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Preface

Oneof theroadstowardsunravelling con nementin four dimensionahon-abeliargauge
theories,startswith the proposalof 't Hooft and Mandelstanmto think of con nement
in termsof the breakingof a dual or magneticsymmetryby a condensat®f magnetic
monopolesAlthoughthisideahasbeenveryfruitful, it hasnotyetledto arigorousproof
of con nement. Onereasorfor this is thatthe magneticsymmetryis not manifestin the
standardormulationof a gaugetheory even proving its existencehasturnedout to be
a formidablechallengeon its own. It is thereforedif cult to studymagneticsymmetry
breakingin detail. Oneway to circumventthisis to usea dualformulationof the theory
suchasgivenfor exampleby Seibeg-Wittentheory Despitethe succes®f this strateyy,

the effect of monopolecondensatioron the electricdegreesof freedomcannotbe seen
directly. Moreover, it hasbecomeclearthatthereis not necessarilya uniqueexcitation
whosecondensatenay causeelectriccon nement.Whatis neededs aframewvork where
boththe electricandmagneticsymmetriesaremanifest.Suchanapproacthasbeenvery
successfuin understandingondensatiomndcon nementin two-dimensionatheories.

With this motivationwe startoutin this thesisto studyhiddensymmetrieof gaugethe-
ories. Our rst mainresultsare obtainedin chapter3 where,inspiredby a recentpaper
of KapustinandWitten, we studyandinterpretthe classicalfusionrulesfor smoothBPS
monopoles.

In chapter4 we concentraten the dyonic sectorsand proposea novel formulationof a
gaugetheorywhich explicitly involvesanelectricaswell asa magneticsymmetrygroup.
Moreover,we nd thatouruni ed framevork alsomatchesproposabf 't Hooftin which
thelargedistancescalebehaviour of theoriginal gaugetheoryis describedy aneffective
electrictheorywith magneticnonopoles.

We expectthatour resultscanbe usedfor furtherinvestigationsn the phasestructureof
non-abeliargaugetheories.
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Chapter 1

Intr oduction

In the 1970sGoddard,Nuyts and Olive werethe rst to write down a roughversionof
whathasbecomeoneof the mostcelebratediualitiesin high enegy physics.Following
earlierwork of EnglertandWindey on the generalisedirac quantisatiorcondition[1]
they shavedthatthe chaigesof monopolesn atheorywith gaugegroupG take valuesin
theweightlattice of thedualgaugegroupG , now known asthe GNO or Langlandsiual
group. Basedon this factthey cameup with a bold yet attractve conjecture:monopoles
transformasrepresentationsf the dualgroup([2].

Within a year Montonenand Olive obsened that the Bogomolry PrasadSommer eld
(BPS) massformula for dyons[3, 4] is invariantunderthe interchangeof electricand
magneticquantumnumbersif the couplingconstants invertedaswell [5]. This led to
the dramaticconjecturethat the strongcouplingregime of somesuitablequantum eld
theoryis describedby a weakly coupledtheorywith a similar Lagrangianbut with the
gaugegroupreplacedy the GNO dualgroupandthe couplingconstaninverted.More-
over, they proposedhatin the BPSlimit of a gaugetheorywherethe gaugegroupis
spontaneouslyprokento U(1) the 't Hooft-Polyalov solutions[6, 7] in the original the-
ory correspondo the heary gaugebosonsof the dual theory Supportingevidencefor
theideaof viewing the't Hooft-Polyalov monopolesasfundamentaparticlescamefrom
Erick Weinbeg's zero-modeanalysisn [8].

Soonafter Montonenand Olive proposedtheir duality, OsbornnotedthatN = 4 Su-
per Yang-Mills theory (SYM) would be a good candidateto possesghe duality since
BPS monopolesfall into the sameBPS supermultipletsas the elementaryparticlesof
thetheory[9]. N = 2 SYM on the otherhandhasalwaysbeenconsideredan unlikely
candidatébecause¢he BPSmonopoledall into BPSmultipletsthatdo not correspondo
the elementaryelds of theN = 2 Lagrangian.In particularthereare no semi-classical
monopolestateswith spin equalto 1 so that the monopolescannotbe identi ed with
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Chapterl. Introduction

heary gaugebosons. Most surprisinglythe Montonen-Olve conjecturehasnever been
provenfor N = 4 SYM whereasa differentversionof the duality hasexplicitly been
shown to occurfor theN = 2 theoryin 1994by Seibeg andWitten[10].
Theseauthorsstartedoutfrom N = 2 SYM with the SU(2) gaugegroupbrokendown to
U (1) andcomputedheexacteffective Lagrangiarof thetheoryto nd astrongcoupling
phasedescribedby SQED exceptthat the electronsare actually magneticmonopoles.
Moreover, by softly breakingN = 2to N = 1 supersymmetryhey wereableto shav
thatin this strongcouplingphasehe monopolesondensandtherebydemonstratethe
't Hooft-Mandelstanton nementscenarid11, 12]. Similar resultshold for higherrank
gaugegroupsbrokendown to theirmaximalabeliansubgroup$13, 14]. In thesecasesve
indeedhave anexplicit realisationof a magneticabeliangaugegroupat strongcoupling.

1.1 Labelling of monopolesin non-abelianphases

A fascinatingaspectof Seibeg-Witten theoryis thatit givesrise to not just one strong
coupling phase,but to several. In generalonly one of thesephasesontainsmassless
monopoleswhile the othershave an effective descriptionin termsof dyons.A priori it is
thusnot clearwhatdynamicallythe relevantdegreesof freedomare. This illustratesthe
necessityof a properkinematicdescriptionof all possibledegreesof freedomcontained
in thetheory For abelianphasedt is nottoo hardto provide suchakinematicdescription
while for non-abeliarphasesthatis, phasesvherethe gaugegroupis brokendown to a
non-abeliarsubgroupthis problemhasnever beensolved satistictorily. The mainchal-
lengeis to give a properlabelling of monopolesanddyons. In this thesiswe tacklethis
issue.

For monopolene nds classicallythat magneticchagestake valuesin the weightlat-
tice of thedualgroup. Yet, thereis no obviousrule to ordertheseweightsinto irreducible
representationwith the appropriatedimensionsanddegeneraciedet alonethatthereis
amanifestactionof thedualgroupontheclassicaleld con gurations.To illustratethis
we consideranexamplewith gaugegroupU (2) embeddeésa subgrougn SU(3). The
magnetiachagelatticein this casecorrespond$o therootlattice of SU (3) asdepictedn
gure 1.1. The GNO dualgroupof U(2) is againisomorphicto U(2), in otherwordsthe
magnetiacchagelattice canbeidenti ed with theweightlatticeof U(2). Thisgroupis by
de nition equalto (U(1) SU(2))=Z,. The SU(2) weightscanbeidenti ed with the
component®f the chagesalongthe axis de ned by one of the simplerootsof SU(3),
say ;. TheU(1) chagesthencorrespondo the componentsf thechagealongtheaxis
perpendiculato ;.



1.1. Labellingof monopolesn non-abeliarphases
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Figure 1.1: Themagneticcharge lattice for G = U(2) correspondgo theroot lattice of SU(3)
but alsoto the weightlattice of U(2), henceG equalsU(2) in this case Oneof the simpleroots
of SU(3), say 1 isidenti ed withtherootof SU(2) U(2).

As anext steponewould wantto usethe magneticchagelatticeto characteris¢he mag-
netic U(2) multipletsin accordancevith the GNO conjecture.The origin of the chaige
lattice, i.e. the vacuum,can consistentlybe identi ed with the trivial representatioof
U(2). Naively onewould simply associatehe doubletrepresentatiornwith unit U(1)
chagewith thepairof weightsg; = 1+ 2 andg, = ». Thisrelation,however, raises
somequestionsaboutthe actionof the dual groupwhich becomeaven morepressingas
soonasonetakesfusionof monopolesnto account.Thereis anactionthatmapsg; to g,
andvice versa,suggestinghatwe areindeeddealingwith a doublet. This actioncorre-
spondspreciselyto the actionof the Weyl groupZ, of U(2) generatedy there ection
in theline perpendiculato ;. If we now considerthe productof two monopolesn the
doubletrepresentatiof the dual groupthenwe expectfrom the GNO conjecturethat
onewould obtaina singletanda triplet. On the otherhandin the classicaltheory the
chageof acombinedmonopoleequalsthe sumof chagesof the constituentsandin this
particularcasethusequals2g; ; g1 + g2 or 2g,. Thechages2g; and2g, areagainrelated
by the actionof the Weyl group,but this Weyl actiondoesnot relatethesetwo chagesto
01 + &. Moreover, it is notclearif acombinedclassicaimonopolesolutionwith chaige
o1+ 02, i.e. with anSU (2) weightequalto zero,correspondso atriplet or asingletstate.
Onepossibleagumento resohe thisissuecomesrom thefactthattheactionof the Weyl
groupis nothingbut alarge gaugetransformatiorwhich suggestshatchageson asingle
Weyl orbit shouldnot be distinguishedasdifferentweightsof a dual representationin-
steadsuchmagneticchaigesshouldbeidenti ed in thesensdhatthey constituteasingle
gaugeinvariantchaige sector Pushingthis argumenta bit furtheronemay concludethat
amonopoleshouldbelabelledby anintegral dominantweight,i.e. by the highestweight
of anirreduciblerepresentatiof the GNO dual group. The drawbackof this interpre-
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Chapterl. Introduction

tation is thatit doesneithermanifestlyshowv the dimensionof the dual representations
in themagneticchagelattice nor doesit directly explain the degeneraciegmplied by the
fusionrulesof G . Fromthis examplewe concludethatsolvingthislabellingproblemfor
monopolesds closelyrelatedto proving the GNO conjecture.lt is alsoimportantto note
thatthe heuristicagumentsabove do notdisprove the GNO conjecturesince aswe have
learnedfrom MontonenandOlive, oneonly expectsthe dualsymmetryto be manifestat
strongcoupling. Fromthatperspectieit is notvery surprisingthatthe dualsymmetryis
to acertainextenthiddenin the classicakegime. Nonethelesst shouldbe clearthatthat
thechagelabelsof monopolesrerelatedto weightsor dominantintegral weightsof the
GNO dualgroup.

For dyonswith non-vanishingelectricandmagneticchaigesthe situationis worsesince,
aswe shallexplain below, it is not known whatthe relevantalgebraicobjectis that will
giveriseto aproperlabelling.

Beforewe continueoneshouldwonderwhetheryang-Millstheoriescanhave non-abelian
phasest strongcoupling. Both the classicalN = 4 andN = 2 pureSYM theorieshave
a continuousspaceof groundstatescorrespondingo the vacuumexpectationvalue of
the adjointHiggs eld. A non-abeliarphasecorrespondso the Higgs VEV having de-
generateeigervalues. In the N = 4 theorythe supersymmetrys sufcient to protect
the classicalvacuumstructureeven non-perturbatiely [15]. So the non-abeliarphases
manifestlyrealisedn the classicakegime mustsurvive at strongcouplingaswell. In the
N = 2 theorythe vacuumstructureis changedn quite a subtleway by non-perturbatie
effects.n thosesubspacesf thequantummoduli spacenvherea non-abeliarphasemight
be expectedhereareno massles¥V-bosonslnsteadthe perturbatve degreesof freedom
correspondo photonsandmasslessnonopolegarryingabelianchages.In thebestcase
therearesomeindicationsthata non-abeliarphasemayexist at strongcouplingin certain
N = 2theorieswith asufcient numberof hypermultiplets[16, 17].

Althougha kinematicdescriptionof monopolesaanddyonsin non-abeliarphasess prob-
ably not very relevantfor N = 2 SYM it may be importantin understandingtrongly
couplednon-abeliamphase®f N = 4 SYM or non-abeliamphase®f othertheories.We
shallthereforediscusghesdassuesn agenerakontext. In averyspeci ¢ theory however,
progresshasalreadybeenmade.

Quite recently Witten and Kapustinhave found extraordinarynew evidenceto support
the non-abeliarMontonen-Olve conjecture.This evidencewasconstructedn an effort
to shaw thatthe mathematicatoncepibof the geometrid_anglandscorrespondencarises
naturallyfrom electric-magneticluality in physics[18].

The startingpoint for Kapustinand Witten is a twistedversionof N = 4 gaugetheory
They identify 't Hooft operatorswhich createthe ux of Dirac monopoleswith Hecke
operators.The labelsof theseoperatorsaregiven by the generalisedirac quantisation
rule and canup to a Weyl transformatiorbe identi ed with dominantintegral weights
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1.2. Dyoniccomplicationsandthe skeletongroup

of the dual gaugegroup. Sincea dominantintegral weight is the highestweight of a
uniqueirreduciblerepresentatiormagneticchagesthuscorrespondo irreduciblerepre-
sentationf the dual gaugegroup. The moduli spacef the singularBPS monopoles
areidenti ed with the spacesf Hecke modi cations. The operationof bringing two
separategnonopolegogetherde nes a non-trivial productof the correspondingnoduli
spaces.Theresultingspacecanbe strati ed accordingto its singularities.Eachsingular
subspacés againthe compacti ed moduli spaceof a monopolerelatedto anirreducible
representatioin thetensomproduct. The multiplicity of the BPSsaturatedstatedor each
magneticweightis found by analysingthe groundstatesof the quantummechanicon
themodulispace.Thenumberof groundstateggivenby the De Rhamcohomologyof the
moduli spaceagreeswith the dimensionof theirreduciblerepresentatiotabelledby the
magnetioveight. Moreover, KapustinandWitten exploited existing mathematicatesults
onthesingularcohomologyof themodulispaces$o shav thatthe productsof 't Hooft op-
eratorsmimic thefusionrulesof the dualgroup. The operatomproductexpansion(OPE)
algebraof the 't Hooft operatorsherebyrevealsthe dual representations which the
monopolegransform.

Thereis anenormousamountof evidenceto supportthe Montonen-Olve conjecturefor
theordinaryN = 4 SYM theory seefor example[19, 20,21]. Theseresultswhichmainly
concerrntheinvarianceof the spectrundo notleave muchroomto doubtthatthe strongly
coupledtheorycanbe describedn termsof monopolesHowever, they do not saymuch
aboutthefusionrulesof thesemonopoles!f theoriginal GNO conjecturedoesindeedap-
ply for N = 4 SYM theorywith residuanon-abeliargaugesymmetrysmoothmonopoles
shouldhave propertiessimilar to thoseof the singularBPS monopolesn the Kapustin-
Witten setting. By the sametokenwe claim thatonecanexploit thesepropertieso nd
new evidencefor the GNO duality in spontaneousliprokentheories.In chapter3 we aim
to seta rst stepin thisdirectionby generalisinghe classicafusionrulesfoundby Erick
Weinbeg for abelianBPSmonopoleq22] to the non-abeliarcase.Our resultsindicate
that smoothBPS monopolesare naturally labelledby dominantintegral weightsof the
residualdualgaugegroup.

1.2 Dyonic complicationsand the skeletongroup

A strongerversionof the GNO conjectureis that a gaugetheory hasa hiddenelectric-
magneticsymmetryof thetypeG G . The problemwith this proposalis thatthe dy-
onic sectorgdo notrespecthis symmetryin phasesvhereonehasa residualnon-abelian
gaugesymmetry In suchphasest may be thatin a given magneticsectorthereis an
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Chapterl. Introduction

obstructionto the implementionof the full electricgroup. In a monopolebackground
the global electricsymmetryis restrictedto the centraliserin G of the magneticchage
[23, 24, 25, 26, 27, 28]. Dyonic chagesectorsarethusnotlabelledbyaG G repre-
sentatiorbut instead(up to gaugetransformationspy a magneticchage andan electric
centraliserrepresentationFor examplein the caseof G = U(2), the centraliserfor the
magneticchage », see gure 1.1, equalsthe abeliansubgroupU(1) U(1). Hence,
a dyonwith this magneticchage hasan electriclabel correspondingo a representation
of this abeliancentralise29]. For a dyonwith magneticchageequalto ; + 2 , the
electricchaige correspond$o arepresentationf the non-abeliarcentraliseigroupU (2).
Thisinterplayof electricandmagnetiadegreesof freedomis notcapturecoy theG G
structure.Thereforeonewould liketo nd anovel algebraicstructurere ecting thecom-
plicatedpatternof thedifferentelectric-magnetisectorsn suchanon-abeliarphase We
seethat one doesnot needthis algebraicstructurejustto nd a labelling for dyonsbut
actually rst, to prove the consisteng of the labelling alreadyproposedandsecondto
retrieve thefusionrulesof non-abeliardyonswhich arenotknown at presentin termsof
centraliserrepresentationsneseemso run into troubleassoonasoneconsiderdusion
of dyons.Ontheelectricsideit is not clearhow to de ne atensorproductinvolving the
representationsf distinctcentralisegroupssuchasfor exampleU(1) U(1) andU(2),
eventhoughthefusionrulesfor eachof the centraliselgroupsareknown. The algebraic
structurewe seekwould thushave to generatehe completesetof fusionrulesfor all the
differentsectorsandin particularit would haveto combinethedifferentcentralisegroups
thatmayoccurin suchphasesvithin oneframework. It alsohasto be consistentvith the
factthatin thepureelectricsectorchaigesarelabelledby thethefull electricgaugegroup
G, while in the purely magneticsector at leastfor thetwistedN = 4 theoryconsidered
by KapustinandWitten in [18], monopolesorm representationsf the magneticgauge
groupG .

Generalisingan earlier proposalby Schroersand Bais [30] we suggestin chapter4 a

formulationof a gaugetheorybasedon the so-calledskeletongroupS. Thisis in gen-
eral a non-abeliargroupthat allows oneto manifestlyinclude non-abeliarelectricand
magneticdegreesof freedom.The skeletongroupthereforeimplementgqat leastpartof)

the hiddenelectric-magnetisymmetryexplicitly andtherepresentatiotheoryof S pro-

videsuswith a consistensetof fusionrulesfor thedyonic sectordor anarbitrarygauge
group.Nonethelesst doesnotquiteful Il ouroriginal objective. Theskeletongrouphas
roughlythe productstructureS = W n (T T ) whereT andT arethe maximaltori

of G andG andW theWeyl group. ThereforeS containsneitherthefull electricgauge
groupG northemagnetiggroupG , andthis of courseimpliesthatits representatiothe-

ory will notcontaintherepresentatiotheoriesof eitherG or G . We shaw, however, that
in the purely electricsectorthe representatiotheoryof the skeletongroupis consistent
with therepresentatiotheoryof G.



1.2. Dyoniccomplicationsandthe skeletongroup

The appearancef the skeletongroup canbe understoodrom gauge xing andin that
senseour approachmatchesan interestingproposalof 't Hooft [31]. In orderto geta
handleon non-perturbatie effectsin gaugetheories like chiral symmetrybreakingand
con nement,'t Hooft introducedthe notion of non-propagatingauges. An important
exampleof sucha non-propagatingaugeis the so-calledabeliangauge. In this gauge
anon-abeliartheorycanbeinterpretedasanabeliangaugetheorywith monopolesn it.
This hasled to a hostof interestingapproximatiorschemeso tacklethe aforementioned
non-perturbatiephenomenahichremainelusivefroma rst principlepointof view, see
€.0.[32, 33, 34, 35].

We presenta generalisatiorof 't Hooft's proposalfrom an abelianto a minimally non-
abelianschemeThatis wheretheskeletongroupcomesn: it playstherole of theresidual
symmetryin a gaugewhich we call the skeletongauge.The attractive featureis thatour
generalisatioloesnotaffectthecontinuougartof theresidualgaugesymmetryafter x-
ing. It is still abelian put our generalisatiomdds(non-abelianyliscretecomponentsThis
impliesthatthe non-abeliarfeaturesof the effective theorymanifestthemselesthrough
topologicalinteractionsonly, andthat makesthem manageable The effective theories
we end up with are actually generalisation®f Alice electrodynamic$36, 37, 38]. In
this sensehe effective descriptionof the non-abeliartheorywith gaugegroupG in the
skeletongauges anintricatemeiger of anabeliangaugetheoryanda (non-abelianydis-
cretegaugetheory[39, 40. Moreover, the skeletongaugeincorporateson gurations
which arenot accesiblan the abeliangauge.Hence,comparedo the abeliangauge the
skeletongaugeandtherebythe skeletongroupmayyield a muchwider scopeon certain
non-perturbatie featureof the original gaugetheory

The motivation for exploring non-propagatinggaugess to obtaina formulation of the
theoryasmuchaspossiblein termsof the physicallyrelevantdegreesof freedom.In that
sensét Hooft's approacHooks lik e studyingthe Higgs phasein a unitary gauge but it
goesbeyondthatbecaus®nedoesnot startout from a givenphasedeterminedy a suit-
able (gaugeinvariant)orderparameterinstead the effective theoryin the abeliangauge
is obtainedafter integrating out the non-abeliangauge eld components.Nonetheless,
the resultingtheoryis particularly suitablefor describingthe Coulombphasewherethe
residualgaugesymmetryis indeedabelian. Similarly, the skeletongroupis relatedto a
generalisedlice phase.

Oncethis gauge-phaseelationis understooaur skeletonformulationnot only allows us
to obtainthe precisefusion rulesfor the mixed and neutralsectorsof the theory but as
a bonusallows usto analysethe phasestructureof gaugetheories. Yang-Mills theories
giveriseto con ning phasesCoulombphasesHiggs phasesdiscretetopologicalphases,
Alice phasestc. Thesephasediffer not only in their particle spectrabut alsoin their
topologicalstructure.lt is thereforecrucialto have a formulationthathighlightstherele-
vantdegreesof freedom allowing oneto understandvhatthe physicsof suchphasess.
Startingfrom the skeletongaugewe arein a positionto answelkinematicquestiongon-
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Chapterl. Introduction

cerningdifferent phasesand possibletransitionsbetweenthem. For this purposeit is
of the utmostimportanceto work in a schemewhereone cancomputethe fusion rules
involving electric, magneticand dyonic sectors. This is deducedfrom somecommon
wisdomconcerninghe abeliancasewherethe fusionrulesarevery simple: if thereis a
condensateorrespondingo a particlewith a certainelectricor magnetiacchagethenary
particlewith a multiple of this chage canconsistentlybe thoughtof asabsorbedy the
vacuum.In otherwords,thecondensationf a particleleadsto anidenti cation of chage
sectors.For con nementwe know thatif two electric-magnetichaigesdo not con ne
thenthe sumof thesechageswill alsonot con ne. Giventhe fusionrulespredictedby
the skeletongroupwe canin principle analyseall phaseghat emepge from generalised
Alice phasesy condensatiolr con nement.



Chapter 2

Classicalmonopolesolutions

This preliminarychaptersenesmultiple purposesFirst, we wantto explain whatmono-
polesareandreview someof their properties.Most of thesearewell known, a few are
not. Secondwe wantto introducesomecorventions conceptandquantitieshatwill be
usedin theremaindeof this thesis.Finally, we wantto explain how onecancreatesome
orderin themonopolgungleby introducingseveraltypesof monopoles.

Very roughly speakinga monopoles a solutionto equation®f motionof agaugetheory
with anon-vanishingmagneticchage. The natureof sucha chagedepend®f courseon
exactly what Yang-Mills theoryis consideredand speci cally whatthe gaugegroupis.
Nonethelessin generathe magneticchaigesconstitutea discretesetwhich canbe used
to distinguishdifferentmonopoleswithin a giventheory Thesesetswill be discussed
in section2.3. A cruderway to classifymonopoless to distinguishsingularmonopoles
from smoothmonopolesandnon-BPSmonopoledfrom BPSmonopolesin the rst two
section9f this chaptemwe shallreview thesepropertiesandsomerelatedconcepts.

2.1 Singular monopoles

Singularmonopolesanappeatin ary gaugetheorybut the mostbasicexampleis a pure
Yang-Mills theory This can be either the abeliantheory with gaugegroup U(1) that
arisesfrom the homogeneoudlaxwell equationsor a generalisatiorwherethe gauge
groupU(1) is replacedby a largerandpossiblynon-abeliargaugegroupwhich we shall
denoteby H. ThelLagrangiarof sucha Yang-Mills theoryis completelyde nedin terms

9



Chapter2. Classicalmonopolesolutions

of the eld strengthtensorF
1
L= ZTr(F F ) (2.1)

The eld strengthtensorcanbe further expandedasF = F?2 t,, wheret, arethe
generator®f theLie algebraof H . In termsof thegaugeeld A = A?t, we have

F =@A @A ie[A ;A (2.2)

Usingdifferentialformsonecanwritt A = A dx andF = 3F dx ~ dx sothatby
de nition F = dA ieA ™ A.
Theequationof motionderivedfrom the Lagrangiarin (2.1) aregivenby:

D F=0
(2.3)
DF = 0:
The rst of thesetwo equationds the true equationof motion, the seconds the Bianchi
identity, seee.g.section10.3of [41]. The electricand and magnetic elds canbe ex-
pressedn termsof the eld strengthtensoras

Ei — FOi - Fi;o = Fi;O (24)
BI = E “kFij ( ) EY = 'JkBk; (2.5)

If theelectric eld vanisheswe thushave
F= B: (2.6)
where correspondso the Hodgestarof the 3-dimensionaEuclideanspaceR?®.

A Dirac monopolef42] is a con guration of the electric-magneticeld with everywhere
vanishingelectric eld andastaticmagneticeld of theform

Go

B =
4 r2

dr: (2.7)

Note that for an abeliantheory B is gaugeinvariant. If the gaugegroupis truly non-
abelianthemagneticeld transformsas

B7' G IBG (2.8)
undera gaugetransformation

A7'G! A+ld & (2.9)
e

10



2.1. Singularmonopoles

Hencein anon-abeliartheorythemagneticeld of a Dirac monopoleis de ned by (2.7)
up to gaugetransformations.

Fromequation(2.7)we nd for the eld strength

F= %dr = %sin d ~d: (2.10)
We shallcheckthatthis satis esthe equationsnotion (2.3) exceptat theorigin wherethe
Bianchiidentity is violated. Note that sincethe eld strengthtransformsin the adjoint
representatiof the gaugegroup, its covariantderivatives containa commutatorterm
with thegaugeeld. However, thereis agaugen which(2.7)is satis edandin whichthe
gauge eld commuteswith the eld strengthsothat effectively the equationsof motion
reduceto the abeliancasewherethe covariantderivativesof the eld strengthbecome
ordinary derivatives. If the electric eld vanishessothatF = B, the equationsof
motionsimplify to:

dB
d B

0() '"@Bk=0
0() @Bi=0

While the curl of the magnetic eld givenin (2.7) obviously vanisheseverywherethe
divergencevanisheonly away from theorigin. As amatterfactfactone nds

(2.11)

@B = Go @ (1): (2.12)

From Gauss'theoremwe now seethatthe magneticchaige of the monopoleequalsGo.

Finally, makinga comparisorwith (2.11)one nds thata monopolewith non-vanishing
chage Gy violatesthe Bianchiidentity at the origin. In thatsensehe Dirac monopoleis

singularattheorigin.

Anotherway to view the singularityof the Dirac monopoleis to considerthegauge eld
itself. Onepossiblesolutionfor thegaugeeld thatgivesriseto equation2.7is givenby

A, = %(1 cos )d" (2.13)
On the negative z-axis (including the origin) whered' divergesA. is singular This

Dirac string, however, is merelya gaugeartifactascanbe seerby adoptingthe Wu-Yang
formalism[43]. Onecanintroducea secondyaugepotential

A = %(1+ cos )d' (2.14)

which alsogivesriseto 2.7 andwhich is well de ned everywhereon Rz exceptfor the
positive z-axis andthe origin. One could also constructothergaugeswherethe Dirac

11



Chapter2. Classicalmonopolesolutions

stringdoesnot coincidewith the positive or negative z-axis. Nonethelessn every gauge
thereis a singularityat the origin O for non-vanishingvaluesof Go. Thetwo gaugepo-
tentialsA,. andA thusgive acompletedescription.

In theregion wherethey arebothwell-de ned A, andA arerelatedby a gaugetrans-
formation:

A =G1) A+ :—ed G('): (2.15)

Onecancheck _
G(') = exp IZEGO' : (2.16)

We thusseethata singularmonopolen R® with non-vanishingmagneticchagede nesa
non-trivial H -bundleon R3nf Og andhenceanon-trivial bundleon eachspherecentredat
the origin. We shalldiscussghis furtherin section2.3. Nonethelessye alreadynotethat
thenon-triviality of theH -bundleis closelyrelatedto theviolation of the Bianchiidentity
attheorigin. In thebundledescriptioronequiteliterally excisestheorigin from R3. One
might thereforebe temptedto saythat suchmonopolescannotexist. On the otherhand
onecansimply accepthatthemagneticeld hascertainprescribedsingularities.

Still, in somesensesingularmonopolesseemavoidableif onerestrictsthe elds to be
smootheverywhere.This restrictiondoesnot rule out the possibility of having classical
monopolesolutions. If a Higgs eld is presentin the theoryit is alsopossibleto have
solitonlike monopolesseee.qg.[6, 7]. Suchmonopolessatisfythe equationsof motion,
including the Bianchi identity, everywhereon R3. SinceR? is contractiblea smooth
monopoleis relatedto a trivial bundle. Nonethelessthesesmoothmonopolesbehae
asymptoticallyas Dirac mopoles. In section2.3 we shall explain this relationbetween
singularandsmoothmonopolesn furtherdetail.

2.2 BPSmonopoles

A very specialsubtypeof monopolesareBPSmonopolesvhich by de nition satisfythe
BPS equationdiscussedelon. Examplesof smoothsolutionsof the BPS equationfor
SU(2) arethe(BPS)'t Hooft-Polyalov monopoleg6, 7, 3, 4]. Preciseljthesemonopoles
have beenconjecturedy MontonenandOlive to correspondo the heary gaugebosons
of the S-dualgaugetheory[5]. Thoughwe shallmainly focuson smoothmonopolesn
thisthesisit shouldbe notedthatfor singularmonopolenly BPSmonopoleshave been
shavn to transformasrepresentationsf the dual gaugegroupby Kapustinand Witten
[18]. Thismotivateswhy alsofor smoothmonopoleneshouldwork in the BPSlimit to
obtainsomeinsightin for examplethefusionrulesmonopoles.

12



2.2. BPSmonopoles

Insteadof giving a detaileddescriptionof BPS solutionswe shall merelytry to give an
ideaof the generalcontext by introducingthe BPSlimit andby sketchingthe derivation
of theBPSequationsandtheBPSmassormula[3, 4]. In section2.3we shallcomeback
to theasymptotidbehaiour of smoothBPSmonopoles.

In generalsmoothmonopolesexist in certainYang-Mills-Higgstheories. Specialcases
areGrandUni ed theoriesor Yang-Mills-Higgstheoriessmbeddedh alargertheorywith
extrafermionic elds suchasfor examplea superYang-Millstheory The Lagrangiarfor
the Yang-Mills-Higgstheorycanbewritten as:

L= %Tr(F F )+%Tr(D D) V(): (2.17)
Unlessstatedotherwisewe shalltake V to bethe Mexicanhatpotentialgivenby
. . .0 2
V() = =4j % jo*": (2.18)

Theenepy functionalfor the Yang-Mills-Higgstheoryfor this theoryis givenby:
z

1. L, 1. .1 ., 1.
E[ ;Al=  3iDo 2+ >iDk 2+ EJBkJZ"' EJEKJZ"' V() dx: (2.19)

To getthe Bogomolry equation®neshouldrestricttheHiggs eld  to transformin the
adjointrepresentationOnecannow rewrite thetotal enegy as[3, 44:

E[Z'A]=J' 0j (Qesin  + Qn cos )+
%jDo 2+ %jBk cosD ¢ j%+ %jEk sinD  j2+ V() d®x: (2.20)

whereqe andq, aretheso-calledtotal abelianelectricandmagneticchagede ned by

z

Qe = i dS Tr(E; ) (2.21)
I ol 75t

Qn = = dSTHB): (2.22)
J o] s2

If we now takethe BPS-limitby letting ! 0 while keeping ¢ X edandset
Qe Qm

sin = ————— and cos =

QB+ Qg™ @@+ Q)

we nd from (2.20)thefollowing inequalityfor theenegy:

(2.23)

E | oj(Qesin +Qmcos )=j of Q2+ Q% 2= 0jiQe+ iQmj: (2.24)

Thislower boundfor theenegy is known asthe Bogolmolry boundandis satis edwhen
the elds satisfythefollowing eld equations:

Bi = cosD
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Chapter2. Classicalmonopolesolutions

Ei =sinD (2.25)
Do = 0:

TheBPSboundis very naturalin supersymmetridang-Mills theoriesn the sensehatit
is satis edif thegaugegroupis brokenbut the supersymmetryemainsunbrolen.

In the specialcasethatthe electricchage vanishesj.e. Qe = 0, andall elds arestatic
thesethreeequationseduceto the Bogomolry or BPSequation:

Bi=D; : (2.26)

A solutionto this BPS equationis calleda BPSmonopole In generala solutionof the
equationf motion satisfyingthe Bogomolry boundis calleda BPSdyon As for ordi-

nary particlesthe enegy of a BPSmonopoleor dyonis boundedrom below by its rest
mass.Thereforegheright handsideof equation(2.24)is calledtheBPSmasdormula. To

obtainamoreprofoundunderstandingf the BPSlimit it is very convenientto re-express
theBPSformulaas

M= e+4—g : (2.27)

Thequantatieg )i=1 r and(g)i=1 r aretheelectricchageandthemagneticchage. To
determinethe allowed valuesof the electricchage is someavhatdelicate,see[45] and
referencegherein. Thereexist classicalsolutionsfor every value of the electricchage
but in the semi-classicaheorythe electricchage mustbe quantisedWithout goinginto
detailswe notethatin a gaugetheorywith gaugegroupG it is heuristicallyclearthat
takesvaluein theweightlattice of G andthatthisis at leastconsistentvith the factthat
the BPS massformulareproduceghe massof the massve gaugebosonswith chage
equalto arootof G, seee.q.[46]:

M =¢ o | (2.28)

The magneticchageis alsoquantisedwe shall discusgthis in muchmoredetailin sec-
tion 2.3.

An interestingmodi cation of thetheoryis obtainedby turningonthe parameterThis
meanghatoneaddsto the Lagrangiartheterm:

TrI(F F): (2.29)

(2.30)



2.3. Magneticcharge lattices

thetotal Lagrangiarcannow be corvenientlyrewrittenin acommonlyusedform as:

L= %Im[Tr(F +i F )YF +i F )]+%Tr(D D ) V(): (231

The additionalterm doesnot changethe equationof motionsince(2.29) canbe written
asa total derivative, seee.g. section23.5of [47]. Eventhoughthe classicalphysicsis
unchangedby turningonthe -parameterthequantuntheoryis affectedin a subtleway
via instantoneffects. As shavn by Witten [45] theseinstantoneffectsgive rise to non-
integral abelianelectricchagesin the sensdhat

. e .
j oQe=€ o * oI 0Qm; (2.32)

with  takingvalueontheweightlattice of G. This shift in the abelianelectricchageis
calledthe Witten effect. For anarbitraryvalueof the BPSmassformulais givenby
r—

L L 4 .
M =jj 0jQe+ ij 0jQmj= o ( + 9 (2.33)

In sectiond.5we shallreview theinvarianceunderS-dualitytransformation®f this BPS
massformulafor dyonsin agaugetheorywith arbitrarygaugegroup.

2.3 Magnetic chargelattices

In this sectiorwe describeandidentify the magneticchaigesfor severalclasse®f mono-
poles. We shall start with a review for Dirac monopolesthen continuewith smooth
monopolesn spontaneousliprokentheories.Speci cally for adjointsymmetrybreaking
we shallexplain how the magneticchagelattice canbe understoodn termsof the Lang-
landsor GNO dualgroupof eitherthefull gaugegroupor theresidualgaugegroup. This
will nally culminatein athoroughdescriptionof the setof magneticchaigesfor smooth
BPSmonopoles.

Dirac monopolexanbedescribedssolutionsof the Yang-Mills equationsvith theprop-

erty thatthey aretime independenandrotationallyinvariant. More importantlythey are

singularat a pointasdiscussedn section2.1. As adirectgeneralisatiorf the Wu-Yang

descriptiorof U(1) monopoleg43], singularmonopolesn Yang-Millstheorywith gauge
groupH correspondo a connectioron anH -bundleon a spheresurroundinghe singu-

larity. TheH -bundlemaybetopologicallynon-trivial, but in additionthe monopolecon-

nectionequipsthe bundlewith a holomorphicstructure.The classi cationof monopoles
in termsof theirmagnetichagethenbecomegquivalentto Grothendiecksclassi cation

of H -bundleson CP*. As aresult,the magneticchage hastopologicalandholomorphic
componentshoth of which play animportantrole in thisthesis.
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Chapter2. Classicalmonopolesolutions

A differentclassof monopoless found from smoothstatic solutionsof a Yang-Mills-
Higgs theoryon R® wherethe gaugegroup G is brokento a subgroupH . SinceR? is
contractiblethe G-bundleis necessarilyrivial. Choosinghe boundaryconditionssothat
thetotalenegy is nite while thetotal magneticchaigeis nonzeroone nds thatsmooth
monopoledbehae asymptoticallyasDirac monopolesSincethelong rangegauge elds
correspondo the residualgaugegroupthis givesa non-trivial H -bundleat spatialin n-
ity. Thechagesof smoothmonopolesn atheorywith G spontaneouslprokento H are
thusa subsein the magneticchagelattice of singularmonopolesn atheorywith gauge
groupH .

Finally onecanrestrictsolutionsto the BPSsectorwherethe enegy is minimal. Smooth
BPSmonopolesaresolutionsof the BPSequationsaandthereforeautomaticallysolutions
of thefull equationf motionof the Yang-Mills-Higgstheory Thusthechagesof BPS
monopolesarein principle a subsebf the chagesof smoothmonopoles.This subseiis
determinecby the so-calledMurray conditionwhich we shallintroducebelown. We shall
alsode ne the fundamentaMurray conewhich is relatedto the setof magneticchage
sectors.

2.3.1 Quantisation condition for singular monopoles

The magneticchage of a singularmonopoleis restrictedby the generalisedirac quan-
tisationcondition[1, 2]. This consisteng conditioncanbe derivedfrom the bundlede-
scription[43]. Onecanwork in agaugewherethe magneticeld hastheform

_ Go .
B = Loy, (2.34)

with Gy anelementin the Lie algebraof the gaugegroupH . This magneticeld corre-
spondgo a gaugepotentialgivenby:

A = %(1 cos )d" (2.35)

Theindicesof thegaugepotentialreferto thetwo hemispheresOnthe equatomwherethe
two patchesverlapthe gaugepotentialsarerelatedby a gaugetransformation:

A =G1() A+ :—ed (' ): (2.36)

Onecancheck _
G(') = exp IZEGO' : (2.37)

Oneobtainssimilar transitionfunctionsfor associatedectorbundlesby substitutingap-
propriatematricesrepresentingsy. All suchtransitionfunctionsmustbe single-valued.
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2.3. Magneticcharge lattices

In the Dirac picturethis meansthat underparalleltransportaroundthe equatorelectri-
cally chaged elds shouldnot detectthe Dirac string. Consequentlye nd for each
representatiothe condition:

G2 ) = exp(ieGp) = I; (2.38)

wherel is the unit matrix. To castthis conditionin slightly morefamiliar form we note
thatthereis a gaugetransformatiorthat mapsthe magneticeld andhencealsoG to a
CartansubalgebrgdCSA) of H. Thuswithout lossof generalitywe cantake G, to bea
linearcombinationof thegeneratorgH ;) of the CSAin the Cartan-Vyl basis:
4 X 4
Go = S 0a Ha ?g H: (2.39)

a

Thegeneralisedirac quantisatiorconditioncannow beformulatedasfollows:
2 922 (2.40)

for all chages in theweightlattice ( H) of H..

We thus seethat the magneticweightlattice  (H) de ned by the Dirac quantisation
conditionis dualto theelectricweightlattice ( H). Consideifor examplethecasewhere
H is semi-simpleaswell assimply connectedso thatthe weightlattice ( H) is gener

atedby the fundamentaiveightsf ;g. Then (H) is generatedy the simplecoroots
f . = = 2gwhichsatisfy:

2, j="51=y: (2.41)

As obsenedby EnglertandWindey andGoddardNuytsandOlive, the magnetiowveight
lattice canbeidenti ed with the weightlattice of the GNO dualgroupH . For example
if wetake H = SU(n) andde ne therootsof SU(n) suchthat 2 = 1, we seethat

(SU(n)) correspondso theroot lattice of SU(n). Theroot lattice of SU(Nn) onthe
otherhandis preciselytheweightlatticeof SU(n)=Z,. In thegenerakimplecase (H)
resultingfrom the Dirac quantisatiorconditionis the weightlattice ( H ) of the GNO
dualgroupH whoseweightlatticeis the dualweightlattice of H andwhoserootsare
identi ed with the corootsof H [1, 2]. In additionthe centerandthe fundamentagroup
of H areisomorphicto respectrely the fundamentabroupandthe centerof H. Note
thatfor all practicalpurposesherootsystenof H canbeidenti ed with therootsystem
of H wherethelong andshortrootsareinterchanged.

We shall not repeatthe proof of the duality of the centerand the fundamentalgroup,
but we will sketchthe proof of thefactthattheroot latticeof H is alwayscontainedn
the magneticweightlattice. Finally we sketchthe generalisatiorto any connecteccom-
pactLie group.
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Chapter2. Classicalmonopolesolutions

If H is notsimply connectedve haveH = 19=Z wherel§ is theuniversalcoverof H and
Z Z(19) asubgrougn thecenterof 8. Since( H) ( ¥)withZ = ( 9)=( H)
the Dirac quantisatiorcondition(2.40)appliedon H is lessrestrictive thanthe condition
for 19. Moreover, onecancheck[2]:

(H)= (8)= (M®)=(H): (2.42)

This implies that the coroot lattice  (19) of H is always containedin the magnetic
weightlattice  (H) of H andin particularthatary coroot = = 2with arootH,

is containedn  (H).

Without mucheffort this propertycanbe shovn to hold for any compactconnected.ie

group.Any suchgroupH sayof rankr canbeexpresseds:

1) K
H = L; (2.43)
z
whereK is a semi-simplesimply connected.ie groupof rankr s andZ some nite
group. TheCSAof H isspannedbyfH, : a= 1;:::;rgwhereH, witha s arethe

generatoref theU (1) subgroupsandfHy : s< b rgspantheCSAof K . Any weight
of H canbeexpressedas = ( 1; ») where ; isaweightof U(1)® and , is aweight
of K . Finally one nds thatamagneticchage Gy de ned by

Go= — | H; (2.44)

where j isary of ther s simplerootsof H, satis esthe quantisatiorcondition.

H H
SU(nm)=Zn, SU(nm)=Z,
Sp(2n) SO(2n + 1)

Spin(2n + 1) Sp(2n)=Z,
Spin(4n+ 2) SO(4n + 2)=Z,
SO(4n + 2) SO(4n + 2)

G, G,
Fa Fa
Ee Ee=Z3
Ev E/=Z>
Esg Es

Table 2.1: Langlandsor GNOdual pairs for simpleLie groups.

In this sectionwe have identi ed the magneticchagelattice of singularmonopoleswvith
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H H
(U(1) SU(n))=Zn (U(1) SU(n))=Za
U(l) Sp(2n) U(l) SO(@n+ 1)

(U@) Spin(2n+ 1))=Z> (UQQ) Sp(2n))=Z>
(U@) Spin(2n))=Z>  (U(1) SO(2n))=Z,

Table 2.2: Exampleof Langlandsor GNOdual pairs for somecompacitLie groups.

theweightlattice of thedualgroupH of thegaugegroupH . In table2.1and2.2 some
examplesare given of GNO dual pairsof Lie groups. Table2.1is completeup to some
dual pairsrelatedto Spin(4n) that are obtainedby moddingout non-diagonalZ, sub-
groupsof thecenterZ, Z,. The GNO dualgroupsfor thesecasesanbefoundin [2].
In section2.3.3we shallbrie y explainhow thedualpairingin table2.2is determined.

The magneticchage lattice containsan importantsubsetwhich we shall needlater on:
evenif onerestrictsGy to the CSA thereis somegaugefreedomleft which corresponds
to theactionof the Weyl group. Moddingout this Wey| actiongivesa setof equialence
classeof magneticchageswhich arenaturallylabelledby dominantintegral weightsin
theweightlatticeof H .

2.3.2 Quantisation condition for smoothmonopoles

Yang-Mills-Higgstheorieshave solutionsthatbehae at spatialin nity assingularDirac
monopoledout which are nonethelessompletelysmoothat the origin. This is possible
if onestartsoutwith acompactconnectedsemi-simplegaugegroupG whichis sponta-
neouslybrokento a subgroupH . Sinceall the elds aresmooththegaugeeld de nes
aconnectiorof a principal G-bundleover spacewhich we take to be R®. TheHiggs eld
is a sectionof theassociateadjointbundle.As R? is contractiblethe principal G-bundle
is automaticallytrivial, so is simply a Lie-algebravaluedfunction. We would like to
imposeboundaryconditionsfor theHiggs eld andthemagneticeld B at spatialin-
nity which ensurethat the total enegy carriedby a solution of the Yang-Mills-Higgs
equationss nite. To our knowledgethe questionof which conditionsarenecessargnd
sufcient hasnot beenansweredn general.Below we review somestandardarguments,
mary of themsummarisedh [48].

We assumanenegy functionalfor static elds of theusualform
z 1 1
E[ jAl= 5Dk 2+ 5B+ V() dx; (2.45)
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Chapter2. Classicalmonopolesolutions

whereDy = @ ieAk isthecovariantderivativewith respecto theG-connectiomA, and
themagneticeld is givenby ieBx = i€ xm Fim = 3 kim [D1; Dm]. Thepotential
V is a G-invariantfunctionon theLie algebraof G whoseminimumis attainedfor non-
vanishingvalueof j j; thesetof minimais calledthe vacuummanifold. The variational
equationdor thisfunctionalare

o

kmDi1Bm = ie[ ;D«]; DDk = @ (2.46)

In orderto ensurehatsolutionsof theseequation$ave nite enegy werequirethe elds
andB; to have thefollowing asymptoticorm for larger:

f(r)

= (f‘)+ﬂ+0r(1+) r 1
. (2.47)
B= —Zdr + O r @) roo1
4 r2

Here > Oissomeconstantind (f);f (f); andG(rY) aresmoothfunctionson S? taking
valuesin the Lie algebraof thegaugegroupG which have to satisfyvariousconditions.
First of all, thefunction hasto take valuesin the vacuummanifold of the potentialV .
It is thusa smoothmap from the two-sphereto that vacuummanifold. The homotogy
classof thatmapde nesthemonopolestopologicalchage[48]. Sincethevacuumman-
ifold canbeidenti ed with the cosetspaceG=H the topologicalchage takesvaluein

2(G=H). Secondlywriting r for the inducedexterior covariantderivative tangentto
thetwo-spheréat in nity” it is easyto checkthat

r =0 rf=0 (2.48)

arenecessargonditionsfor theintegral de ning the enegy (2.45)to corverge. The rst
of theseequationsmplies

[ (M;G(M] =0 (2.49)
Thequickestway to seethis is to notethatthe curvatureon thetwo-sphereatin nity is
G(P G(r) .
- = 7 A I
F 7 r2dr sin d ~d" (2.50)
Since[r ;r 1= ieF?! it followsthatr = Oimplies[F! ; ]= 0. Finally we also
requirethat
rG=0; (2.51)
andthat
[ (M;F(M]=0: (2.52)

The condition(2.51)is crucial for whatfollows, andseemsgo be satis ed for all known
nite enepgy solutions[48]. Thecondition(2.52)is requiredsothatthe rst of theequa-
tions (2.46)is satis edto lowestorderwhenthe expansion(2.47)is inserted.In general
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therewill beadditionalrequirement®nthefunctions andf thatdependontheprecise
form of the potentialV in (2.45) Sincewe do not specifyV we will not discussthese
further,

The above conditionscanbe muchsimpli ed by changinggauge. The equationg2.48)
and(2.51)imply thatfor eachof the Lie-algebravaluedfunctions ; f andG thevalues
atary two pointsonthetwo-spheraatin nity areconjugateto oneanother(the required
conjugatingelemenbeingtheparalleltransporlongthepathconnectinghepoints). We
canthereforepick apoint iy, saythenorthpole,andgaugetransform into o= (fo),
finto 1 = f(fy) andG into Gy = G(fy). However, sinceS? is not contractible we
will, in generalnotbeableto do this smoothlyeverywhereon thetwo-sphereatin nity .
If, instead,we cover the two-spherewith two contractiblepatchesvhich overlapon the
equatorthentherearesmoothgaugetransformationg. andg de ned, respectiely, on
the northernand southernhemisphereso that the following equationshold wherethey
arede ned:

M =g XM og (M (2.53)
f(M=g M 19 (N (2.54)
G(M =g Y(MGog (M: (2.55)

After applying thesegaugetransformation,our bundleis de ned in two patcheswith
transitionfunctionG = g. g * de ned nearthe equator This transitionfunction leaves
o invariant,andhencedliesin thesubgroupgH of G which stabilises ¢. This, by de ni-
tion, is theresidualor unbrokengaugegroupreferredto in the openingparagraplof this
section. It follows from (2.49) that[ o; Gg] = 0, sothatGy lies in the Lie algebraof
H . Similarly, (2.52)impliesthat 1 liesin theLie algebraof H . After applyingthelocal

gaugetransformation$2.53) the asymptoticform of the elds is

_ 1 1+ )
= g+—+0r ¢
°" 4y

Go
B= —5dr + O r &)
4 r2

(2.56)

Note that“the Higgs eld atin nity” is now constanttakingthevalue o everywhere.
In particular it thereforebelongsto the trivial homotopy classof mapsfrom the two-
sphereto the vacuummanifold. The topologicalchagesoriginally encodedn the map

canno longer be computedfrom the Higgs eld. Instead,they are nowv encodedn
transitionfunction G. Since,in the new gaugethe magneticeld atlarger is thatof a
Dirac monopolewith gaugegroupH we canrelatethetransitionfunctionto themagnetic
chageasbefore:

G(') = exp ;Go' (2.57)
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We thusobtaina quantisatiorconditionfor the magneticchage of smoothmonopoles,
following the sameargumentsasin the singularcase.For eachrepresentationf H the
gaugetransformatiormustbe single-valuedif onegoesaroundthe equatoysothat

2 g2z (2.58)
for all chages in theweightlatticeof H .

One obsenresthat the magneticchage lattice of smoothmonopoledies in the weight
lattice of the GNO dualgroupH . Thereis, however, anotherconsisteng condition[1].

Note thata single-\aluedgaugetransformatioron the equatorde nes a closedcurve in

H aswell asin G, startingandendingat the unit element.Sincethe original G-bundleis
trivial, this closedcurve hasto becontractibleén G. Thereforehemonopolestopological
chageis labelledby anelementn 1(H) whichmapsto atrivial elementin ;(G). This
is consistentvith our earlierremarkthatthetopologicalchageis anelemenf ,(G=H)

becaus®f theisomorphism ,(G=H) ' ker( 1(H)! 1(G)).

To nd the appropriatechage lattice we usethe factthata loop in G is trivial if and

only if its lift to theuniversalcoveringgroup® is alsoaloop (closedpath). Thisimplies

thatfor smoothmonopolegshequantisatiorconditionshouldnotbeevaluatedn thegroup

H itself but insteadin thegroup¥ & de ned by the HiggsVEV . Consequently
equation(2.58) mustnot only hold for all representationsf H but in factfor all repre-

sentation®f 19. Notethatif G is simply connectedhentd = H. In thenext sectionwe

shallwork this topologicalconditionoutin moredetail.

2.3.3 Quantisation condition for smoothBPSmonopoles

In chapter3 we will mainly focuson BPSmonopolesn spontaneouslirokentheories.
We shallthereforework out someresultsof the previoussectionin somavhatmoredetalil
for theBPScase We shallalsogive anexplicit descriptionof themagneticchagelattice.
In additionwe introduceterminologythatis corvenientlyusedin the remainderof this
thesis.

By BPSmonopolesve meanstatic, nite enegy solutionsof theBPSequations
Bi = Dj (2.59)

in a Yang-Mills-Higgstheorywith a compact,connectedsemi-simplegaugegroup G.
The equationg2.59)imply the secondorderequationg2.46) In orderto obtain nite
enepy solutionswe againimposethe boundaryconditions(2.47) As in the previous
sectionwe cangaugetransformtheseinto the form (2.56) Thereare somedifferences
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2.3. Magneticcharge lattices

with the non-BPScase.The potentialV in (2.45)vanishesn the BPSIimit, sodoesnhot
furnishary conditionsonthefunctions andf . Ontheotherhand,by substituting(2.56)
in the BPSequationandsolvingorderby orderone nds thatf = G, or, equivalently,

1 = Go. As beforewe have [ ;Go] = 0, soin the BPS casewe automatically
have[ o; 1] = 0. Fromnow on we shallthusde ne a BPSmonopoleto be a smooth
solutionof the BPSequationssatisfyingthe boundarycondition(2.47)with ; = Go.
After applyingthe local gaugetransformationgliscussedn the previous section,these
boundaryconditionsareequivalentto

Go
= —+0 r &)
0 4 r

Go
= —f+0 1 @)
4 r2

where ( andGg arecommutingelementsn theLie algebraof G. Theseboundarycon-
ditions aresufcient to guaranteg¢hatthe enegy of the BPSmonopoleis nite. It isin
generalnot known what the necessarypoundaryconditionsareto obtaina nite enegy
con guration. It is expectedthough[49, 50|, andtrue for G = SU(2) [51], thatthe
boundaryconditionsabove follow from the nite enegy conditionandthe BPSequation.

(2.60)

Before we give an explicit descriptionof the magneticchage lattice let us summarise
somepropertiesof the residualgaugegroup. Since[ o; Go] = 0 thereis a gaugetrans-
formationthatmaps ¢ andGg to our chosenCSA of G. Without lossof generalitywe

canthusexpress o andGg in termsof thegeneratorgH ;) of thatCSA:

0= H

(2.61)
GO = 4_
e

g H:

Theresidualgaugegroupis generatedy generators. in thelLie algebraof G satisfying
[L; o] = 0. Sincegeneratorsn the CSA by de nition commutewith the Higgs VEV

theresidualgroupH containsatleastthe maximaltorusU(1)"  G. For genericvalues
of the Higgs VEV this is the completeresidualgaugesymmetry If the Higgs VEV is

perpendiculato aroot the residualgaugegroup becomeson-abelian.This follows
from the actionof the correspondindadderoperatorE  in the Cartan-Vyl basison the
HiggsVEV: [E ; o] = E = 0. Accordinglywe shallcall arootof G brokenif

it hasa non-vanishinginner productwith  andwe shallde ne it to be unbrokenif this

innerproductvanishes.

Theresidualgaugegroupis locally of theformU (1) K, whereK is somesemi-simple
Lie group. Theroot systemof K is derived from theroot systemof G by removing the
brokenroots. Similarly, the Dynkin diagramof K is found from the Dynkin diagramof

G by removing thenodesrelatedto brokensimpleroots. For completeneswe nally de-
ne afundamentalveightto be (un)brokenif thecorrespondingimplerootis (un)broken.
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Chapter2. Classicalmonopolesolutions

Themagneticchagelatticefor smoothmonopolediesin thedualweightlatticeof H, as
we saw in the previouschapter For adjointsymmetrybreakingtheweightlatticeof H is
isomorphicto theweightlattice of G. Moreover, theisomorphisnrespectghe actionof
the Weyl groupW(H) W(G). Theexistenceof anisomorphismbetween( G) and
( H) is easilyunderstoodsincethe weight latticesof H andG are determinedby the
irreduciblerepresentationsf their maximaltori which areisomorphicfor adjoint sym-
metry breaking. A naturalchoicefor the CSA of H is to identify it with the CSA of
G. In thiscase ( G) and ( H) arenot justisomorphicbut alsoisometric. Sincethe
rootsof H canbeidenti ed with rootsof G andsincethe Weyl groupis generatedy
there ectionsin thehyperplanesrthogonato theroots,thisisometryobviously respects
the actionof W(H). Oftenthe CSA of H is identi ed with the CSA of G only up to
normalisatiorfactors. This leadsto rescalingf the weightlattice of H. Of courseone
canapplyanoverall rescalingwithout spoiling the invarianceof weightlattice underthe
Weyl re ections. Onecanalsochoosethe generatorof the U(1)® factorsuchthatthe
correspondinghaigesareeitherintegral or half-integral. Notethattheserescalingsgain
respectheactionof W (H ). To avoid confusionwe shallignorethesepossiblerescalings
in theremaindewof thisthesisandtake ( H) to beisometricto ( G).
Sincethe weight lattices ( H) and ( G) areisometrictheir dual lattices (H) and
(G) areisometrictoo. We thus seethat the Dirac quantisationcondition (2.58) for
adjointsymmetrybreakingcanconsistentlybe evaluatedn termsof eitherH or G.

Remembetthat for smoothmonopolesthereis yet anothercondition: sinceone starts
outfrom atrivial G bundlethe magneticchage shouldde ne atopologicallytrivial loop
in G asexplainedin the previous section. For generalsymmetrybreakingthis implies
thatthe Dirac quantisatiorcondition mustbe evaluatedwith respecto weightlattice of
¥ &, whereG istheuniversalcoveringgroupof G. For adjointsymmetrybreakingwe
canconsistentlyiift thequantisatiorconditionto €; theweightlatticeof ¥ isisometricto
theweightlattice of €. Theweightlattice of € is generatedby the fundamentalveights
f ;g andhencethe magneticchage lattice for smoothBPS monopoless given by the
solutionsof:

2i g2z (2.62)

for all fundamentaiveights ; of €. The mostgenerakolutionof this equationis easily

expressedn termsof the simplecorootsof G:
X
g= mi m; 2 Z; (2.63)

i
with ; = ;= Zandf ;gthesimplerootsof G.
We thus concludethat the magneticchage lattice for smoothBPS monopoleds gener
atedby thesimplecorootsof G. Theresultingcorootlattice  (G) correspondgrecisely

to the weight lattice ( & ) of the GNO dualgroup& asmentionedin section2.3.1.
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2.3. Magneticcharge lattices

Similarly, theduallattice  (19) canbeidenti ed with ( 1§ ). With (&) beingiso-
metricto  (1¥) we now concludethat the weight lattice of € canbe identi ed with
theweightlattice of ¥ . For G simply connectedve have thusestablishednisometry
betweertheroot latticeof G andtheweightlatticeof H . We have usedthis isometry
to computethe GNO dual pairsgivenin table 2.2 which appeatin the minimal adjoint
symmetrybreakingof the classicalie groups.

Above we have seenthat the magneticchaige lattice for smoothBPS monopolescor
respondgo the corootlattice of the gaugegroupG. Onecansplit the setof corootsinto
brokencorootsandunbrokencoroots.A corootis de nedto bebrokenor unbrolenif the
correspondingoot is respectiely broken or unbroken. Note that the unbrolen coroots
arepreciselytherootsof H . The distinction betweenbrokenandunbroken appliesin
particularto simple coroots. Thereis, however, alternatve terminologyfor the compo-
nentsof the magneticchagesthatre ects thesesameproperties.Broken simplecoroots
areidenti ed with topolagical chargeswhile unbrolen simplecorootsarerelatedto so-
calledholomorphiccharges
Remembetthat the magneticchageg = m; ; de nes an elementin ker( 1(H) !
1(G)). Onemighthopethatevery singlemagnetichageg, i.e. everypointin thecoroot
lattice,de nesauniquetopologicalchage. If in thatcasea staticmonopolesolutiondoes
indeedexist evenits stability undersmoothdeformationds guaranteed Sucha picture
doeshold for maximally brokentheorieswheretheresidualgaugegroupequalsthe max-
imal torusU(1)"  G. If H containsa non-abeliarfactorthe situationis slightly more
complicatedbecause¢hesefactorsarenotdetectedy thefundamentagroup.For G equal
to SU(3) for instancethe magneticchage lattice is 2-dimensionabnd 1 (SU(3)) = 0.
In the maximally brokentheorywe have 1(U(1) U(1)) = Z Z, while for minimal
symmetrybreaking 1(U(2)) = 1(U(1)) = Z. As arule of thumbonecansaythat
the component®f the magneticchagesrelatedto the U(1)-factorsin H aretopological
chages.It shouldbeclearthatthesecomponentsorrespondo thebrokensimplecoroots.
We thereforecall thecoefcients m; = 2 ; g with ; abrokenfundamentaiveightthe
topologicalchagesof g. The remainingcomponent®f g areoften calledholomorphic
chages.

2.3.4 Murray condition

We have found that magneticchagesof smoothmonopolesn a Yang-Mills-Higgsthe-
ory lie on the corootlattice of the gaugegroup. In the BPSlimit thereis yet another
consisteng conditionwhichwas rst discoreredby Murray for SU(n) [52]. Wereferto
this conditionasthe Murray conditioneventhoughits nal formulationfor generabauge
groupsstemsfrom a paperby Murray and Singer[50]. For a derivation of the Murray
conditionwe referto theseoriginal papers We shallonly brie y review someproperties
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Chapter2. Classicalmonopolesolutions

of rootswhich arecrucialfor theMurray condition.Next we shallformulatetheresultsof

Murray andSingerin suchaway thatthesetof magneticchagesfor BPSmonopolesan
easilybeidenti ed. Finally we showv thatourformulationis equivalentto theconditionas
statedin [50]. Both formulationsof the Murray conditionwill shov upin later sections.
The setof magneticchagessatisfyingthe Murray conditionshall be calledthe Murray

cone.At theendof this sectionwe shallalsointroducethefundamentaMurray cone.

TheMurray conditionhingeson thefactthatonecansplit theroot systemof G into posi-
tive andnegative rootswith respecto theHiggsVEV. If for aroot wehave > 0it

is by de nition positive andif < 0it is negative. Thesetof rootsis now partitioned
into two mutually exclusive sets,at leastif the residualgaugegroupis abelian. In that
casewe canasusualde ne asimplerootto be apositive rootthatcannotbe expresseds
asumof two otherpositive rootsandit turnsoutthatthe HiggsVEV de nesauniqueset
of simpleroots. Theseform a basisof theroot diagramis sucha way thatevery positive
rootis alinearcombinationof simplerootswith positive coefcients andsimilarly every
negative root is a linear combinationwith negative coefcients. In the non-abeliarcase
thereexist rootssuchthat = 0. Hencethereareseveral choicesfor a setof simple
rootswhichareconsistentvith theHiggsVEV. Againfor a x edchoicesuchsimpleroots
mustby de nition have the propertythatall rootsarealinearcombinatiorof simpleroots
with eitheronly positive or only negative coefcients. In additionthe simplerootsmust
have eithera strictly positive or avanishinginnerproductwith the Higgs VEV:

: 0: (2.64)

This conditionimpliesthat mustlie in the closureof thefundamentalWeyl chamberin

theremainderof this thesiswe shall alwayschoosesimplerootssothattheinequalityin

(2.64)is satis ed.

All choicedfor a setof simplerootsrespectingheHiggsVEV arerelatedby theresidual
Weyl groupW (H). Thisis seenasfollows. In generalall choicesof simplerootsin the
root systemof G are relatedby the Weyl groupW (G) of G. SinceWeyl transforma-
tionsareorthogonalwe have for all w 2 W(G), w( ;) = ; w (). Givenaset
of positive roots satisfying(2.64) the actionof w 2 W(G) givesanothersetof simple
rootssatisfyingthe sameconditionif andonly if andw( ) lie in the closureof same
Weyl chamber This is only possibleif is actually invariantunderw, implying that
w2W(H) W(G).

Above we have de ned a positivity conditionfor the rootsof G thatis consistenwith
theHiggs VEV. This samede nition is applicablefor corootssincethesediffer from the
rootsby a scaling.We now alsoextendthis de nition of positiity in a consistentvay to
the complete(co)rootlattice. We call an elementon the (co)rootlattice positive if it is
alinearcombinationof simple(co)rootswith positive integer coefcients. Notethatthe
intersectionof the setof positive elementsn the (co)rootlattice with the setof (co)roots
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2.3. Magneticcharge lattices

is preciselythe setof positive (co)roots.Finally we seethatif theHiggsVEYV liesin the
fundamentalWeyl chambethentheinnerproductof ary positive elementn the (co)root
latticewith is non-neyative.

Murray and Singerhave found that the magneticchaige must be positive with respect
toall possiblechoilgesof simplerootsconsistentvith theHiggs VEV. This meanghatin

theexpansiorg = ; m; ; thecoefcients m; shouldbepositivefor all possiblechoices
of simpleroots( ;) thatsatisfy | 0. The Murray conditioncanbe summarisecs
follows:

2w( i) g 08w2W(H); 8 ;: (2.65)

Thisis seerfrom thefactthatthefundamentaeightsandsimplerootssatisfy2 | ; =
j andthatall allowed choicesof positive simplerootsandfundamentaiveightsarere-

latedby theresiduaWeyl groupW(H) W (G).

The Murray conditionde nes a solid conein the CSA. In combinationwith the Dirac
guantisatiorconditionthis resultsin a discreteconeof magneticchaiges. We shall call

this conethe Murray cone. As an exampleone can considerSU(3) broken to either
U(l) U(1) orU(2) asdepictedin gure 2.1. In the rst casethe Weyl groupof the
residualgaugegroupis trivial andthe Murray condition simply implies that the topo-
logical chagesmustbe positive. In the secondcasethe residualWeyl groupis Z,, the
re ectionsin theline perpendiculato ;. Consequentlyherearetwo possiblechoicesof

positive simplerootswhich makesthe Murray conditionmorerestrictve. The topologi-
cal chagestill hasto be positive, just lik e the holomorphicchage, but the holomorphic
chageis boundedoy thetopologicalchage.

We shall nish this sectionwith yetanotheformulationof the Murray conditionoriginat-
ing from proposition4.1in the paperof Murray andSinger[50]. It relieson thefactthat
the holomorphicchagescanbe minimisedunderthe actionof the residualWeyl group.
For ary elementg in the corootlattice thereexists a uniquelydeterminededucedmag-
neticchagegin theWeyl orbitof g suchthat ; g Ofor all unbrolensimpleroots ;.
The Murray conditioncanbe expressedn termsof this minimisedchage. A magnetic
chageg is positive with respecto arny chosersetof simplerootsif andonly if fora x ed
choiceof simplerootsits reducedmagneticchage is positve. The reducedmagnetic
chageshouldthussatisfy:

2, g 08;: (2.66)

We shallshortly shov thatg doesindeedexist andis unique.But alreadywe canseethat
this lastconditioneasilyfollows from (2.65). Sinceg = w(g) for somew 2 W (H) we
haew( i) g=w( i) w(g)=w *(w( i)) g=wX i) g O wheren’=w w2
W (H). To shav equialence,however, we also have to shav that (2.65) follows from
(2.66),which boils down to proving thefollowing proposition:
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