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P (Q)

1 j n1 1

1 j nK K

1 2 nk − 1 nk k

K
pK−1 P (Q)

K
pK−1

pK−1 (Q)
K − 1 K − 1

pK−2 pK−1 (Q)
pK−2 (Q)

K − 2

k j
ϑk = ∂Q

∂qjk
ϑk

pk−1

k ϑk

pk (Q) +
ϑk

nk
Qp′k (Q)− ck − pk−1 = 0.

ϑk = 1 ϑk = 0

pk
k

pk Q k
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k
pk = pk−1 + ck ϑk = nk

k ϑk nk

p1 (Q)
1 Q∗ p∗1 = p1 (Q∗)

p∗K−1 = pK−1 (Q∗) p∗K = P ∗ = P (Q∗)
j k q∗jk

∑nk
j=1 q

∗
jk = Q∗

g ∈ {1, . . . ,K}

Qg pgk k = 1, . . . ,K j k
qgjk

∑nk
j=1 q

g
jk = Qg k
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Qg < Q∗

pgg > p∗g pgk > p∗k k > g

pgg
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g k
g

k
k− 1

k k+1

k

π∗
k =

(
p∗k − p∗k−1

)
Q∗ −

∑nk
j=1 cjk

(
q∗jk

)

πg
k =

(
pgk − pgk−1

)
Qg −

∑nk
j=1 cjk

(
qgjk

)
.πk = π∗

k − πg
k

. πk = Qg
(
pgk−1 − p∗k−1

)
−Qg

(
pgk − p∗k

)
+



(Q∗ −Qg)
(
p∗k − p∗k−1

)
+

nk∑

j=1

cjk
(
qgjk

)
−

nk∑

j=1

cjk
(
q∗jk
)




= ξk − ωk + σk.

k

ξk = Qg
(
pgk−1 − p∗k−1

)
,

k−1

ωk = Qg
(
pgk − p∗k

)
,

k
k + 1 k

ωk k
k + 1 ξk+1 = ωk

,
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σk = (Q∗ −Qg)
(
p∗k − p∗k−1

)
+

nk∑

j=1

(
cjk
(
qgjk

)
− cjk

(
q∗jk
))

.

σk =
∑k

j=1 σjk

σjk =
(
q∗jk − qgjk
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p∗k − p∗k−1 − cjk

(
q∗jk
))

+ qgjk

(
cjk
(
qgjk

)
− cjk

(
q∗jk
))

.

cjk (qjk) = cjk (qjk) /qjk j k

qjk
(
q∗jk − qgjk

)(
p∗k − p∗k−1 − cjk

(
q∗jk

))

qgjk

(
cjk
(
qgjk

)
− cjk

(
q∗jk

))

j k
g k < g

.CS = CS∗ − CSg = ξC + σC ,

ξC = Qg
(
pgK − p∗K

)
σC =

Q∗
ˆ

Qg

[P (Q)− P (Q∗)] dQ,

pgK = P (Qg) p∗K = P (Q∗)
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Qg < Q∗ ξC σC

∑K
k=1 (ξk − ωk) + ξC = ξg+1

ξk+1 = ωk k ξC = ωK !

S6B6J F,3#*+,%&'%I/$"$+*#$%_3+5

∑K
k=1.πk .CS

.W =
g−1∑

k=1

.πk +.πg +




K∑

k=g+1

.πk +.CS



 = dU +.πg + dD.

.πg dD =
∑K

k=g+1.πk +.CS

dU =
∑g−1

k=1.πk

.W =
K∑

k=1

(ξk − ωk + σk) + ξC + σC =
K∑

k=1

σk + σC ,

ξ1 = 0 k+1
k ξk+1 = ωk k = 1, . . . ,K ξC = ωK

.πg = ξg − ωg + σg

dD =
K∑

k=g+1

(ξk − ωk + σk) + ξC + σC = ξg+1 +
K∑

k=g+1

σk + σC ,
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dU =
g−1∑

k=1

(ξk − ωk + σk) = −ωg−1 +
g−1∑

k=1

σk = −ξg +
g−1∑

k=1

σk.

ξg+1

λW =
.W

ξg+1
= λg + λD + λU ,

λg =
.πg
ξg+1

=
ξg + σg

ωg
− 1,

λD =
dD
ξg+1

= 1 +
K∑

k=g+1

σk
ξg+1

+
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ξg+1

,

λU =
dU
ξg+1

= − ξg
ωg

+
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σk
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ξg+1
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ξg+1
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ξC + σC
ξg+1
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k cjk (q) = ckq j ∈ {1, . . . , nk}

P (Q) = a− bQγ ,

a b γ > 0 0 < γ < 1
γ > 1 γ = 1

Q∗ =



1
b

(
K∏

i=1

ni

ni + γϑi

)

a−
K∑

j=1

cj









1
γ

,

p∗k =

(
1−

k∏

i=1

ni

ni + γϑi

)

a−
K∑

j=1

cj



+
k∑

l=1

cl ∀ k ∈ {1, ...,K} .

(ϑ1,ϑ2, . . . ,ϑK) ∈ ×K
k=1 [0, nk]

ng g ng > 1 ϑg

ϑc
g ∈ (ϑg, ng]

ϑk ng > 1 ϑc
g ∈ (ϑg, ng]

r

r =
Qg

Q∗ =

(
ng + γϑg

ng + γϑc
g

) 1
γ

.

Q∗ Qg

γ
γ = 1 r ∈
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1
2 , 1
)

g γ 1

a >
∑K

j=1 cj

a
∑K
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a ≥ 0 b < 0 γ < 0

b, γ > 0
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g

λg =
ξg + σg

ωg
− 1 =

γϑg

ng

(1− r)

r (1− rγ)
− 1.

λg = −1 g ϑg = 0
ng → ∞ σg = 0
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g
p∗k k ≥ g

λg+1 =
γϑg+1

ng+1 + γϑg+1

1− rγ+1

r (1− rγ)
.

Q∗ ≤ 2Qg λg+1 ∈
[
0, 32
]

g
Q∗ = 2Qg

g

ng+1 ≥ 2 ϑg+1 ≤ 1,

γ→∞ r = 1 γ→0 r = e−1 ϑc
g = ng ϑg = 0

k ≥ g + 1 Rk

Rk =
ωk

ξk
=

pgk − p∗k
pgk−1 − p∗k−1

=
nk

nk + γϑk
.

ϑk = 0)
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λg+1 ≤ 1 g + 1
ϑg+1 = ng+1

λC =
γ

γ + 1

1− rγ+1

r (1− rγ)

K∏

i=g+1

ni

ni + γϑi
.

γ = 1 λC ∈
[
0, 32
]

λC > 1
λC < 1

λD =
1− rγ+1

r (1− rγ)



1− 1

γ + 1

K∏

i=g+1

ni

ni + γϑi



 .

λD r
λD

1
2
Q∗+Qg

Qg ≤ λD < Q∗+Qg

Qg

λg+1 ≤ 1
ωg+1 ≥ σg+1

ϑg λg+1 =
2ϑg+1

ng+1+ϑg+1

1 ϑg+1 = ng+1

λc λc = 1
2

Q∗+Qg

Qg RC RC =
∏K

i=g+1 Ri =
pgK−p∗K
pγg−p∗g
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λD = λC = ξC+σC
ξC

= 1
2
Q∗+Qg

Qg > 1

λD < Q∗+Qg

Qg

1 < λD < 3

!

λD

p∗g Q∗

ξg+1∑K
k=g+1 σk + σC dD

dD ξg+1

λD

1
K

λD

K→∞ Q∗ = K→∞ Qg = 0
λD a b

∑K
k=1 ck

ξg+1 dD

329
216 ≈ 1.52 ng = 2

47
24 ≈ 1.96 ng → ∞

52
27 ≈ 1. 93 ng+1 = 2 14

9 ≈ 1. 56 ng+1 → ∞

g
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γ

γ → 0

λ̃D =
dD

ξg+1 + σg+1
.

g + 1 ϑg+1 → 0 ng+1 → ∞
σg+1 = 0 λ̃D = λD

λ̃D

ϑg+1 = ng+1 λ̃D
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λD (1 +K − g) (e− 1) e
γ → 0 ϑg = 0 ϑc
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g + 1, . . . ,K
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k
ϑl nl l > k g

pgk = p∗k k < g
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g h > g nh =
ng ϑh = ϑg ϑc

h = ϑc
g .Wk

k .Wh = .Wg ξh+1 < ξg+1 λW,h > λW,g

!

pgg − p∗g = Ψ
g∏

i=1

ni

ni + γϑi
,

Ψ
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ϑg−1 ϑg−1 = 0
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