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Abstract

In this letter we extend the factorization procedure of the deep-inelastic hadron tensor, proposed by Qiu, to include
non-zero quark masses. The manifest gauge invariance of both soft and hard parts is preserved. Using a so-called spurion
to generate the quark-mass terms, the simple parton-model interpretation is also kept. The calculation of the deep-inelastic
transverse-spin structure function g; is used to illustrate the algorithm.

The masses of the light quarks are small as com-
pared to the typical hadronic mass scales. Therefore,
in most calculations of deep-inelastic scattering (DIS)
structure functions they are neglected. In some cases,
however, this is not allowed. A notorious example is
&> of a free quark target at tree-level [1]. In that case
the twist-three quark-mass term exactly cancels the
twist-two contribution, yielding g = 0. In general, if
the ratio m/M is not negligible, one is forced to keep
the quark-mass contributions.

Let us recapitulate some historic facts. In Ref. [2]
Politzer suggests a diagrammatical approach to un-
ravel the power corrections in 1/Q for a wide class
of hard scattering processes. This method was fully
employed for the deep-inelastic scattering process by
Ellis, Furmaiiski, and Petronzio (EFP) in Ref. [3],
in which they calculate the twist-four corrections to
the unpolarized structure functions. Thereto they fac-
torize the diagrams in hard, i.e. perturbative, and soft,
i.e. non-perturbative, parts. An essential ingredient in
their calculation is the expansion of the parton mo-
menta around the target momentum direction, called

the collinear expansion. Using low-energy Ward iden-
tities they show that in all matrix elements the gluon
field combines with a derivative to precisely the co-
variant derivative. Color gauge invariance is then man-
ifest upon inclusion of so-called link operators. Elec-
tromagnetic gauge invariance of the hard scattering
parts is not manifest in their approach. Matrix elements
with a definite parton number contribute at different
orders in 1/Q.

It was Qiu in Ref. [4] who showed that, if one
uses the concept of the special propagator, one can
factorize such that a complete separation of the hard
parts between different orders in 1/Q can be obtained.
Hence, the electromagnetic gauge invariance of these
hard parts is manifest. Moreover, only matrix elements
with a fixed number of partons contribute to a particu-
lar order in 1/Q. This fact also enables a clear parton-
model interpretation of the higher-twist terms.

Both EFP and Qiu neglect quark masses. Qur goal
is to include them in such a fashion that both color
and electromagnetic gauge invariance remain mani-
fest. The basics of the method are as follows: in addi-
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tion to the collinear expansion, employed by EFP, we
include a quark-mass expansion. Qiu’s factorization
can be extended as well. In order to preserve the parton
interpretation we employ a spurion particle [ 5], which
couples only to the fermions. The spurions will gen-
erate the mass contributions. One maintains the three
advantages of combining EFP and Qiu’s techniques,
namely, (1) the use of color gauge invariant matrix
elements only, (2) manifest electromagnetic gauge in-
variance of the hard scattering parts, and (3) a clear
parton interpretation at all times, also beyond leading
order, i.e., each order of power suppression means tak-
ing into account correlation functions with one parton
more, where only the good fields [6] contribute.

The algorithm is best explained by applying it to a
particular case, therefore we look at polarized DIS up
to and including order 1/Q (see Ref. [7] and refer-
ences therein). The EFP approach in this context was
first applied by Efremov and Teryaev [8].

The starting point is the familiar diagrammatic ex-
pansion of the forward scattering amplitude T#* (we
consider only quarks of one flavor for the moment)

T+ = /d“k Tr [S* (k; m)T'(k) )

+/d“k1d“k2 Te [S2 (kv kas m)TS (ki ko) |

.., (D)

keeping only the terms contributing up to order 1/Q.
Here, S and T are the hard and soft scattering parts,
respectively. We will not consider QCD corrections,
so the hard parts consist of the forward parton-
photon scattering tree graphs which are one-particle-
irreducible after shrinking the two photon vertices
to a point. We indicate explicitly their dependence
on the parton momenta and masses, but not on the
photon momentum g (g% = —Q?). The soft parts are
defined as

d*z

Ty = [ s

e*(PSIT [§;(0):(2)] IBS),
(2)

_d4i__d4i iki-z Hilkz—ki)-z’

(2m)* (2m)*

x (P.SIT [,;(0)gA*(z" )i (2)] [P.S). (3)

5 (ki ks) =

Note that we have included a color identity and g
times ¢4, respectively, from the hard into the soft parts.
Thereby the hard parts effectively become QED graphs
with unit charge [3].

The nucleon is characterized by its momentum, sat-
isfying P? = M2, and its spin vector, satisfying S- P =
0 and $? = —1. We make a Sudakov decomposition
of the relevant vectors with respect to two light-like
vectors p and n, satisfying p-n=1,

2
4= —xpp+ EQ—n, 4)
XB
M2
P=p+~2—n, (5)
S—A M + S (6)
_M p 2" T
K — k2
k= Tn+ kp.
xp + o n+ kr 7N

Here, xg = Q?/(2P - q) is the Bjorken variable, A is
the nucleon’s helicity, Sy its transverse spin. Also, x is
the quark’s longitudinal momentum, kr its transverse
momentum. Since target mass corrections are 1/Q?
suppressed, we ignore them.

The next step is performing a collinear and mass
expansion of the hard parts (keeping only relevant
terms):

S (kym) = §* (xp; 0)

o 0S¥ (k;m) IS* (kym)
+..., (8)
SEY (ky, kysm) = SE7 (x1p, x2p;0) + . ... (9

We use the following Ward identities to rewrite the
partial derivatives:

as* (k;m)

— QM .

P St7 (k,k;m), (10)
OSM (k; m) » )

——ém———=Sg“pu,(k,k,m), (11)

where the right-hand side of Eq. (10) is effectively
obtained from S$*¥(k;m) by insertion of a zero-
momentum gluon, with coupling i'yf; to the fermions.
The right-hand side of Eq. (11) follows from the
insertion of a zero-momentum (scalar) spurion [5]
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(denoted by a dashed line) which couples to the

lCHlllUllb l[llUUg[l uxc vertex —Ll,j lubClullg LUC VVd.lu
identities, one arrives at

= /dx Tr [ S (xp; )T (x)]
+ /dxldxz Tr [Sﬁ”(xlp,xzp;O)w“BFg(xl,xz)]

+ /dxldxg Tr [Sg‘p’{,,(xlp,xzp;O)Fm(xl,xz)]
+..., (12)

where the projector w®g = g% g —p®ng. Note that A% =
w®g AP if one uses the light-cone gauge n- A = 0. The
soft parts read (iD =id + gA)

() = / j—ge‘“(P,S\T [, (O)i(Am)| [P S),

(13)

[ dAdn v imco—xo

roz,(xl,x2)=/ 7 m ‘e g
x (BSIT [ (0)iD*(mm)y(Am] |R.S),  (14)

}‘mij<xi’ )=jf ZA ‘2117 Mx;ein(xz—xl)

a2
x (PSIT [§;(0ymyr(An)] |P.S)

=mé(xy —xy) i (xy). (15)

One can restore color gauge invariance of these defini-
tions by introducing path-ordered exponentials called
link operators. In the gauge nA = 0, these links become
unity, if the paths are chosen along the n-direction. In
Ref. [9] it is shown that the gluons in the p-direction,
1.e., of the form (n - A) p, can be pulled into the two-
parton ampiitude, generating a link operator, showing
that the gauge n- A = 0 is inessential and color gauge

invariance can always be achieved.

The first term in Eq. (12) contributes to order
(1/Q)° and higher, whereas the latter terms con-
tribute to order (1/Q)! and higher. The new ingre-
dient due to Qiu [4] is basically the splitting of the
different terms into parts which contribute at a spe-
cific order in 1/Q. Let us illustrate how this can be

done. The Dirac irace in the first term in Eq (1Z)
can be Fierz decomposed according to

#s 7s

JANA

=@ =
Fig. 1. The leading axial-vector projection of T'(x).
Tr [$* (xp; 0)T (x) ]
= 3 Tr[S¥ (xp;0)y,]1 Tr [¥T'(x) ]
+ FTr (8 (xp;0)ysy,] Te [¥7ysT(x)],  (16)

where we used the fact that in the hard part m = 0, such
that chirality is conserved. The vector term contributes
to the unpolarized scattering only, so we discard it.
‘We make a Sudakov decomposition of the axial-vector
projection of the soft part,

Tr {[y*ysT(x)] = p? Tr [fysT ()]
+ Tr [Y5ysT(x)] + n® Tr [pysT(0)] , (17)

where v7 = g7 v, = (877 ~ p?n” — n’p”)y,. The
only dimensionful quantity in the hard part is Q,
whereas the soft parts are assumed not to contain
large scales. This, in combination with the fact that
p has dimension 1, and n dimension —1, leads to the
observation that the first term is the leading one, while
the second and third are 1/Q and 1/Q? suppressed,
respectively, so we discard the last one.

Consider the leading n‘ s trace first Tntrndnmna the

NAZIISIGUL LT AU e 5 ML RIS R OUWLL

projectors P, = ,5 ,{ /2and P_ = ﬂ ]5 /2, which project
on ‘good’ and ‘bad’ quark fields, respectively [6], and
using the relations

O
18)

~~

=P =P,
it can be diagrammatically represented as in Fig. 1.
Consider next the trace of I'(x) with yrys, which
we write as (;5 'yrysﬁ + y{'yryyf )/2. Again, we can
multiply the ¢ with a P, on the right, or with a P_
on the left. For the ,5 we use the following relations,

which follow from the pqus\nnnc of motion .lh.lf =

wiialal 1000UW 21U LT

T'(x)p =/ dxz [T (x, x2) @*p(iva)

T (6 x2) (—iD)] %;5, (19)
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Fig. 2. The sub-leading axial-vector projection of I'(x}.
[ _pyEP, = P_fy*P,, 2
() =[5%/dx2 [(#7a)@" 0% (x2.%) P "7; * ’”ﬁ i (29)
P_YopP, =P _y"pP,. (26)
+(=iD)Tp(x2,%)] . (20) ’
i Returning to the second and third terms in Eq. (12),
Finally, we use from dimensional arguments one can again infer that
oy hh =P gy 21 only good ﬁleds contribute at leading order. So we may
@ BY ’{ 81 pY ,{ (1) include projectors in between the hard and soft parts.
yfy,,w“,g = yfyagr" pP+s (22) The crucial step in the Qiu factorization is to absorb

along with Eq. (18), to project out the good quark
and good (transverse) gluon fields. Putting the pieces
together, we can write the trace diagrammatically as
a sum of four diagrams; two gluon and two spurion
diagrams. They are depicted in Fig. 2. We have used
the special propagator [6,4]

ih. ify
2k n

The essence of the above derivation is that an jf pulls
out a good quark (or anti-quark) from the soft part,
whereas a ]5 pulls out a special propagator, a good
quark, along with a good gluon or (for non-zero quark
mass) spurion. Note that for the last trace in Eq. (17)
this implies the inclusion of four-parton amplitudes,
leading to 1/Q? suppression.

In order to undo the Fierz decomposition, Eq. (16),
we use the following relations:

k.
j——i

(23)

P_pfhP, =P_y°P,, (24)

everything above the projectors into the upper, hard,
part (see Figs. 1 and 2). For the leading order this has
no consequences. At sub-leading order, however, the
modified hard gluonic and spurionic parts read

HY (x1p, x2p; Q) =S¥ (x1p, x2p;0)

it i |
+ %%S" (x1p:0) + S""(xzp;o)%l?'a,
@7

HE (xip, x2p;0) = Sipi (x1p, x2p;0)

+(—il) 'iS"”(x1p,0)+S“”(xzp O)Ji—(—tl)

(28)

The treatment of the spurionic part is the new result
of this paper. The leading and sub-leading forward
scattering amplitudes become

Thist = / dx Tr [P_S* (xp; 0)PsT(x)],  (29)
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(¢) (f)

Fig. 3. Uncrossed twist-three gluonic [(a)-(d)] and spurionic [(e)-(h)] diagrams.

T /dx1 dxy Tr [P_HY (x1p, x2p;0)Pygrp

wist-3
xFﬁ(xl,xz)]
+ / dxydx; Tr [P_H&y (x1p, x2p;0) Py
Xy (x1,x2) 1, (30)

which are of a specific order in 1/Q. That is, ‘twist-#’
contributes only at order Q?~. Also, t always equals
the number of partons connecting the hard and soft
parts. To arrive at the DIS hadronic tensor, WA =
Disc[T#"]/(4Mari), one has to cut the hard diagrams.
The uncrossed twist-three cut diagrams are depicted
in Fig. 3. Explicitly, one finds for the (projected) dis-
continuities (displaying only the antisymmetric parts
inu e )

Disc [ P_S* (xp; 0) P, ] = mie?8(x —xp) ier™ pys,
(31)

. 2
X mie?
Disc [P_H% (x1p, xzp;O)P+gT“B] = —Q—z—te‘“‘”"

x qplieropft [8(x) — xp) — 8(x2 — x8)]
+ng;3I{')’5 [8(x1 —x8) +8(x2 —x8)1}, (32)

; mie?
Disc [P Hig, (x1p. 2p3 0) Py ] = “iet”

spul

X ot Yroys [8(x) — xp) +6(x2 —x8)].  (33)

(d)

(9) (h)

where e} = €7 p,n,,. The calculation of these dis-
continuities is especially simple since the partons are
massless, the effects of non-zero m being already taken
into account. At this point the electromagnetic gauge
invariance is manifest. That is, contraction of the mod-
ified hard parts with q gives zero identically. Compare
this with the much more elaborate demonstration of
gauge invariance in Ref. [7, App. C].

For the soft parts we use the parametrizations {10]

T(x) =$&1(x) dysp + 3hi(x) ys$,.p

+ IMer(x) s, + ..., (34)
T (x1,%2) = MG (x1, x2) i€sP Spgp

+ MG (xy,x2) Sgysp + ..., (35)
T (x1,%2) = AMH; (x1,x2) 755115 +..., (36)

where we listed only the distribution functions relevant
for the process under consideration. The functions G
and Hj are symmetric, G is antisymmetric under ex-
change of the two arguments. The functions are not
all independent. One has the relations

2x181(x1) = /dxz [G(x1,x2) — G(x2,x1)

+G(x1,x2) + G(x2,x1)
+ Hi(x1,x2) + Hi(x2,x1)], (37

Hi(x1, %) = %5()62 — x1)hy (x1), (38)
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where the first equation follows from the equations

Af mntinn  tha ganan A fram Ea (18) (Nantranting
UI 1HIVUUvil, Lllb OUAUEIU 11V LJL‘ 11iJ). \/Ulllla\/lllls

the hard parts, Egs. (31)~(33), with the soft parts,
Egs. (34)-(36), gives for the antisymmetric hadron

DALY LS I4H Ny

tensor

Woker = M Aier’ gy (xB), (39)
4 e?
Wtw'lil;:—3 = 2P . q

e’ q,8t-81(x8), (40)

where we used Eq. (37) to eliminate the two-argument
functions. Comparing with the standard expression in
terms of structure functions

. 1
WA,LLV= -
P-q

+(S P )gz(xB Q )J (41)

r .
ie#Ww‘Ip [Sagl (x8,Q%)

we identify the ftree-level structure functions
g1 (xg, 0% = 3, (€2/2) [g8(xp) + gf(—xp)] and
g1(x8, 8% + £(x8,8YH = 3 ,(€2/2) (g{xp)
+g7(—xs) ], where we reinstalled the flavor sum and
added the crossed (anti-quark) diagrams. These re-
sults are in agreement with the standard EFP-type of
calculations [8,11,7]. It is the way they are derived
that makes the difference. The algorithm can be sum-
marized as follows. To obtain the regular contribu-
tions to the order Q?~* DIS hadron tensor, following
Qiu [4], one has to (1) write down all possible for-
ward 2- phOtOﬁ t-parton cut magra.ms, where partons
can be quarks, antiquarks or gluons; (2) replace all
propagators that do not lie between the photon ver-
tices by special propagators; (3) project out the good
fields' and couple them with s-parton soft matrix
clements. The quark-mass terms follow in the same
way, except that one (or more) of the gluon legs that
connect hard and soft parts is replaced by a spurion.
In the hard parts the partons are kept massless.

We have also appucu the method to one-hadron-
production in ete”-annihilation, which essentially
only differs from the above by the fact that the pho-
ton momentum is now time-like and the distribution
functions have to be replaced by fragmentation func-

tions (indicated with a hat, e.g., g5). We can again

I These projections pick out one specific order in 1/Q. They
were not used in Ref. [4].

express the sub- leading structure function (denoted
by & + &) in terms of ST only, that is, without ex-
plicit mass terms. This result differs from Eq. (38)
of Ref. [121, in which Qiu’s factorization is also
applied, by quark-mass terms (accompanied by the
fragmentation function h" ). Our claim is that these
terms should not be present.

In this letter we have extended the formalism by
Qiu, leading to a factorization of hard and soft scat-
tering parts in a manifestly gauge-invariant way, to in-
clude non-zero quark masses. We have iilusirated the
method for polarized DIS at sub-leading order. An-

other mtprpctmo annh(‘mmn would be the calculation

of the quark-mass contrlbutlons at twist-four in unpo-
larized DIS [ 13]. Also, one should investigate whether
the formalism can be extended to include QCD cor-
rections. Work in this direction is in progress.
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