transformation matrix R as defined above, for example P, will
eliminate the effects from the model, see Arellano and Honoré (2001, p.3255). For model

Ry = RW6é + Re, (3.7)

7



we shall consider GMM estimation exploiting m < T(T' — 1) moment conditions for each
individual i. These can be expressed as E(Z],Rre;) = 0, where Z;; is a (T'— 1) x m
matrix with variables in levels. We will consider three particular instrument matrices
Zy;, viz. the block-diagonal matrix (with increasing block size) Zl(f), which includes all
m® =T (T — 1) = O(T?) instruments given in (3.6), i.e.

Yo 7 O O O O O -~ 0 --- 0 0 --- 0
0 0 wio 1 Ta T 0O --- 0 0
Z%=1 0 0 0 0 0 0 : N
: : 0o --- 0 0o --- 0
0 0 0 0 0 0 -+ -+ Yo "+ Yir2 Tix **° Tir1

the block-diagonal matrix (with constant block size) Zl(il), which includes only a subset of
mt) =2(T — 1) = O(T) of the Zl(f) instruments, viz.

Yio T O o 0o - 0 0
0 0 wyan o 0 0
Zl(il) = D : ;
0O 0 0 0 e 0 0
0 0 0 0o - 0 Yir—2 TiT-1

and the matrix Zl(io), which includes a linear transformation of the instruments in Zl(f),
reducing their number further to m(® =4 = O(T°), viz.

Yio T 0 0
0 Yi1 T2 Yio Ti1
Zl(i ) = . .

Yir—2 TiT—1 YiT-3 TiT-2

Stacking over individuals one has for any m-columns instruments-in-levels matrix Z; the
conditions E(Z/Re) = 0, where Z; = (Z},, ..., Zy)" is N(T — 1) x m. Provided R'Z; has
full column rank, the optimal one-step GMM estimator is then

dcnt = [W'R' ZJ(Z/RR' Z)) "' ZIRW|*\W'R' Z\(Z/RR' Z,) " Z/ Ry, (3.8)

where (Z]RR'Z;)™! provides a consistent (up to a scalar) estimator of the inverse of
E(Z|Rec'R'Z)) for e ~ i.i.d. Hence, when all available moment conditions (3.6) are
exploited, i.e. Z; = Zl@), estimator (3.8) is asymptotically efficient. For R = P and
writing y* = Py and W* = PW, estimator (3.8) specializes in

danma = (WY Zy(Z1Z2) " ZoWH W Z)(Z1 Z) " 2Ly, (3.9)

where the acronym GMMfl makes clear that the model underwent the forward orthogonal
deviations transformation (f) and uses level instruments (1). For Z; = Zl(z) this estimator is
equivalent to the estimator of Arellano and Bond (1991) which uses R = D, see Arellano
(2003, p.153). Since form (3.9) has proved to be more suitable for further analytical
examination, see Alvarez and Arellano (2003) who analyzed it for Z; = Zl(2) in the panel
AR(1) model, we will focus here on transformation P too. We will investigate it for



7z = Zl(h) (h = 0,1,2), indicating the resulting estimators by 3GMMﬂ<h), thus clarifying
which instrument matrix Zl(h) (h conforms to the power of T" in the order of magnitude of
the number of instruments) has been used. From the special structure of Zl(f) it follows

that a necessary condition for the existence of 3GMMﬂ<2> is that N > K(T — 1), where K
is the number of columns of W, i.e. in our special case T' < 1 + N/2.

3.2.2. Removing the effects from the instruments

For the equation in levels (2.13) first differences of current and lagged explanatory vari-
ables are valid instruments, provided that the variables are effect-stationary, see Arellano
and Bover (1995), Kiviet (1995) and Blundell and Bond (1998). For individual i we then

have the moment conditions
E(uiAyir—s) =0, t=2,...T, s=1,.,t—1, (3.10)
E(upAz;—s) =0, t=2,...,T; s=0,..t—2.

These, or linear transformations or reductions of them, can be expressed as E(Z); Jru;) =
0, where the matrix Zy; is (T' — 1) x m. We will examine the three cases

Ayan Azp O - 0 .- 0 o - 0
0 0 0 0
ZP=1 0 0 ' SN
: o0 e 00 0
0 0 cee e Ayil Ayi,T—l A.Z'ig s A$@T

which includes all m? = T(T — 1) = O(T?) instruments-in-differences; its subset

Ay Az o - 0 0
0 0 - 0
Zy =1 + ],
0 0 e 0 0
0 0 e 0 Ayi,T—l AlEi,T

where m(Y) = 2(T — 1) = O(T); and the instrument matrix with m(® =4 = O(1)

Ayan Az 0 0
Z(O) B Ayio Ax;g Ay AV
di — . . . .
Ayi,T—l Axi,T Ayi,T—2 AllCi,T—l

Stacking over individuals one has E(Z}Ju) = 0, where Zg = (Z), ..., Z,y)" is either Z\",
Zé,l) or Zc(lo). Here an optimal one-step GMM estimator would require a weight matrix
involving the unobservable ratio 0727 /o?. We will analyze here the particular operational
one-step GMM estimator

danvid = (W' T Zy(Z420) " 20 JW " \W' ' Zy( 2, Z4) 2 Z4 Ty, (3.11)

which has been considered too by Blundell, Bond and Windmeijer (2000). It is optimal
only when 0727 = 0. For 3GMM1d<h) (h = 0,1,2), where ”1d” clarifies that the equation in
levels has been instrumented by differenced variables, it is required that (Z,Z;)~" exists.
For & ypuq this implicates N > K (T — 1).

9



3.2.3. System GMM estimator

Combining in a system all the above moment conditions while omitting the redundant
conditions, see Blundell and Bond (1998), yields

zP 0 Pre;
E(Z.q;) =0, here Z,; = | 7l =1 T, 3.12
Zha) =0, where 2= (A0 0 ) 0= (S 3.12)
with Zg a 2(T — 1) x m matrix and m = (T + 2)(T — 1) = O(T?). Defining

- (Z? o0 [ PW [ Py [ Pe
Zs - ( O Zlgl) 9 Ws - JW ) Ys = Jy 9 qs = JU 9 (313)

and using, like Blundell and Bond (1998), Z!Z, for weighting, we obtain
SGMMS = [W;ZS(Z;ZS)_IZQWS]_IW;ZS(Z;ZS)_lzéy& (3.14)
This system GMM estimator requires N > K (T — 1).

4. Finite sample bias

We will now examine the location? of the various LS and MM estimators of § by ap-
proximating their finite sample bias using asymptotic expansion techniques. For all these
estimators the estimation error can be written as

§—86=Q 'Fv, (4.1)

where @ is a 2 X 2 matrix, F'isnx 2, visnx 1, and n is either NT, N(T'—1) or 2N(T'—1).
Assuming that either or both NV and T' can get large and that all variables are stationary
through time®, we have Q = O,(n), Q = E(Q) = O(n) and Q — Q = O,(n'/?), which
yields (Q — Q)Q~! = O,(n~/?). Expanding Q! = Q7 ![I + (Q — Q)Q~']~!, we obtain

Q" = QT -QH(Q-Q)QT +0,(n7?) (4.2)
= Q_l + Op(n_3/2)>

and, assuming E(F"v) = O(n*), we find the first-order bias approximation
E(6 —68) = Q'E(F'v) + O(n*n~%/?), (4.3)

where B = [E(Q)]'E(F'v) = O(n*n~!) is the leading term of the bias of 5. Whether
n = NT, N(T —1) or 2N (T — 1) has no practical consequences here, so any differences
in the order of the leading term of the bias result from E(F'v), i.e. from n*.

In Appendix A we show for LSDV that E(F'v) = E(W’'Ae) = O(NT?), hence the
bias is O(N°T1), indicating that LSDV is inconsistent for large N and finite 7. More
precisely, see also Bun and Kiviet (2003), E(éspy — 8) = Brspy + O(N~1T1), with

Brspv = 0 Qrapy {[tr(I) + Bétr(TIL)]es; + ¢tr(AL)ess}

= —0ZNQispy (%ez,l + ¢€2,2> +O(T2) =0(T™), (4.4)

2Since we employ always at least two more instruments than regressors, we may assume that the first
two moments exist of all MM estimators considered here.

3The analysis to follow can be generalized for non-stationary variables as in Kiviet (1995), but this
would yield no new insights, provided that all variables remain effect-stationary with respect to the
individual effects.
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where Qrspy = E(W/AW), Il = ALT, and in the final expression we substituted

() = 2 (1 - 352).
tr(TL) = =25 [1— 4 (1+ 5] (4.5)

tr(AL) = —N(1 — _:ip)

Note that Byspy can be obtained without assuming normality of the disturbances, because
for evaluating E(W’Ae) and E(W'AW) the first two moments of ¢ suffice. Result (4.4)
highlights that the O(T!) bias of LSDV is directly affected by both feedback parameters
v and ¢, which affect Qrspy too, whereas the LSDV bias is invariant with respect to
02 /o? and 7 under effect-stationarity.

Along similar lines we find E(8grs — 8) = Bgrs + O(n™1), where

BGLS = U?@Qais {l ( ) +ﬂ¢tl‘(HL) + Nl +6’:—‘| 62’1 — N [gb <1 — l) — W] 6272}

= —0?9 (¢ - 71') NQ(_;is (%6271 + 6272) + O(T_2) = O(T_l)’ (46)
with Qars = E(W'V~1W). Hence, the bias of GLS depends not only on v, 3, ¢ and o2,
but, unlike LSDV, also on 7 and #. The leading bias term disappears for § — 0, which
is not the case for LSDV. Otherwise (07 > 0) the bias of GLS is affected by the relative
magnitude of the error components o7/0? and by m, and therefore LSDV seems more
robust than GLS. When ¢ = 7 the bias is O(N°T~2); we conjecture that this does not
hold in general, but results from the specific form of feedback (2.6).

Using instruments in levels we find E(8aypya@ — 6) = Baama@ + O(n1), with

T
Bowna® = 202Qcr nae O AT[ALTs + BOA LT Ly)leas + ¢ tr(ALg)ea s}
s=2
+ IR _
= —QTU GMMﬂ(2) < - ﬂ,:bte —|—¢€22> +O(N lp 1) = O(N 1)_ (47)

Here A, Ly and I'y are s x s matrices of similar structure as Ar, Ly and I'y. That
Baya@ = O(N71) in the panel AR(1) model was already found by Alvarez and Arellano
(2003). From (4.7) we see that both sources of feedback in our more general model entail
bias of order O(N 1), also when 3 = 0. Reducing now the number of moment conditions
to O(T') we find E(SGMMH(I) —06) = Boyvam + O(N_lT_2), with

B = 202 Gll\/[Mﬂ(l N~ {[tr(T) + B tr(IIL))es + ptr(AL)egs} (4.8)
1+ 3¢ T e
= —202Q ( = 621+¢e22) +ONT'T2) = O(N'T 7).

Hence, reducing the number of instruments by a factor 7" has reduced the leading term
of the bias by a factor T too. This could make the actual bias considerably smaller if
_(_;llleﬂ@ and Q71 GMMAD do not differ very much. Also note that the factors in parenthesis
in the simplified expressions of (4.4), (4.7) and (4.8) are equivalent and, apart from the
difference in Q! matrices, these leading terms differ by factors IV, 27" and 2 respectively.
Hence, for both N and T substantial GMMAY seems less vulnerable regarding bias.
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Deriving the leading term of the bias of GMMA® is very complex, but in Appendix A we

A

prove that E(6qypmo — 6) = Bayg©@ + O(NMT2), with
By = O(N7'T7). (4.9)

Hence, reducing the number of instruments further (and inhibit the block-diagonal struc-
ture of the Z;; matrices) no longer reduces the order of the GMM{l bias. From the proofs
it is apparent that the determining factor for the order of bias is not the actual choice
we made with respect to the reduction in number of instruments (we did remove the in-
struments with the longest lags), but that it is just the order of magnitude of their total
number which determines the order of the bias.

A

Regarding GMMId we obtain E(6qyppng@ — ) = Baynag@ + O(N 1), with

1
+—ﬁ,:-€2’1 + 7T€272) = O(TN_l), (410)

Baya = 03(T? + T = 2)Qgynpae ( 1_

which, surprisingly?, suggests a bias that increases with T". For E(5GMM1d(1) —0) = By +
O(N~'T~1) we find

~_ 1+ 0m
Boynnam = 2‘72(T —1) . ( B

x| T4 21t 7T62,2> =O(NT), (4.11)
hence, again the bias has reduced by a factor T' through reducing the number of instru-
ments by a factor T'. Note that the 7 in the factor in parenthesis for the GMMId expressions
is a ¢ in the GMMAfl expressions. Using just a constant number of instruments we find

E(6GMMld(0) — 5) = Bayvivig© + O(N_lT_2) with

Hence, here an even further bias reduction does prove possible by limiting the number of
differenced instruments to a fixed number.
Finally, for GMMs we find E(6gymvs — 6) = Baums + O(N7IT1), with

Bamms = Q(_}ll\/IMs(QGMMﬂ(Q) BGMMﬂ(2) + QGMMld(l)BGMMld(1)> (4-13)
2
|13 AV )
— _QUETQGll\/IMs —1 — /; €21 + <¢ — WU—§> (1 — 762’1 + 62’2> = O(N 1).

Hence, GMMs, which is a matrix weighted average of GMMA® and GMMId™, has a bias
of similar order as these two estimators. However, in the panel AR(1) model, where the
second term between the square brackets in (4.13) is void, the leading term of the bias of
GMMs is in fact just of order O(N~'T~1), provided o7 = o2. As it happens, this is the
case in simulation designs in both Blundell and Bond (1998) and Doornik et al. (2002),
which gave rise to the conclusion that the performance of GMMs is superior to GMMA® .
In the simulations below we will examine their relative performance when o7 # o2 and
when the model contains extra regressors which may be correlated in some way with the
error components.

4The difference in order of magnitude of finite sample bias of the GMMfA and GMMId estimators
could be the result of the fact that the latter estimator does not exploit an optimal weight matrix. From
the study of the panel AR(1) model in Alvarez and Arellano (2003) it follows that using a non-optimal
weight matrix in the Arrelano-Bond estimator GMMA®) increases the order of its bias to O(TN™1) too.
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The results on the order of finite sample bias in models with weakly exogenous regres-
sors obtained here have been summarized in Table 1°. Note that the LSDV estimator can
be obtained from all three model transformations distinguished. Despite their equivalence
in order of bias, GLS is found to be less robust than LSDV as its estimation error depends
on both o7 /02 and 7. The same has been established for the GMMId estimators and for

GMNMs . Note that for A = 1,2 the order of bias of GMMA®™ is a factor T smaller than for
GMMI1d™, whereas it is equivalent for GMMA®Y, GMMA® and GMMIA® . The latter
three have all smaller order of bias than GMMs. Hence, since o7 /02 and 7 are generally
unknown, we conclude from these higher-order asymptotic results that in samples with
both T and N moderate or large the GMMIA®, GMMA®Y and GMMA©® estimators seem
preferable over all others considered as far as bias is concerned. When 7' is large rela-
tive to N the GMMA®, GMMId® and GMMs estimators do not exist and LSDV, GLS
and GMMA® (h < 1) seem preferable, and when T is small relative to N the GMMfl
methods seem preferable to LSDV and GLS. Especially GMMId® does not seem to be
recommendable in samples where T' is large or 0727 /o? substantial, but note that in sam-
ples with small 7" its bias may be comparable with that of GMMs, the other GMMId and
all GMMA{l variants, because these have all a bias of the same order in N. The leading
terms of the bias seem to indicate that the bias increases with ~ for all estimators. Note,
however, that the bias approximations have been obtained assuming |y| < 1, implying,
for instance, vI = o(7T°) and hence they do not allow to infer what happens for v — 1.
The effects of vy on the size of the bias seem of smaller order for GLS when  =0o0r ¢ =0
and m = 0, and also for GMMSs when o7 = 02 and ¢ = 0, 7 = 0. Finally note that GMMfl
is not fully invariant regarding 0727 /o? and , as LSDV is, since these parameters affect
ZZ(Z[ZZ)_IZZ/.

5. Simulation results

Data for y have been generated according to equation (2.1) with two different models
for the weakly exogenous explanatory variable z. In scheme 1 its generating equation is
designed as in (2.6) with Z;; a stationary AR(1) process, i.e.

-
9C§t) = Ty + G1€ig—1 + 17 i=1,.,N;t=1,..T (5.1)
Tit = P1Tit—1 + &y

where &, ~ i.i.d.(0,0%) is independent from e;; ~ i.i.d.(0,0?), and these are again inde-
pendent from 7, ~ i.i.d.(0, 0727). Hence, the explanatory variable x is a linear combination
of three stochastically independent components, viz. the AR(1) process Z;;, the one-period
lagged disturbance term ¢;,_; and the individual effects n,. It can be rewritten as

0 1
Ty = mﬁit + 16541 + T, (5.2)
where L is the lag operator. For |p,| < 1 this process is stationary. When ¢, = 0 regressor
(M is in fact strongly exogenous.

In the earlier sections scheme 1 proved to be relatively easy to handle from an analytical
point of view. However, from an empirical point of view a more interesting alternative

®We have not omitted the factors N° and TP in the order expressions to stress that we examined
asymptotic behavior for both N — oo and T' — oo. Note that O(N ') is in agreement with O(N~17%)
for any real o when keeping T fixed.
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weakly exogenous process, indicated as scheme 2, is

2 2 2
xz(t) = Pﬂz(',t)—l + ¢2yi(,t)—1 + man; + s (5-3)

which is again strongly exogenous when ¢, = 0. When ¢, # 0, xz(f ) depends via yg)_l on
all past disturbances and not just on €;;—1. Scheme 2 implies

CIN (1 =vL)E + Pogip (1 —7)m2+ ¢y n,
" L= (y+ B¢y +po) L+ 702 L% (1 =)L — pg) — By '

which, like (5.2), is a linear combination of three stochastically independent components,
but now an ARMA(2,1) process based on ¢, an AR(2) process based on ;1 and the
individual effects. However, in scheme 2 these three components are each determined
by all parameters, which is not the case for scheme 1. In (5.4) not just the value of ¢,
itself, but also the values of v, # and p, affect the extent of the feedback mechanism
in x when ¢, # 0. Therefore, when + is varied in the simulation, not only the speed of
adjustment, but also the characteristics of x;; (its variance, correlogram, feedback pattern
and magnitude of individual effect) will vary, which complicates the interpretation of the

(5.4)

simulation results. For stationarity of mgf )it is required that the three restrictions

Tpe <1
Y+ pa(1 =)+ Boy < 1 (5.5)
Y4 pa(L+7) + Boy > —1

hold jointly, which they do as is shown below.

We chose v = {0.25,0.75} and the long-run effect 3/(1—7) of 2 on y has been set equal
to unity in all experiments, implying 3 = 1 — 7. Further, we chose p;, p, = {0.5,0.95},
which yield stationary regressors. To analyze the impact of lagged feedback under scheme
1 we selected ¢; = {—1,0,+1}. To maintain some comparability between the results
for schemes 1 and 2 (by making the dependence of z; on &;; ; equivalent), we took

¢ = @9/ (1 = — By — py +ypy) implying

(1 —~)(1 = py)
1+ B¢, '

Substituting § = 1 —~ and (5.6) in the second restriction of (5.5) yields v+ (py + ¢5)(1 —
v) < 1, which implies that the parameters should obey p, + ¢ < 1, which means

$1(1 =)A= py) ¢:1(1—17)
R T P e

and this is true. Hence, x?) is stationary, because our parameter choices also obey the

other two restrictions of (5.5). We also took m; = {—1,0,+1} and to advance compara-
bility we therefore took m; = [(1 — v)m2 + ¢o]/[(1 — 7)(1 — py) — Bep,] implying

o
1—7v

¢y = (5~6)

<1

+

Ty = m1(1 — py — ) — (5.7)

We shall normalize with respect to the variance of the disturbance term 2. Hence, the
design parameters that remain to be fixed now are a% and ag. Appendix B gives further

details on how we attributed values to these two variances. We chose a relationship

14



between o7 and o2 such that the impact on V(y;) of the two variance components 7; and
gi has a ratio u2. This implies for scheme 1

o (1= 7)1+ 298¢, + B¢7)

7T G 8)

and for scheme 2

-2
1—
o2 = u2<1+p§—2p27+ﬂ¢2+p2> l(l— —— ] .

7 1+ 7py )1 = py) — By
-1
P—7%€—11120%+@%+p9ﬂ : (5.9)

In the simulations we examined p = {0,1,5}. The parameter 02 has been determined by
controlling the signal-to-noise ratio (¢) of the model. In Kiviet (1995) it has been shown
that a proper comparison of simulation results over different parameter values requires to
exercise control over this basic model characteristic. For our panel model we define for
schemes s = {1,2}

V(yz(:) — &t | ;) V(yz(:) | ;)

C(S) _ V(git) — V(sit) —1. (5.10)

Normalizing with respect to o2 this ratio is simply equal to () = V() | 5,) — 1. For
both schemes 1 and 2 we choose ¢**) = {3,9} in the simulations. In Appendix B we show
that to achieve this, scheme 1 requires

o2 — 1 ¢ _ (v + 6861)%] (1 =~*)(1 = p)(1 —7ypy) (5.11)
¢ 1— 92 1+ 7p, '
and scheme 2
1 L—p
ngz55@m+4)P—7%3—1+W;W+B%+wﬁﬂ (5.12)
1 Y+ Bog + po
—— |14+ p5 —2pp——=—22 .
52 ( 2 21+ YP2

Selfevidently, not every combination of values of the parameters is feasible.

In all experiments the individual effects 7, and the (other) stochastic source for the
x; variables £;, were drawn from the normal distribution. For the noise ¢;; ~ i.7.d.(0, 1),
however, besides the standard normal distribution, we also chose one with fatter tails, viz.
t3/+/3 (standardized Student with 3 degrees of freedom) and a skew one, viz. (x?—1)/v/2.
Regarding sample size we will focus on rather small values, viz. T' = {5,10, 20,50} and
N ={20,50} . The range of values assigned above to the design parameters, i.e. to v, [,
Pss Gy Ts, 05 (through p), of (through ¢) with o2 = 1, define 216 different experiments.
These have not all been examined for both scheme s = {1, 2}, different distributions of €,
and sample sizes N, T. For some selected parametrizations the Tables 2 through 6 present
Monte Carlo estimates (each based on 10,000 replications) for the true bias, standard
error (ster) and root mean squared error (rmse) of the various estimators of 7 and (. In
the tables for scheme 1 B, and Bg give assessments of the bias obtained from the leading
terms of our expansions, where the matrices ) have been obtained as an average over the
simulations of the relevant moment matrices, whereas true parameter values have been
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substituted in our approximations for E(F'v). Comparison of B, and By with the actual
(estimated) bias reveals the accuracy of the higher-order approximations.

Tables 2 and 3 both concern the model according to scheme 1 with normal disturbances
at sample size T = 10, N = 20 for v = 0.75. In Table 2 the z; variable is strongly
exogenous and not correlated with the individual effects. In designs 1 through 4 it has
variance such that the signal-to-noise ratio ¢ is 3 and in designs 1 and 2 the relative
magnitude of the individual effects is such that u = 1, which here implies 0727 = %a?, see
(5.8). The only difference between designs 1 and 2 is the value of p. We see that biases
and rmse’s are larger when x;; is smoother. Both designs show that the bias of LSDV
and of GMMA® is substantial and comparable in sign and magnitude, while GMMA®
is less biased, which is in agreement with our theoretical findings. The larger variance
of GMMAY in comparison to GMMA® is in agreement with the latter’s asymptotic
efficiency. However, applying a rmse criterion and focussing on v the GMMA® estimator
is more efficient than LSDV and GMMA®, and LSDV is more efficient than GMMA®,
especially in design 2. We note that GMMA® has a much smaller bias than the other
estimators that use the forward orthogonal deviation transformation but at the expense
of larger variance. The GLS and GMMId estimators, which all start off from the levels
equation, tend to show a bias of opposite sign, and the non-operational GLS estimator
performs very well here, though FGLS is worse than GMMId® . The latter shows its
efficiency superiority with respect to the variants exploiting fewer instruments, though
it is more severely biased, which is again in agreement with our higher-order asymptotic
findings. As expected, the GMMs estimator is not showing an exceptionally small bias
(although it seems to benefit from the opposite sign in bias of its building blocks GMMA®
and GMMld(l)), but regarding rmse it comes close to GMMId® . In all further results
reported we stick to the p = 0.95 case. In designs 3 and 4 we just examine the effects
of changing p. In design 3 there are no individual effects and then the estimators that
use the levels equation perform very well with respect to bias, which is in agreement with
their derived leading bias term being zero. The other estimators, including GMMs, do
not benefit from O’% = 0 and they show a large bias, especially regarding ~, and a poor
rmse, especially for 5. In design 4 we have p = 5, i.e. 02 = 3202 GLS can cope with
that, whereas all other estimators, apart from those using a fixed number of instruments,
are heavily biased. Of the operational methods GMMId® has smallest rmse for p = 1,
but at 4 = 5 even LSDV performs better. In designs 5 and 6 we examine the effects of
increasing the signal-to-noise ratio. We find that the biases are smaller now, but they are
still substantial for most estimators. From Table 2 we also see (as well as from all other
tables below on scheme 1) that the leading term of the bias (which we did not derive
for FGLS, GMMA© and GMMld(O)) is usually reasonably accurate for the actual bias,
especially for the LS estimators, despite the fact that the sample size is not very large.
Note that we calculated these B values from the initial crude expressions for the leading
term of the bias, and not from the simplified form. Otherwise, the bias approximations
for GLS would have been zero when ¢ = m, which would have made them less precise, as
we see.

In Table 3 we have v = 0.75, ( = 3, p = 0.95 and we examine the effects of varying the
exogeneity status of the regressor ;. In designs 7 and 8 the regressor is not correlated
with the effects, but it is no longer strongly exogenous. Upon comparing with design 2 we
find that the bias and efficiency of estimating # has improved through the changes in the
correlogram of x;; the bias of v does not change very much as a rule. In designs 9 and
10 the regressor is again strongly exogenous but now we introduce correlation between
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regressor and individual effects. Selfevidently we establish that LSDV is invariant with
respect to m. The other estimators are affected by 7 but not all in the same way. That
especially the bias of GMMId® and GMMIdY varies with 7 is again in agreement with
the characteristics of their leading bias term. In designs 11 and 12 both 7 and ¢ are non-
zero. We see that the numerical effects of both 7 and ¢ on bias are very moderate. Hence,
we find that despite the equivalence in the order of bias due to the presence of either a
lagged dependent variable or to indirect feedbacks via a weakly exogenous regressor, the
actual magnitude of the bias seems to stem primarily from the direct feedbacks when
v = 0.75. Note that, like in Table 2, GMMs is performing relatively well, although it has
a substantial bias, especially for p away from one.

In Table 4 we look at v = 0.25. Comparing designs 13 with 2, and 14 with 4, we
see that especially FGLS and GMMId® are much worse now. Although GMMs seems
the best choice for practitioners in design 13, in design 14 we see that for 4 = 5 and v
small GMMs is much worse than the Arellano-Bond estimator. Especially the GMMId
estimators are affected by ¢ and 7. Note that over these designs GMMA® has always a
small bias, whereas this is not the case for the 3 estimator of GMMIA® when 7 = —1.

Next we did rerun the designs 2, 4 and 11 upon varying respectively the distribution
of the disturbances and the sample sizes T and N. For fat tailed and skew disturbances
almost similar results as those for the normal were found, so to save space we do not
report them. Increasing N we found that the bias of LSDV and GLS remains more or less
the same, while the bias in the GMM estimators decreases. This reflects the theoretical
findings in the previous section, i.e. only the order of the leading bias term for LSDV
and GLS does not depend on N while all other estimators are semi-consistent for finite
T and N large. For N = 50 we examined various values of 7" and report the results for
design 11 in Table 5. We find indeed that increasing T' aggravates the bias of GMMId®,
has little effect on GMMIA® and reduces the bias for all other techniques, as predicted
by the leading term of the bias. Note that the estimators using O(T?) instruments do not
exist for N = T = 50. Although in Tables 2 through 5 the bias approximations are not
always very accurate, especially not for some MM estimators, there seem to be options
for improving the estimators by performing some form of bias correction.

Finally in Table 6 we present some results for the more realistic scheme 2, which only
differs from scheme 1 when ¢ # 0. We note that for particular techniques the standard
error and bias of the estimator for # changes substantially, which must be due to the
change in correlogram of x;;. However, it seems that the simple scheme 1 is capable of
representing the major phenomena that are also at stake when more general forms of
feedbacks are present as incorporated in scheme 2.

6. Concluding remarks

By asymptotic expansion techniques we have produced important new analytical insights
into the bias of the major least squares and method of moments estimators for panel data
models with both lagged dependent variable regressors and additional strongly or weakly
exogenous (predetermined) explanatory variables in the presence of unobserved individual
effects and white-noise disturbances. In addition to establishing that LSDV and GLS are
biased to order O(T 1), irrespective of the value of N, whereas all the MM estimators are
biased to order O(N 1), assuming T fixed, we revealed more subtle differences between
the various MM implementations. We examined two variants of MM estimators using
either the levels equation or the model in forward orthogonal deviations, denoted by
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GMMId and GMMA{l respectively, and also the hybrid system estimator GMMs. GMMId
and GMMHfl have both been examined for the situation where all linear moment conditions
associated with the predeterminedness of the regressors are being used (which amounts
to a number of instruments of order 7?%) and when fewer instruments are being exploited,
viz. a number of order T, or just a fixed number. We found: (i) that both GMMId and
GMMSfl when employing all available linear moment conditions are biased to an order
larger in magnitude by a factor 7" than when using a set of instruments which contain
a number of instruments reduced to order T'; however, (ii) the aggravation of bias when
the number of instruments is increased from order T to order T2 is not affecting GMMId
and GMMAl in the same way, because the bias in GMMIf is overall of smaller order in
T than for GMMId; (iii) when a fixed number of instruments is used both GMMfl and
GMMId have the same order of bias as GMMIfl with 7" instruments; and (iv) this bias is
of lower order than for the GMM system estimator GMMs, although we established that
the latter can have smaller order of bias too under very specific parametric restrictions;
(v) for all estimators we found that the bias due to feedbacks in the explanatory variable
(weak instead of strong exogeneity) is in principle of similar order as the bias due to the
presence of a lagged dependent variable regressor; (vi) our theoretical derivations also
indicate that for (F)GLS, GMMId and GMMs the leading term of the bias is strongly
affected by the magnitude of the individual effects and (vii) as well by any correlation of
the regressor and the effects, which seems a serious drawback in practice.

We designed appropriate Monte Carlo experiments to assess whether all these quali-
tative differences are of practical numerical relevance in actual finite samples. In general,
the simulations corroborate the theoretical findings. We examined two different schemes
for the feedback mechanism in the explanatory variable. One scheme is very simple and is
the one used in the analytical derivations, while the other seems much more relevant from
a practitioners point of view. The latter one, although easily programmed in a Monte
Carlo study, would be very difficult to analyze analytically, and for the same reasons it
leads to interpretation difficulties in a simulation. However, from a few experiments we
infer that there seems no reason to suspect that there are principle differences between
the results for these two schemes. The major results from the Monte Carlo study are as
follows: (i) all findings seem little affected by deviations of the error distribution form
the normal; (ii) they show for all MM estimators a reduction in bias and standard error
when N is increased from 20 to 50, while the bias for LSDV and (F)GLS remains virtually
unchanged; (iii) increasing T decreases the bias of LSDV, GLS, GMMf{l and GMMI1d©,
it has little effect on GMMIdY, GMMs and FGLS and indeed it aggravates the bias of
GMMI1d®@: (iv) increasing the number of moment conditions used in estimation increases
the bias in finite samples considerably; (v) when ~ is substantial, the magnitude of the
bias changes moderately when the other regressor is weakly instead of strongly exogenous;
(vi) apart from LSDV all estimators are found to have a bias determined by correlation of
observed and unobserved heterogeneity; (vii) the performance of the FGLS and GMMId
estimators depends heavily on the magnitude of the individual effects, occasionally leading
to dramatic biases. The latter nuisance also affects the hybrid GMMs estimator.

Since for particular parameter values all techniques show substantial bias and poor
rmse in samples where both 7" and N are moderate or small, standard first-order asymp-
totic theory is of little use indeed to establish and rank the qualities of estimators. The
higher-order asymptotic findings of this study prove to be much more informative about
the actual finite sample behaviour of the various methods. Especially FGLS and GMMId
are not invariant with respect to p and m, which are unknown in practice. A straightfor-
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ward advise for practitioners regarding which method to prefer in small samples does not
emerge, but under effect-stationarity GMMs seems a relatively safe choice, except when
v is small while the effects are prominent. In future research we will examine for this
class of models for which parameter values and sample sizes our bias approximations — or
approximations obtained via alternative asymptotic sequences — can be used effectively
for bias correction and ultimately lead to more accurate inference.
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A. Derivation of the bias approximations
From (2.14) it follows that

Gy = Ly+(In ®er1)do (A1)
= w(Iy ®er)eo + LI(InT + BoL)e + (wy + ¢B) LI (In ® er1)en + S,

where Jo = (%10, ---, Uno)" has been defined in (2.9). With (2.15) this gives

W = (g(—l)a i)
= Sn (ae'm + 7T6,272> + LT (Inr + BoL)ech | + ¢Leeh 5 + w(Iy ® er)eneh
+(wy + ¢B8) LT (In ® 6T,1)506,2,1 + oIy ® €T,1)€0€'2,2 (A.2)

and also the relevant stochastic elements of any instrument matrices.
Using these, we find regarding LSDV

E(W'Ae) = E(W'Ae) + E(W' Ae) = E(W' Ae),
because E(W’Ae) = 0. Using IT = ALT', we find

E(W'Ae) = E[g'U(Inr + BpL)eleas + ¢E(e'ALe)ess
= o2tr(I)eyy + 0B tr(IlL)ey; + o2 tr(AL)ess = O(N),  (A.3)

because €y and ¢ are independent by assumption. This gives (4.4).
Regarding GLS we obtain

EW'V ) = EW'V ") + EOV'V ) = EW'VISy) + EWV'VLe).
Employing (A.2) we find
EW'V-ISy) = E@/S'V71Sn)(aey + meys) = 0727 tr (S'V_IS) (ceq 1 + Tea )
03]\79(0462,1 + mea9),
and in a similar way as in (A.3) and substituting V="' = Iy @ (I7 — 6Fpy) we obtain
EW'Vle) = o?tr(V I LT)ey + 02Botr(V LT L)eas 4+ o2¢tr(V " L)egs
= 020 [x(IT) + B (L) s — 200N (1= ) e20 = O(N),

and these lead to (4.6). A
Next, we examine the bias of 6.y pam- For h = {1,2} it is possible to rewrite (3.9) in
an alternative convenient form. Let G be an N(T — 1) x N(T — 1) permutation matrix,
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which changes the order of the rows of Z;, W* and y* such that no longer 7" — 1 rows
for the separate individuals are put together in N sub-matrices, but 7' — 1 sub-matrices
of N rows (the initial observation of all individuals on top, etc.). Then, because the

Zl(il) and Zl(iz) are, GZ) is a block-diagonal matrix, with blocks Zj,, ..., Z] _,, where Zj; is

N x ml(f) with ml(f) = 2t and ml(tl) = 2. Of course, G is orthonormal, i.e. G'G = In(r-1)

and G~! = G’, hence
(Z120)™ = (Z1G'GZ) ™ = diag[(Z;, Zn) ™", s (Zp_1 Zor-1) 7Y,
so that one can write, see also Arellano and Bover (1995), for h = 1,2

1 —lp 4

gGMMﬂ(h) = Z m*,th(Zl/tth)_IZl,tWt* Z Wt*/th(Zl/tth)_IZl,ty:7
t=1 t=1

where y; = (yiy, ..., Yne) and W = (wi,, ..., wh,)'. Now we derive for h > 0

T-1
E(W'P'My,Pe) = S E(W;'My,e?),

t=1

where My, = Zy(Z},Z) "' Z;, with tr(Mg,) = ml(f). We proceed as follows, see also
Alvarez and Arellano (2003). We have

*/ * */ *
*/ € Yo Mzer \ _ tr(yt—lMthEt)
v = e( L ) e (RS

— EE tr(Mz,eryi )
T tr(Mg,epay) )

where E;_; indicates the expectation conditional on information up to ¢ — 1. Note that
Zy; contains only relevant stochastic elements that have been observed prior to ¢, hence

e (0 Maeinty) \ _ ( E{ulMaEeinty)))
(M) E{tr[My, Era(efai)]} )

Since ¢; depends exclusively on disturbances drawn since ¢ and has expectation zero it
has zero covariance with all components of W that were observed prior to ¢. That means
that conditioning is inconsequential here, i.e. for any ¢

%, %/

Ei1(efyi’y) = E(eiyly) = INE(Eft?/Zt—l)
Ei—1(eizy’) = E(ejay’) = INE(g]ia),

where use has been made of the independence of the N individuals. The above implies

) ) n [ E(eqys, - r [ E(pieipiyic-
v Mel) = ) () ) = ( Egf)

) ( tr[E(eii_1))pent] ) ’

" tr[E(esa})pep)]

where p, is the ¢ row of the matrix Pr. Hence,

T—1 / T-1_ (7) /
. . trlE(eiy;_1)) 2oim1 My pep
S B My, e = | MMy T ] ) (A1)
t=1 tr[E(eimi) t=1 Myt ptpt]
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Using (2.12) and (2.11) we obtain

E(’fiyé(_l)) = E(’fi@z{(_l)) = Elesei(Ir + Bo L)y Ly = o2(Ip + B L) T Ly
E(eix;) = E(e:%}) = ¢E(eieiLy) = ¢polLi,

and for h = 2 we have Y-75" miy pip; = 235 iy tptpé = 231, HyA Hf,where H, = (O :
I,) is a T X s selection matrix and Ay = I, — 21,0, (see again Alvarez and Arellano, 2003),

)

whereas for h = 1 we have >/ ml(t pp, = 25 pypl = 2A7. For the first element of

(A.4) we now find for h = 2
1 T

tr(Eeiyi 1) D pipl] = 202 tr[(Ir + SLy) T Ly Ho A HY
t=1 5=2

T
= 202> tr(A,L,I's + BpA,L,IsLy)

s=2
11— 1 1— ot
_ o2
- ren (- e - ()}
B ( +ﬁ¢) _
- et o) - o),
and for the second element
T—1 T T
tr[E(e;x) > mPppl] = 2¢0° > tr(LpH AH,) = 2¢02 Y tr(AsLy)
t=1 s=2 s=2

= —2¢0° (T - sz %) = —2¢To? +o(1) = O(T).

Hence, we obtain E(W'P'M @ Pe) = O(T) and the leading bias term (4.7).
!
For 7, = Zl(l), where ml(tl) = tr(M ) = 2, the above results in

th
T—1
tr[E(eyl 1) S miPpp] = 202 te[(Ir + BoLy) Ty L Ar] = 20[tr(Ily) + 56 tr(Ily Lr)]
t=1
T—1
trlE(say) Y mi o] = 2602 tr(Lyp Ar),
t=1

giving E(W'P'M ) Pe) = O(1), and for the leading bias term we then find (4.8).
!

Next we investigate GMMA® | and we directly examine

E(Fv) = EW~z2 (2" 2" 2" (A5)

-1 N
(0 0)/ (0 0)
= E [(;V[G'Zé)) (;Zl(i )IZl(i)> (;Zl(i ),5i>]-

We shall not try to derive the leading term of this expectation, but only its order.
Note that according to arguments already used above we have E(Zl(o) Zl( )) = O(n) and

(Z\ 7)1 = O,(n™'), and we can approximate it by (Z, 7Y 701 = [E(ZY 7)1 +
op(n_l). Therefore, the order of the expectation (A.5) will be equivalent to the order of

N N N
n'E [(Z Wi*IZz(iO)> (Z Z;&”'sz‘)] =n " Y EW 20 (2,
=1

i=1 =1
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where the latter equality follows from E(ZZ(Z-O)/&;k ) = 0 and the independence of the N
individuals. The two elements of the vector E[(TV; Zl(io))(Zl(iO)/g*)] consist each of the sum

of m(®) = 4 contributions. Each of these contributions is at most O(T). We shall illustrate

that for one such term. We consider the one for the regressor yj_;) and the instrument
Ti(—1), which both have T"— 1 elements. We find (upon omitting the subscripts ¢, and the
subscrlpt T from the matrices L, I" and P, and T or T'— 1 from ¢)

E(@ny(-y2(-1e’)
E[(Z(_yT(_y) + T—ny¥(—1) + TnT(—y) + ) (Fe”™ + T(_1e")]
—x% ~ */\ = = ~% */\ = ~ ~% ~ *
y(,—l)E(m(—l)g N1y + f’(_nE(y(_n’f )T(1) + E(90'(_1)y(_1)$'(_1)5 )
¢gj*l (E( Q)EIP,).T( 1)+ fl(_l)E[PLF(I + ﬂ¢L)€€’P’]E(_1)
+E{(¢s )+ 7m0 )PL(I + BoL)e(de_g) + ') Pe}
= ?qby(_l)JL P'%(_yy + o2&, PLT(I + ﬁqﬁL)P’x(_l)
+¢’Ele(_oPLT(I + ﬁqﬁL)sg’P's( o) + TE[nZ/ PLT(I + BoL)ee' P'l]
= 2oy ) JLPP'Z_1) + 02Ty PLF(I—l—BgzﬁL)P’x( 1)
+¢2E[»3(_2)PLF(I + BpL)ee' P'e(_y)) + o2oim*{J/ PLT(I + B¢L)P'.}.
It is obvious that the first two terms are O(T"). Note that P is such that /PLI'"P'. and
/' PLTLP'v are both O(T). The remaining expectation is E[¢'L/2J' PLT(I+£3¢L)ee’ P' J L¢].
To evaluate this consider first E(¢’Aee’Be), where A = (a;;) and B = (b;;) are general

T x T matrices, but B is lower-diagonal with zeros on its main diagonal. Then, making
use of g ~ 4.i.d.(0,02), we find

T T

soncns - o (EF ) ()

=1 j=1 k=11=1
T
- (Z Z al] Jlezgj) - U4ZZCL2J ji U tI' AB)

i=1 j=i+1 i=1j=

hence E[e’L2J' PLT (I + B¢ L)ec’ P'J L%¢| = o tr[L?J' PLT (I + B¢ L)P'JL* = O(T). Sim-
ilar results hold for the other terms, and hence for GMMA® we find that E(F'v) =
O(n™'NT) = O(1) and thus here the order of the leading term of the bias is O(n™!).

Next, we consider the GMMId estimators. Employing the permutation matrix G again
for h = 1,2 we have here

T
E(F'v) = E(W'J' My, Ju) = > EW, 24 (Zy' 24") " 230w,
t=2

where Zc(l?) isa N x mgg) matrix. Writing Mz, = Zg (2}, Za) "+ 2}, where tr(Mz,,) = mgg)
with mg) = 2t and ml%) = 2 we find

/ / /
/ _ yt—lMZdtut _ yt—lMZdtn yt—lMZdtgt
E(WtMZdtut) =E ( 'rQMZdtut ) -k < ‘/L‘QMZdtn ) + £ ( IQMZdtgt ) ’

where the last term equals zero, because all stochastic elements of y; 1, x; and Zy are
independent of &;. For the initial term we have

E y{‘—lMZdtn —E gllf—lMZdtn +E §£_1MZ(M7
x:‘,MZdtn 'i':‘,MZdtn 'T;,‘Mzdtn 7
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where the last term is again zero, now because 3;_1, T; and Zg are independent of 7. For
the initial term we find, by removing all random elements from g;_; and z; that are also
independent of 77 and therefore cannot contribute to the expectation,

Y1 Mz,m anf'Mz,mn \ ) o
- < $tMZdtU ) E < 7T77/MZdt77 o Etr(n MZdtn) T |
Because Etr(n'Mgz,n) = Etr(Mz,nn') = Etr[Mz, E(nn')] = 0727 tr(Mz,,) =0 m&’?,

T
(W' Mym Ju) = o ( i ) S ml. (A.6)

t=2

Note that 37 2m =237 ,t = O(T?) and Zt 2m =27 ,1=0(T), leading to the
results (4.10) and (4 11). Regarding GMMIA® we find

E(Fv) = EW'Z0(22") 7 257"

- E [(% w2z > (Z Zy) Z(0)>_1 (i 28" (nir —i—si))

i=1 =1

Y

and its order will be equivalent to the order of

N N N
n~'E KZ W{Zfz?’> (Z Z8 (nyr 1 + a))] =0V SCEWZD1ZY (i + )]}

i=1 i=1 i=1

Using similar arguments as above, now also using that the third moment of the distur-
bances is finite, it can be shown that this is also O(1), giving (4.12).
Finally we consider GMMs and rewrite (3.14) using (3.13) as

SGMMS — 6= (W*IMZ(z)W* + WIJIMZ(UJW)_l(W*,MZ@)S* + W’J’MZ(DJU),
l d ! d
where E(W!Mz W,) = Qamms = O(NT). Results derived above directly yield
E(F,U) = E(W*/Mz(z)ﬁ*) + E(W’J/MZ(UJU) = O(T),
l d

from which (4.13) follows.

B. Details on the simulation design

For a stationary AR(2) processes z; = with g; ~ 4.1.d.(0,02), we have

1
1—a1 L—anL? €t

aq

1+ o -1
V(z) = (1 — 05— 1—204%) o Clzz-1) =

Y
_a2 &

V(z). (B.1)

1—062

Hence, for the ARMA(2,1) process w; = (1 4 L)z we have

V(w) = (1+ 62)\V(z,) + 26C (20, z-1) = (1 + 62+ 26 ) V(z).  (B2)
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Now note that in model (2.1)

3 1 1

= —— . it B.3
Yit 1_7£wt+1_7m+1_7£6t (B.3)

Substitution of (5.2) gives for scheme 1
Yit (1_7[’)(1_[)1‘6)61154_ 1_,)/ 771"‘ 1_,}/[’ Eit- ( : )

Hence, using (B.1) and (B.2), we find
*(1+py) 1+ 298¢, + B¢} 1+ fm\’

vV (1) — 52 g ( 1 + o2 1 Ly 52 —1) . (B5
W) = TR e T 17 =) Y

This yields for the signal-to-noise ratio

L+7p, (v + B1)°

C(l) _ 0_262 + (B6
A ) T T )

from which (5.11) easily follows. From (B.5) it is also found that, in order to achieve

contributions to V(yl(tl)) from the variance components 7, and ¢; in a proportion with
ratio u?, one has to choose

2
0,2 <11+_ﬂj;1> _ IUJQO_E (1 + 275¢1 + ﬂ%b%) ’ (B?)

n 1_,-)/2

from which (5.8) follows. According to (5.4) scheme 2 implies (1 — p2£)m§t2 ) = ¢2£y§t2 )+
mon,; + &;;, and substitution in model (2.1) yields (1 — a1 £ — 04252)%(752) =B+ (1—py+
Bra)n; + (1 — poL)eir, with oy = v+ B¢, + p, and ay = —vp,. Hence, we now have

2) _ 1
Yi' =7 oL — L2 (B8 + (1 — py + Br2)n; + (1 — paL)eul, (B.8)

from which we obtain the results

Vg = l0§62 +0? (1 + p5 — 2p, (B.9)

7+ﬂ¢2+pz>] 9
L+ 7p,

1 — py + B2 r

-1
ll TR 1_—7[)2(7 theat '02)21 o, [(1 — 7)1 = py) — By

L+p

@) _ 292 2 2 v+ Bdy + py
= + 14 p2 —2p, L2 T 2) 1 o
¢ [055 Us( P2 P2 1+ 7,
-1
L —py
1 —~2p2 - — 112 L - B.10
l Y5 1+w2(7+5¢2+p2)] , (B.10)

and (5.12) follows. A similar derivation for a model in a non-panel data context with an
integrated weakly exogenous explanatory variable can be found in van Giersbergen and
Kiviet (1996). To control the ratio of the variance components in scheme 2 we set

’y+6¢2+p2>x
L+9p,

o2 1 — py + fmo
TLA =) = pa) — B,

2
] = plo? <1+p§—2p2 (B.11)

—1
L—1p
1 —~2p2 — 2 2
l Y ps 1+w2(v+6¢2+p2) :
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which yields (5.9).

The data have been generated by setting z; 49 = v;_49 = 0, generating 7" + 50
observations and discarding the first 49 observations to minimize the effects of the initial
zero values.

Table 1: Characteristics and order of magnitude of finite sample bias of LS and MM

further equation formulated in: bias
restrictions affected
on N >2 levels forward first by 0'3] Jo?
and T > 2 orth. dev. differences  and by 7
LSDV none O(NO°T—1) O(NOT—1) O(NO°T—1) no
GLS none O(NOT—1) — — heavily
GMMfI® N>K(T-1) - O(N~IT%)  O(N—1T0) yes
GMM f11) none — O(N—1T—1) — yes
GMM f1(©) none - O(N—1T-1) - yes
GMMId® N>KT-1) O(N-T) - — heavily
GMMI1d™M none O(N—1T9) — — heavily
GM M1d© none O(N—1T-1) - — heavily

combining all in a hybrid system

GMMs N> K(T-1) O(N—1T70) heavily

” —” means: is not defined or not relevant; K is number of regressors in model
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Table 2: Simulation results for T' = 10, N = 20, scheme 1, disturbances normal

design estimator B, Bﬁ biasy bias 3 ster~y ster3 rmsey rmsef3
1 LSDV -0.13 0.00 -0.14 0.00 0.06 0.04 0.15 0.04
GLS 0.02 -0.00 0.02 -0.00 0.04 0.03 0.04 0.03
v=0.75 FGLS 0.12 -0.03 0.04 0.04 0.13 0.05
¢=3 GMMf® .011 -001 -0.14  -0.01 0.08 0.04 0.16 0.04
=0 GMMfIY -0.04 -001 -0.05 -0.01 0.10 0.05 0.11 0.05
$=0 GM M f1(0) -0.01  -0.00 0.11 0.05 0.11 0.05
p=1 GMMId?® 009 -001 007 -0.01 0.05 0.04 0.08 0.04
p=05 GMMIAD 003 000 0.05 -0.00 0.08 0.05 0.09 0.05
GMMI1d® -0.01  -0.00 0.10 0.05 0.10 0.05
GMMs -0.05 -0.00 -0.05  -0.00 0.06 0.04 0.08 0.04
2 LSDV -0.19 0.06 -0.20 0.06 0.07 0.15 0.21 0.16
GLS 0.03 -0.02  0.02 -0.02 0.04 0.08 0.05 0.08
v=0.75 FGLS 0.15 -0.13 0.04 0.06 0.16 0.15
¢=3 GMMf® .017 003 -0.22 0.03 0.09 0.23 0.24 0.23
=0 GMMfIY 006 000 -0.10 -0.01 0.14 0.40 0.18 0.40
¢=0 GM M f1(0) -0.02  -0.00 0.16 0.58 0.16 0.58
p=1 GMMId® 012 -0.09 0.09 -0.07 0.05 0.09 0.10 0.11
p=0.95 GMMIdY 003 -002 0.06 -0.04 0.09 0.18 0.11 0.18
GMM1d© -0.02  -0.01 0.14 0.43 0.14 0.43
GMMs -0.07 0.03  -0.08 0.03 0.07 0.15 0.10 0.15
3 LSDV -0.19 0.06 -0.20 0.06 0.07 0.15 0.21 0.16
GLS 0.00 0.00 -0.01 0.01 0.05 0.07 0.05 0.07
v=0.75 FGLS 0.05 -0.05 0.05 0.06 0.07 0.08
¢=3 GMMfI(® -0.14 002 -0.18 0.02 0.09 0.22 0.20 0.23
=0 GMMfIY 004 000 -0.06 -0.01 0.10 0.38 0.12 0.38
$=0 GM M f1(0) -0.02  -0.00 0.12 0.60 0.12 0.60
w=0 GMMId® 0.00 000 -0.01 0.01 0.06 0.09 0.06 0.09
p=095 GMMIAY 000 000 -0.01 0.00 0.10 0.17 0.10 0.17
GMM1d©® -0.02  -0.01 0.12 0.38 0.12 0.38
GMMs -0.09 004 -0.11 0.05 0.07 0.14 0.13 0.15
4 LSDV -0.19 0.06 -0.20 0.06 0.07 0.15 0.21 0.16
GLS 0.05 -0.02 0.04  -0.02 0.04 0.12 0.06 0.12
v=0.75 FGLS 0.24  -0.21 0.01 0.04 0.24 0.21
¢=3 GMMfI® 020 003 -0.26 0.04 0.10 0.23 0.28 0.23
=0 GMMfIY 016 000 -027 -0.01 0.23 0.44 0.35 0.44
$=0  GMM/fIO -0.02 0.01 0.38 0.64 0.38 0.64
p=5 GMMId® 028 -022 0.23 -0.18 0.02 0.08 0.23 0.19
p=095 GMMIAY 011 -0.07 0.22 -0.14 0.04 0.18 0.23 0.23
GMM1d©® 0.05 0.02 0.29 0.91 0.30 0.91
GMMs 0.08 -0.04 017  -0.08 0.04 0.15 0.17 0.17
5 LSDV -0.15 0.04 -0.16 0.05 0.06 0.07 0.17 0.08
GLS 0.02 -0.02  0.02 -0.01 0.04 0.04 0.04 0.05
v=0.75 FGLS 0.11 -0.09 0.04 0.04 0.11 0.10
¢=9 GMMfI® -012 002 -0.16 0.02 0.08 0.10 0.18 0.11
=0 GMMfIY -0.04 000 -0.06 -0.01 0.11 0.18 0.13 0.18
¢=0 GM M f1(0) -0.02  -0.00 0.15 0.34 0.15 0.34
p=1 GMMId® 009 -007 0.06 -0.05 0.05 0.05 0.08 0.07
p=0.95 GMMIdY 002 -001 004  -0.03 0.08 0.09 0.09 0.09
GMMI1d® -0.02  -0.00  0.11 0.18 0.11 0.18
GMMs -0.05 0.02  -0.05 0.02 0.06 0.07 0.08 0.08
6 LSDV -0.15 0.04 -0.16 0.05 0.06 0.07 0.17 0.08
GLS 0.04 -0.02 0.04  -0.01 0.04 0.06 0.06 0.06
v=0.75 FGLS 0.23 -0.19 0.01 0.03 0.23 0.20
¢=9 GMMf® -015 0.02 -0.20 0.03 0.09 0.11 0.22 0.11
=0 GMMfIY 011 000 -020 -0.01 0.20 0.20 0.29 0.20
¢=0 GM M f1(0) -0.01 0.01 0.25 0.30 0.25 0.30
p=5 GMMId?® 027 -021 0.23 -0.17 0.02 0.05 0.23 0.18
p=0.95 GMMIdY 011 -0.06 0.21 -0.12 0.04 0.09 0.21 0.15
GMM1d© 0.02 0.02 0.26 0.43 0.26 0.43
GMMs 0.07 -0.03 0.15 -0.07  0.05 0.08 0.16 0.10
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Table 3: Simulation results for T' = 10, N = 20, scheme 1, disturbances normal

design estimator B, Bﬁ biasy bias 3 ster~y ster3 rmsey rmsef3
7 LSDV -0.20 0.05 -0.21 0.05 0.07 0.08 0.22 0.09
GLS 0.04 -0.08 004  -0.08 0.05 0.07 0.06 0.11
v=0.75 FGLS 0.16 -0.14 0.04 0.06 0.17 0.16
¢=3 GMMfI® -017 001 -0.23 0.02 0.10 0.08 0.25 0.09
=0 GMMfIY 008 001 -0.11 0.01 0.15 0.11 0.18 0.11
=1 GMM f1(©) -0.02 0.01 0.15 0.10 0.15 0.10
p=1 GMMId® 015 -012 0.12 -0.10 0.05 0.08 0.13 0.12
p=095 GMMIAY) 005 -0.03 0.08 -0.05 0.09 0.09 0.12 0.10
GMMI1d® -0.01  -0.00  0.12 0.10 0.12 0.10
GMMs -0.05 -0.01 -0.05 -0.01 0.08 0.08 0.09 0.09
8 LSDV -0.19 -0.03 -0.20 -0.03 0.09 0.08 0.22 0.09
GLS 0.03 001  0.02 0.02 0.04 0.04 0.05 0.05
v=0.75 FGLS 0.13 -0.09 0.04 0.05 0.13 0.10
¢=3 GMMfI® -017 -004 -0.23 -0.06 0.14 0.11 0.27 0.13
=0 GMMfIY -009 -0.05 -0.14 -0.08 0.25 0.21 0.29 0.22
¢p=—-1 GMMFIO -0.03  -0.02 0.28 0.20 0.28 0.20
p=1 GMMI® 008 -001 0.06 -0.00 0.05 0.05 0.08 0.06
p=095 GMMIAY 002 001 004 0.01 0.10 0.09 0.11 0.09
GMMI1d® -0.01  -0.00 0.22 0.16 0.22 0.16
GMMs -0.05 0.01  -0.06 0.01 0.08 0.07 0.10 0.08
9 LSDV -0.19 0.06 -0.20 0.06 0.07 0.15 0.21 0.16
GLS 0.03 001  0.02 0.02 0.04 0.07 0.05 0.08
v=0.75 FGLS 0.13 -0.09 0.04 0.06 0.14 0.11
¢=3 GMMf® -016 002 -0.21 0.02 0.09 0.23 0.23 0.23
=1 GMMfIY) -005 -0.01 -009 -0.03 0.13 0.40 0.16 0.40
$=0 GM M f1(0) -0.02  -0.01 0.15 0.64 0.16 0.64
p=1  GMMId® 009 -003 0.06 -0.02 0.05 0.09 0.08 0.10
p=095 GMMIdY 003 -000 004  -0.00 0.09 0.18 0.10 0.18
GMMI1d® -0.02  -0.01 0.14 0.43 0.14 0.43
GMMs -0.07 0.05 -0.08 0.06 0.07 0.15 0.11 0.16
10 LSDV -0.19 0.06 -0.20 0.06 0.07 0.15 0.21 0.16
GLS 0.02 -0.09 0.01 -0.09 0.05 0.08 0.05 0.12
v=0.75 FGLS 0.18 -0.19 0.03 0.05 0.18 0.20
¢=3 GMMf® -017 004 -0.23 0.05 0.10 0.23 0.25 0.23
n=-1 GMMfD -007 003 -0.13 0.04 0.16 0.41 0.21 0.42
$=0  GMM/fIO -0.02 0.00 0.17 0.59 0.17 0.59
p=1 GMMId® 015 -018 0.11 -0.15 0.05 0.08 0.12 0.17
p=095 GMMIAY 005 -0.06 0.08 -0.12 0.09 0.17 0.12 0.21
GMM1d©® -0.02 0.01 0.14 0.55 0.15 0.55
GMM:s -0.06 -0.01 -0.06 -0.04 0.07 0.15 0.09 0.15
11 LSDV -0.20 0.05 -0.21 0.05 0.07 0.08 0.22 0.09
GLS 0.04 -0.03 0.03 -0.03 0.04 0.07 0.06 0.08
v=0.75 FGLS 0.14  -0.08 0.04 0.07 0.14 0.10
¢=3 GMMfI® -017 001 -0.22 0.02 0.10 0.08 0.24 0.09
r=1 GMMfIY  -0.07 000 -0.09 -0.00 0.13 0.11 0.16 0.11
=1 GMM f1(©) -0.02 0.01 0.14 0.10 0.14 0.10
p=1 GMMId® 011 -0.06 0.09 -0.05 0.05 0.08 0.10 0.09
p=095 GMMIAY) 004 -002 0.06 -0.03 0.09 0.09 0.11 0.10
GMMI1d® -0.01  -0.00  0.12 0.10 0.12 0.10
GMM:s -0.06  0.00 -0.07 0.00 0.08 0.08 0.10 0.08
12 LSDV -0.20 0.05 -0.21 0.05 0.07 0.08 0.22 0.09
GLS 0.06 -0.06  0.06 -0.06 0.04 0.08 0.07 0.10
v=0.75 FGLS 0.22 -0.13 0.01 0.06 0.22 0.15
¢=3 GMMfI® -020 001 -0.26 0.02 0.10 0.08 0.28 0.09
m=1 GMMfM 016 001 -0.22 0.01 0.20 0.11 0.29 0.11
=1 GMM f1(©) -0.02 0.01 0.31 0.12 0.31 0.12
pu=5 GMMId® 025 -013 0.21 -0.11 0.02 0.07 0.21 0.13
p=095 GMMIAY 010 -004 020  -0.09 0.04 0.09 0.20 0.12
GMMI1d® 0.11 -0.04 0.18 0.11 0.21 0.12
GMMs 0.08 -0.05 0.16 -0.08 0.05 0.08 0.16 0.12
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Table 4: Simulation results for T'= 10, N = 20, scheme 1, disturbances normal

design estimator B, Bﬁ biasy bias 3 ster~y ster3 rmsey rmsef3
13 LSDV -0.10 0.06 -0.11 0.07 0.07 0.12 0.13 0.14
GLS 0.01 -0.01  0.01 -0.01 0.06 0.09 0.06 0.09
v=025 FGLS 047  -0.46 0.09 0.10 0.48 0.47
¢=3 GMMfI(®  -0.09 0.04 -0.11 0.05 0.08 0.17 0.13 0.18
=0 GMMfIY -0.02 001 -0.04 0.01 0.11 0.30 0.11 0.30
$=0 GM M f1(0) -0.00 0.00 0.10 0.44 0.10 0.44
p=1 GMMId® 029 -026 0.22 -0.19 0.09 0.13 0.23 0.23
p=0.95 GMMIdY 005 -0.04 0.09 -0.07  0.10 0.18 0.14 0.20
GMMI1d® -0.01 0.00 0.11 0.43 0.11 0.43
GMMs -0.02 0.02 -0.01 0.01 0.08 0.14 0.08 0.14
14 LSDV -0.10 0.06 -0.11 0.07 0.07 0.12 0.13 0.14
GLS 0.01 -0.01  0.01 -0.01 0.06 0.11 0.06 0.11
v=0.25 FGLS 0.73 -0.70 0.01 0.04 0.73 0.70
¢=3 GMMf® .010 005 -0.12 0.06 0.08 0.18 0.15 0.18
=0 GMMfIY -0.08 003 -0.14 0.05 0.20 0.33 0.24 0.33
6=0  GMMfIO 0.01 0.00 0.17 0.42 0.17 0.42
p=5 GMMId® 083 -0.74 0.68 -0.60 0.04 0.10 0.68 0.61
p=0.95 GMMIdY 030 -0.22 0.58 -0.41 0.09 0.23 0.58 0.47
GMM1d© 0.01 0.03 0.25 1.38 0.25 1.38
GMMs 022 -0.14  0.42 -0.27  0.10 0.20 0.44 0.34
15 LSDV -0.12 0.02 -0.12 0.02 0.07 0.09 0.14 0.09
GLS 0.01 -0.07 0.01 -0.07  0.07 0.08 0.07 0.11
v=0.25 FGLS 0.54  -0.52 0.07 0.09 0.55 0.53
¢=3 GMMjfI(®?  -0.09 -0.01 -012  -0.00 0.08 0.09 0.14 0.09
=0 GMMfIY 003 000 -0.05 0.00 0.12 0.13 0.13 0.13
=1 GM M f1(0) -0.00 0.00 0.10 0.10 0.10 0.10
p=1  GMMId® 044 -039 0.35 -0.31 0.09 0.10 0.36 0.33
p=0.95 GMMIdY 009 -0.06 0.17 -0.10 0.12 0.11 0.21 0.15
GMM1d©® 0.00 -0.01 0.11 0.11 0.11 0.11
GMMs -0.00 -0.03  0.03 -0.06 0.09 0.09 0.09 0.11
16 LSDV 0.0l 007 0.01 0.08 0.07 0.07 0.07 0.11
GLS 0.05 0.06  0.05 0.06 0.05 0.06 0.07 0.09
v=0.25 FGLS 0.33 -0.23 0.09 0.11 0.34 0.25
¢=3 GMMfI® 002 008 0.03 0.10 0.09 0.11 0.09 0.15
7=0 GMMfI® 002 003 0.03 0.06 0.15 0.19 0.15 0.20
¢p=—-1 GMMfIO 0.01 0.02 0.16 0.23 0.16 0.23
p=1 GMMId® 017 -003 0.14  -0.02 0.07 0.09 0.16 0.09
p=095 GMMIAY 004 002 007 0.05 0.10 0.13 0.12 0.14
GMM1d©® 0.01 0.01 0.16 0.24 0.16 0.24
GMMs 0.03 0.05  0.05 0.07 0.07 0.09 0.09 0.11
17 LSDV -0.10 0.06 -0.11 0.07 0.07 0.12 0.13 0.14
GLS 0.01 004  0.01 0.04 0.06 0.08 0.06 0.09
v=025 FGLS 0.30 -0.25 0.10 0.11 0.32 0.28
¢=3 GMMfI® -008 004 -0.10 0.04 0.07 0.17 0.13 0.18
=1 GMMf® 002 000 -0.03 0.00 0.09 0.30 0.09 0.30
¢=0 GM M f1(0) -0.01 0.00 0.10 0.48 0.10 0.48
p=1 GMMId® 012 -0.05 0.09 -0.03 0.08 0.11 0.12 0.11
p=0.95 GMMIdY 002 001 0.04 0.02 0.09 0.16 0.10 0.16
GMMI1d® -0.01  -0.00 0.10 0.36 0.10 0.36
GMMs -0.04 0.04 -0.04 0.06 0.07 0.13 0.08 0.14
18 LSDV -0.10 0.06 -0.11 0.07 0.07 0.12 0.13 0.14
GLS -0.03 -0.16 -0.04  -0.16 0.06 0.10 0.07 0.19
v=025 FGLS 0.65 -0.75 0.05 0.02 0.65 0.75
= GMM{fI(?  -0.09 006 -0.12 0.07 0.08 0.18 0.14 0.19
n=-1 GMMf® -005 007 -0.09 0.11 0.17 0.38 0.19 0.40
¢=0 GM M f1(0) 0.01 -0.03 0.16 0.59 0.16 0.59
p=1 GMMId® 060 -088 047  -0.73 0.08 0.06 0.48 0.74
p=0.95 GMMIdY 015 -035 027  -0.70 0.12 0.12 0.30 0.71
GMM1d© 0.01 -0.25 0.22 1.11 0.22 1.14
GMMs 0.06 -0.31  0.13 -0.60 0.09 0.13 0.16 0.62
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Table 5: Simulation results for design 11, N = 50, scheme 1, disturbances normal

T estimator B, Bﬁ biasy bias B stery ster 3 rmsey rmse/f3
5 LSDV 2041 0.05 -0.41 0.05 0.08 0.08 0.42 0.09
GLS 0.08 -0.07 0.07 -0.07  0.04 0.06 0.08 0.09
FGLS 0.11 -0.07  0.03 0.06 0.11 0.09
GMMfI® -012 -001 -0.20  -0.02 0.16 0.09 0.26 0.09
GMMfIY  -0.09 -0.00 -0.10 -0.01 0.20 0.11 0.22 0.11
GMM f1(0) -0.03 0.00 0.21 0.11 0.21 0.11
GMMid® 007 -003 004  -0.02 0.08 0.09 0.09 0.09
GMMid® 002 -001 003  -0.02 0.12 0.09 0.12 0.10
GMMI1d©®) -0.01  -0.00 0.12 0.09 0.12 0.09
GMM:s -0.01 -0.01 -0.03  -0.01 0.10 0.09 0.10 0.09
10 LSDV 2020 005 -0.21 0.05 0.04 0.05 0.21 0.07
GLS 0.04 -0.03 0.04  -0.03 0.03 0.05 0.05 0.06
FGLS 0.14  -0.08 0.02 0.04 0.14 0.09
GMMf1® 010 000 -0.13 0.01 0.07 0.06 0.15 0.06
GMMyfI1)  -003 000 -004 -0.00  0.09 0.07 0.10 0.07
GMM f1(©) -0.01 0.00 0.09 0.06 0.09 0.06
GMMId®)  0.08 -0.04 0.06 -0.03 0.04 0.05 0.07 0.06
GMMid® 002 -001 004  -0.02 0.07 0.06 0.08 0.06
GMM1d©® -0.00  0.00 0.07 0.06 0.07 0.06
GMM:s -0.04 0.00 -0.04  0.00 0.06 0.06 0.07 0.06
20 LSDV -0.10 0.03 -0.10 0.03 0.03 0.03 0.10 0.05
GLS 0.01 -0.01  0.01 -0.01 0.02 0.03 0.02 0.03
FGLS 0.17  -0.12 0.02 0.03 0.17 0.12
GMM{f1® 008 001 -0.09 0.02 0.03 0.04 0.10 0.04
GMM Y 001 000 -0.02 0.00 0.04 0.04 0.05 0.04
GMM f1(0) -0.00  0.00 0.04 0.04 0.04 0.04
GMMId® 009 -0.05 008  -0.04  0.02 0.04 0.08 0.05
GMMIdY)  0.02 -0.01  0.04 -0.02 0.05 0.04 0.06 0.05
GMM1d©®) -0.00 0.00 0.05 0.04 0.05 0.04
GMM:s -0.05 0.01 -0.05  0.01 0.03 0.04 0.06 0.04
50 LSDV -0.04 0.02 -0.04 0.02 0.01 0.02 0.04 0.03
GLS 0.00 -0.00 0.00 -0.00  0.01 0.02 0.01 0.02
FGLS 020  -0.16 0.01 0.02 0.20 0.16
GMM Y 000 000 -0.01 0.00 0.02 0.02 0.02 0.02
GMM f1(0) -0.00 0.00 0.02 0.02 0.02 0.02
GMMid® 002 -001 004  -0.02 0.03 0.03 0.05 0.03
GMM1d® -0.00  0.00 0.03 0.03 0.03 0.03

Table 6: Simulation results for 7' = 10, N = 20, scheme 2, disturbances normal

design estimator bias v bias B stery ster 3 rmse~y rmse[3
11 LSDV -0.21 0.03 0.07 0.17 0.22 0.18
GLS 0.02 0.01 0.04 0.08 0.05 0.08
v=0.75 FGLS 0.14 -0.11 0.04 0.07 0.15 0.13
¢=3 GMM{fI®  -0.22  -0.02 0.09 0.26 0.24 0.27
=1 GMMfD  -0.10  -0.07 0.14 0.48 0.17 0.49
=1 GMM{fIO®  _0.02  -0.02 0.17 0.83 0.17 0.83
p=1  GMMId?®  0.06 -0.03 0.06 0.10 0.08 0.10
p=0.95 GMMIdY  0.04 -0.00 0.10 0.20 0.11 0.20
GMMId©®  -0.02 0.01 0.14 0.52 0.14 0.52
GMMs -0.09 0.06 0.07 0.16 0.11 0.18
12 LSDV -0.21 0.03 0.07 0.17 0.22 0.18
GLS 0.03 0.15 0.04 0.13 0.05 0.20
v=0.75 FGLS 0.23 -0.17 0.01 0.06 0.23 0.18
¢=3 GMM{fI®  -0.27  -0.02 0.10 0.27 0.29 0.27
=1 GMMfM®  -0.26  -0.15 0.22 0.52 0.34 0.54
=1 GMMfI©®  -0.02 -0.01 0.75 0.98 0.75 0.98
p=5  GMMId®  0.21 -0.09 0.02 0.10 0.21 0.13
p=0.95 GMMIidD 0.18 -0.02 0.05 0.20 0.19 0.21
GMM1d(©) 0.02 0.22 0.23 0.78 0.24 0.81
GMMs 0.11 0.13 0.05 0.17 0.12 0.21
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