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Preface

Oneof theroadstowardsunravelling con�nementin four dimensionalnon-abeliangauge
theories,startswith the proposalof ' t Hooft and Mandelstamto think of con�nement
in termsof the breakingof a dual or magneticsymmetryby a condensateof magnetic
monopoles.Althoughthis ideahasbeenveryfruitful, it hasnotyet ledto arigorousproof
of con�nement.Onereasonfor this is that themagneticsymmetryis not manifestin the
standardformulationof a gaugetheory, even proving its existencehasturnedout to be
a formidablechallengeon its own. It is thereforedif�cult to studymagneticsymmetry
breakingin detail. Oneway to circumventthis is to usea dual formulationof thetheory
suchasgivenfor exampleby Seiberg-Witten theory. Despitethesuccessof this strategy,
the effect of monopolecondensationon the electricdegreesof freedomcannotbe seen
directly. Moreover, it hasbecomeclearthat thereis not necessarilya uniqueexcitation
whosecondensatemaycauseelectriccon�nement.Whatis neededis a framework where
boththeelectricandmagneticsymmetriesaremanifest.Suchanapproachhasbeenvery
successfulin understandingcondensationandcon�nementin two-dimensionaltheories.
With this motivationwe startout in this thesisto studyhiddensymmetriesof gaugethe-
ories. Our �rst main resultsareobtainedin chapter3 where,inspiredby a recentpaper
of KapustinandWitten,we studyandinterprettheclassicalfusionrulesfor smoothBPS
monopoles.
In chapter4 we concentrateon thedyonicsectorsandproposea novel formulationof a
gaugetheorywhichexplicitly involvesanelectricaswell asamagneticsymmetrygroup.
Moreover, we�nd thatouruni�ed frameworkalsomatchesaproposalof ' t Hooft in which
thelargedistancescalebehaviour of theoriginalgaugetheoryis describedby aneffective
electrictheorywith magneticmonopoles.
We expectthatour resultscanbeusedfor furtherinvestigationson thephasestructureof
non-abeliangaugetheories.
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Chapter 1

Intr oduction

In the1970sGoddard,Nuyts andOlive werethe �rst to write down a roughversionof
whathasbecomeoneof themostcelebrateddualitiesin high energy physics.Following
earlierwork of EnglertandWindey on the generalisedDirac quantisationcondition[1]
they showedthatthechargesof monopolesin a theorywith gaugegroupG takevaluesin
theweightlatticeof thedualgaugegroupG� , now known astheGNOor Langlandsdual
group.Basedon this fact they cameup with a bold yet attractive conjecture:monopoles
transformasrepresentationsof thedualgroup[2].
Within a year MontonenandOlive observed that the Bogomolny PrasadSommer�eld
(BPS)massformula for dyons[3, 4] is invariantunderthe interchangeof electricand
magneticquantumnumbersif the couplingconstantis invertedaswell [5]. This led to
the dramaticconjecturethat the strongcouplingregime of somesuitablequantum�eld
theory is describedby a weakly coupledtheorywith a similar Lagrangianbut with the
gaugegroupreplacedby theGNO dualgroupandthecouplingconstantinverted.More-
over, they proposedthat in the BPS limit of a gaugetheorywherethe gaugegroup is
spontaneouslybrokento U(1) the ' t Hooft-Polyakov solutions[6, 7] in theoriginal the-
ory correspondto the heavy gaugebosonsof the dual theory. Supportingevidencefor
theideaof viewing the' t Hooft-Polyakov monopolesasfundamentalparticlescamefrom
Erick Weinberg'szero-modeanalysisin [8].
Soonafter Montonenand Olive proposedtheir duality, Osbornnotedthat N = 4 Su-
per Yang-Mills theory (SYM) would be a good candidateto possessthe duality since
BPS monopolesfall into the sameBPS supermultipletsas the elementaryparticlesof
the theory[9]. N = 2 SYM on the otherhandhasalwaysbeenconsideredan unlikely
candidatebecausetheBPSmonopolesfall into BPSmultipletsthatdo not correspondto
theelementary�elds of theN = 2 Lagrangian.In particularthereareno semi-classical
monopolestateswith spin equal to 1 so that the monopolescannotbe identi�ed with
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Chapter1. Introduction

heavy gaugebosons.Most surprisinglythe Montonen-Olive conjecturehasnever been
proven for N = 4 SYM whereasa differentversionof the duality hasexplicitly been
shown to occurfor theN = 2 theoryin 1994by Seiberg andWitten [10].
Theseauthorsstartedout from N = 2 SYM with theSU(2) gaugegroupbrokendown to
U(1) andcomputedtheexacteffectiveLagrangianof thetheoryto �nd astrongcoupling
phasedescribedby SQED except that the electronsare actually magneticmonopoles.
Moreover, by softly breakingN = 2 to N = 1 supersymmetrythey wereableto show
that in this strongcouplingphasethemonopolescondenseandtherebydemonstratedthe
' t Hooft-Mandelstamcon�nementscenario[11, 12]. Similar resultshold for higherrank
gaugegroupsbrokendown to theirmaximalabeliansubgroups[13, 14]. In thesecaseswe
indeedhaveanexplicit realisationof a magneticabeliangaugegroupatstrongcoupling.

1.1 Labelling of monopolesin non-abelianphases

A fascinatingaspectof Seiberg-Witten theoryis that it givesrise to not just onestrong
couplingphase,but to several. In generalonly oneof thesephasescontainsmassless
monopoleswhile theothershaveaneffectivedescriptionin termsof dyons.A priori it is
thusnot clearwhatdynamicallytherelevantdegreesof freedomare. This illustratesthe
necessityof a properkinematicdescriptionof all possibledegreesof freedomcontained
in thetheory. For abelianphasesit is not toohardto providesuchakinematicdescription
while for non-abelianphases,that is, phaseswherethegaugegroupis brokendown to a
non-abeliansubgroup,this problemhasnever beensolvedsatisfactorily. Themainchal-
lengeis to give a properlabellingof monopolesanddyons. In this thesiswe tacklethis
issue.

For monopolesone�nds classicallythatmagneticchargestake valuesin theweight lat-
ticeof thedualgroup.Yet,thereis noobviousrule to ordertheseweightsinto irreducible
representationswith theappropriatedimensionsanddegeneracies,let alonethat thereis
a manifestactionof thedualgroupon theclassical�eld con�gurations.To illustratethis
we consideranexamplewith gaugegroupU(2) embeddedasa subgroupin SU(3). The
magneticchargelatticein thiscasecorrespondsto theroot latticeof SU(3) asdepictedin
�gure 1.1. TheGNO dualgroupof U(2) is againisomorphicto U(2), in otherwordsthe
magneticchargelatticecanbeidenti�ed with theweightlatticeof U(2). Thisgroupis by
de�nition equalto (U(1) � SU(2))=Z2. TheSU(2) weightscanbe identi�ed with the
componentsof thechargesalongthe axisde�ned by oneof thesimplerootsof SU(3),
say� 1. TheU(1) chargesthencorrespondto thecomponentsof thechargealongtheaxis
perpendicularto � 1.
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1.1. Labellingof monopolesin non-abelianphases

� 1

� 2

Figure 1.1: Themagneticcharge lattice for G = U(2) correspondsto the root lattice of SU(3)
but also to theweightlattice of U(2), henceG� equalsU(2) in this case. Oneof thesimpleroots
of SU(3), say� 1 is identi�ed with therootof SU(2) � U(2).

As anext steponewouldwantto usethemagneticchargelatticeto characterisethemag-
neticU(2) multipletsin accordancewith theGNO conjecture.Theorigin of thecharge
lattice, i.e. the vacuum,canconsistentlybe identi�ed with the trivial representationof
U(2). Naively one would simply associatethe doubletrepresentationwith unit U(1)
chargewith thepairof weightsg1 = � 1 + � 2 andg2 = � 2. This relation,however, raises
somequestionsabouttheactionof thedualgroupwhich becomeevenmorepressingas
soonasonetakesfusionof monopolesinto account.Thereis anactionthatmapsg1 to g2

andvice versa,suggestingthatwe areindeeddealingwith a doublet.This actioncorre-
spondspreciselyto theactionof theWeyl groupZ2 of U(2) generatedby there�ection
in theline perpendicularto � 1. If we now considertheproductof two monopolesin the
doubletrepresentationof the dual groupthenwe expectfrom the GNO conjecturethat
onewould obtaina singletanda triplet. On the otherhandin the classicaltheory the
chargeof acombinedmonopoleequalsthesumof chargesof theconstituents,andin this
particularcasethusequals2g1; g1 + g2 or 2g2. Thecharges2g1 and2g2 areagainrelated
by theactionof theWeyl group,but thisWeyl actiondoesnot relatethesetwo chargesto
g1 + g2. Moreover, it is not clearif a combinedclassicalmonopolesolutionwith charge
g1 + g2, i.e. with anSU(2) weightequalto zero,correspondsto atriplet or asingletstate.
Onepossibleargumentto resolvethisissuecomesfrom thefactthattheactionof theWeyl
groupis nothingbut a largegaugetransformationwhichsuggeststhatchargesonasingle
Weyl orbit shouldnot bedistinguishedasdifferentweightsof a dual representation.In-
stead,suchmagneticchargesshouldbeidenti�ed in thesensethatthey constituteasingle
gaugeinvariantchargesector. Pushingthis argumenta bit furtheronemayconcludethat
a monopoleshouldbelabelledby anintegraldominantweight,i.e. by thehighestweight
of an irreduciblerepresentationof theGNO dualgroup. Thedrawbackof this interpre-
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Chapter1. Introduction

tation is that it doesneithermanifestlyshow the dimensionof the dual representations
in themagneticchargelatticenordoesit directlyexplain thedegeneraciesimpliedby the
fusionrulesof G� . Fromthisexampleweconcludethatsolvingthis labellingproblemfor
monopolesis closelyrelatedto proving theGNO conjecture.It is alsoimportantto note
thattheheuristicargumentsabovedonotdisprovetheGNOconjecturesince,aswehave
learnedfrom MontonenandOlive,oneonly expectsthedualsymmetryto bemanifestat
strongcoupling.Fromthatperspective it is not very surprisingthatthedualsymmetryis
to acertainextenthiddenin theclassicalregime.Nonetheless,it shouldbeclearthatthat
thechargelabelsof monopolesarerelatedto weightsor dominantintegralweightsof the
GNO dualgroup.
For dyonswith non-vanishingelectricandmagneticchargesthesituationis worsesince,
aswe shallexplain below, it is not known what the relevantalgebraicobjectis thatwill
give riseto aproperlabelling.

BeforewecontinueoneshouldwonderwhetherYang-Millstheoriescanhavenon-abelian
phasesat strongcoupling. Both theclassicalN = 4 andN = 2 pureSYM theorieshave
a continuousspaceof groundstatescorrespondingto the vacuumexpectationvalueof
theadjointHiggs �eld. A non-abelianphasecorrespondsto theHiggs VEV having de-
generateeigenvalues. In the N = 4 theory the supersymmetryis suf�cient to protect
the classicalvacuumstructureeven non-perturbatively [15]. So the non-abelianphases
manifestlyrealisedin theclassicalregimemustsurviveat strongcouplingaswell. In the
N = 2 theorythevacuumstructureis changedin quitea subtleway by non-perturbative
effects.In thosesubspacesof thequantummodulispacewhereanon-abelianphasemight
beexpectedtherearenomasslessW-bosons.Instead,theperturbativedegreesof freedom
correspondto photonsandmasslessmonopolescarryingabeliancharges.In thebestcase
therearesomeindicationsthatanon-abelianphasemayexist atstrongcouplingin certain
N = 2 theorieswith asuf�cient numberof hypermultiplets[16, 17].

Althoughakinematicdescriptionof monopolesanddyonsin non-abelianphasesis prob-
ably not very relevant for N = 2 SYM it may be importantin understandingstrongly
couplednon-abelianphasesof N = 4 SYM or non-abelianphasesof othertheories.We
shallthereforediscusstheseissuesin ageneralcontext. In averyspeci�c theory, however,
progresshasalreadybeenmade.
Quite recentlyWitten andKapustinhave found extraordinarynew evidenceto support
thenon-abelianMontonen-Olive conjecture.This evidencewasconstructedin an effort
to show thatthemathematicalconceptof thegeometricLanglandscorrespondencearises
naturallyfrom electric-magneticduality in physics[18].
The startingpoint for KapustinandWitten is a twistedversionof N = 4 gaugetheory.
They identify ' t Hooft operators,which createthe �ux of Dirac monopoles,with Hecke
operators.The labelsof theseoperatorsaregivenby thegeneralisedDirac quantisation
rule andcanup to a Weyl transformationbe identi�ed with dominantintegral weights
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1.2. Dyoniccomplicationsandtheskeletongroup

of the dual gaugegroup. Sincea dominantintegral weight is the highestweight of a
uniqueirreduciblerepresentation,magneticchargesthuscorrespondto irreduciblerepre-
sentationsof the dual gaugegroup. The moduli spacesof the singularBPSmonopoles
are identi�ed with the spacesof Hecke modi�cations. The operationof bringing two
separatedmonopolestogetherde�nes a non-trivial productof thecorrespondingmoduli
spaces.Theresultingspacecanbestrati�ed accordingto its singularities.Eachsingular
subspaceis againthecompacti�edmoduli spaceof a monopolerelatedto an irreducible
representationin thetensorproduct.Themultiplicity of theBPSsaturatedstatesfor each
magneticweight is found by analysingthe groundstatesof the quantummechanicson
themodulispace.Thenumberof groundstatesgivenby theDeRhamcohomologyof the
moduli spaceagreeswith thedimensionof theirreduciblerepresentationlabelledby the
magneticweight.Moreover, KapustinandWittenexploitedexistingmathematicalresults
onthesingularcohomologyof themodulispacesto show thattheproductsof ' t Hooft op-
eratorsmimic thefusionrulesof thedualgroup.Theoperatorproductexpansion(OPE)
algebraof the ' t Hooft operatorstherebyrevealsthe dual representationsin which the
monopolestransform.

Thereis anenormousamountof evidenceto supporttheMontonen-Oliveconjecturefor
theordinaryN = 4 SYM theory, seefor example[19, 20,21]. Theseresultswhichmainly
concerntheinvarianceof thespectrumdonot leavemuchroomto doubtthatthestrongly
coupledtheorycanbedescribedin termsof monopoles.However, they do not saymuch
aboutthefusionrulesof thesemonopoles.If theoriginalGNOconjecturedoesindeedap-
ply for N = 4 SYM theorywith residualnon-abeliangaugesymmetry, smoothmonopoles
shouldhave propertiessimilar to thoseof thesingularBPSmonopolesin theKapustin-
Witten setting.By thesametokenwe claim thatonecanexploit thesepropertiesto �nd
new evidencefor theGNOduality in spontaneouslybrokentheories.In chapter3 weaim
to seta �rst stepin thisdirectionby generalisingtheclassicalfusionrulesfoundby Erick
Weinberg for abelianBPSmonopoles[22] to thenon-abeliancase.Our resultsindicate
that smoothBPSmonopolesarenaturally labelledby dominantintegral weightsof the
residualdualgaugegroup.

1.2 Dyonic complicationsand the skeletongroup

A strongerversionof the GNO conjectureis that a gaugetheoryhasa hiddenelectric-
magneticsymmetryof the typeG � G� . Theproblemwith this proposalis that thedy-
onicsectorsdonot respectthis symmetryin phaseswhereonehasa residualnon-abelian
gaugesymmetry. In suchphasesit may be that in a given magneticsectorthereis an
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Chapter1. Introduction

obstructionto the implementionof the full electricgroup. In a monopolebackground
the global electricsymmetryis restrictedto the centraliserin G of the magneticcharge
[23, 24, 25, 26, 27, 28]. Dyonic chargesectorsarethusnot labelledby a G � G� repre-
sentationbut instead(up to gaugetransformations)by a magneticchargeandanelectric
centraliserrepresentation.For examplein thecaseof G = U(2), thecentraliserfor the
magneticcharge � 2, see�gure 1.1, equalsthe abeliansubgroupU(1) � U(1). Hence,
a dyonwith this magneticchargehasanelectriclabelcorrespondingto a representation
of this abeliancentraliser[29]. For a dyonwith magneticchargeequalto � 1 + 2� 2 the
electricchargecorrespondsto a representationof thenon-abeliancentralisergroupU(2).
This interplayof electricandmagneticdegreesof freedomis notcapturedby theG � G�

structure.Thereforeonewould like to �nd anovel algebraicstructurere�ecting thecom-
plicatedpatternof thedifferentelectric-magneticsectorsin suchanon-abelianphase.We
seethat onedoesnot needthis algebraicstructurejust to �nd a labelling for dyonsbut
actually, �rst, to prove theconsistency of the labellingalreadyproposed,andsecond,to
retrievethefusionrulesof non-abeliandyonswhicharenotknown atpresent.In termsof
centraliserrepresentationsoneseemsto run into troubleassoonasoneconsidersfusion
of dyons.On theelectricsideit is not clearhow to de�ne a tensorproductinvolving the
representationsof distinctcentralisergroupssuchasfor exampleU(1) � U(1) andU(2),
eventhoughthefusionrulesfor eachof thecentralisergroupsareknown. Thealgebraic
structurewe seekwould thushave to generatethecompletesetof fusionrulesfor all the
differentsectorsandin particularit wouldhaveto combinethedifferentcentralisergroups
thatmayoccurin suchphaseswithin oneframework. It alsohasto beconsistentwith the
factthatin thepureelectricsectorchargesarelabelledby thethefull electricgaugegroup
G, while in thepurelymagneticsector, at leastfor thetwistedN = 4 theoryconsidered
by KapustinandWitten in [18], monopolesform representationsof themagneticgauge
groupG� .

Generalisingan earlier proposalby Schroersand Bais [30] we suggestin chapter4 a
formulationof a gaugetheorybasedon the so-calledskeletongroupS. This is in gen-
eral a non-abeliangroupthat allows oneto manifestlyincludenon-abelianelectricand
magneticdegreesof freedom.Theskeletongroupthereforeimplements(at leastpartof)
thehiddenelectric-magneticsymmetryexplicitly andtherepresentationtheoryof S pro-
videsuswith a consistentsetof fusionrulesfor thedyonicsectorsfor anarbitrarygauge
group.Nonetheless,it doesnotquiteful�ll ouroriginalobjective. Theskeletongrouphas
roughlytheproductstructureS = W n (T � T � ) whereT andT � arethemaximaltori
of G andG� andW theWeyl group.ThereforeS containsneitherthefull electricgauge
groupG nor themagneticgroupG� , andthisof courseimpliesthatits representationthe-
ory will notcontaintherepresentationtheoriesof eitherG or G� . Weshow, however, that
in thepurelyelectricsectorthe representationtheoryof theskeletongroupis consistent
with therepresentationtheoryof G.
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1.2. Dyoniccomplicationsandtheskeletongroup

The appearanceof the skeletongroupcanbe understoodfrom gauge�xing andin that
senseour approachmatchesan interestingproposalof ' t Hooft [31]. In order to get a
handleon non-perturbativeeffectsin gaugetheories,like chiral symmetrybreakingand
con�nement, ' t Hooft introducedthe notion of non-propagatinggauges.An important
exampleof sucha non-propagatinggaugeis the so-calledabeliangauge.In this gauge
a non-abeliantheorycanbeinterpretedasanabeliangaugetheorywith monopolesin it.
This hasled to a hostof interestingapproximationschemesto tackletheaforementioned
non-perturbativephenomenawhichremainelusivefrom a�rst principlepointof view, see
e.g.[32, 33, 34, 35].
We presenta generalisationof ' t Hooft's proposalfrom an abelianto a minimally non-
abelianscheme.Thatis wheretheskeletongroupcomesin: it playstheroleof theresidual
symmetryin a gaugewhich we call theskeletongauge.Theattractive featureis thatour
generalisationdoesnotaffectthecontinuouspartof theresidualgaugesymmetryafter�x-
ing. It is still abelian,but ourgeneralisationadds(non-abelian)discretecomponents.This
impliesthat thenon-abelianfeaturesof theeffective theorymanifestthemselvesthrough
topologicalinteractionsonly, and that makesthemmanageable.The effective theories
we endup with areactuallygeneralisationsof Alice electrodynamics[36, 37, 38]. In
this sensetheeffective descriptionof thenon-abeliantheorywith gaugegroupG in the
skeletongaugeis anintricatemergerof anabeliangaugetheoryanda (non-abelian)dis-
cretegaugetheory [39, 40]. Moreover, the skeletongaugeincorporatescon�gurations
which arenot accesiblein theabeliangauge.Hence,comparedto theabeliangauge,the
skeletongaugeandtherebytheskeletongroupmayyield a muchwider scopeon certain
non-perturbativefeaturesof theoriginalgaugetheory.

The motivation for exploring non-propagatinggaugesis to obtaina formulationof the
theoryasmuchaspossiblein termsof thephysicallyrelevantdegreesof freedom.In that
sense' t Hooft's approachlooks like studyingtheHiggs phasein a unitarygauge,but it
goesbeyondthatbecauseonedoesnot startout from a givenphasedeterminedby a suit-
able(gaugeinvariant)orderparameter. Instead,theeffective theoryin theabeliangauge
is obtainedafter integratingout the non-abeliangauge�eld components.Nonetheless,
the resultingtheoryis particularlysuitablefor describingtheCoulombphasewherethe
residualgaugesymmetryis indeedabelian.Similarly, theskeletongroupis relatedto a
generalisedAlice phase.
Oncethisgauge-phaserelationis understoodourskeletonformulationnotonly allowsus
to obtaintheprecisefusion rulesfor the mixedandneutralsectorsof the theory, but as
a bonusallows us to analysethephasestructureof gaugetheories.Yang-Mills theories
giveriseto con�ning phases,Coulombphases,Higgsphases,discretetopologicalphases,
Alice phasesetc. Thesephasesdiffer not only in their particlespectrabut alsoin their
topologicalstructure.It is thereforecrucialto havea formulationthathighlightstherele-
vantdegreesof freedom,allowing oneto understandwhatthephysicsof suchphasesis.
Startingfrom theskeletongaugewe arein a positionto answerkinematicquestionscon-
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Chapter1. Introduction

cerningdifferentphasesand possibletransitionsbetweenthem. For this purposeit is
of the utmostimportanceto work in a schemewhereonecancomputethe fusion rules
involving electric, magneticand dyonic sectors. This is deducedfrom somecommon
wisdomconcerningtheabeliancasewherethefusionrulesarevery simple: if thereis a
condensatecorrespondingto aparticlewith acertainelectricor magneticchargethenany
particlewith a multiple of this chargecanconsistentlybethoughtof asabsorbedby the
vacuum.In otherwords,thecondensationof aparticleleadsto anidenti�cation of charge
sectors.For con�nementwe know that if two electric-magneticchargesdo not con�ne
thenthesumof thesechargeswill alsonot con�ne. Giventhe fusionrulespredictedby
the skeletongroupwe canin principle analyseall phasesthat emerge from generalised
Alice phasesby condensationor con�nement.

8



Chapter 2

Classicalmonopolesolutions

This preliminarychapterservesmultiple purposes.First,wewantto explainwhatmono-
polesareandreview someof their properties.Most of thesearewell known, a few are
not. Second,wewantto introducesomeconventions,conceptsandquantitiesthatwill be
usedin theremainderof this thesis.Finally, we wantto explainhow onecancreatesome
orderin themonopolejungleby introducingseveraltypesof monopoles.

Very roughlyspeakingamonopoleis a solutionto equationsof motionof a gaugetheory
with anon-vanishingmagneticcharge.Thenatureof sucha chargedependsof courseon
exactly what Yang-Mills theory is consideredandspeci�cally what the gaugegroupis.
Nonetheless,in generalthemagneticchargesconstitutea discretesetwhich canbeused
to distinguishdifferentmonopoleswithin a given theory. Thesesetswill be discussed
in section2.3. A cruderway to classifymonopolesis to distinguishsingularmonopoles
from smoothmonopolesandnon-BPSmonopolesfrom BPSmonopoles.In the�rst two
sectionsof thischapterwe shallreview thesepropertiesandsomerelatedconcepts.

2.1 Singular monopoles

Singularmonopolescanappearin any gaugetheorybut themostbasicexampleis a pure
Yang-Mills theory. This can be either the abeliantheory with gaugegroup U(1) that
arisesfrom the homogeneousMaxwell equationsor a generalisationwherethe gauge
groupU(1) is replacedby a largerandpossiblynon-abeliangaugegroupwhich we shall
denoteby H . TheLagrangianof suchaYang-Mills theoryis completelyde�ned in terms

9



Chapter2. Classicalmonopolesolutions

of the�eld strengthtensorF�� :

L = �
1
4

Tr(F�� F �� ) (2.1)

The �eld strengthtensorcan be further expandedas F �� = F a
�� ta , whereta are the

generatorsof theLie algebraof H . In termsof thegauge�eld A � = Aa
� ta we have

F�� = @� A � � @� A � � ie[A � ; A � ]: (2.2)

Usingdifferentialformsonecanwrite A = A � dx� andF = 1
2 F�� dx� ^ dx� sothatby

de�nition F = dA � ieA ^ A.
Theequationsof motionderivedfrom theLagrangianin (2.1)aregivenby:

D � F = 0

DF = 0:
(2.3)

The�rst of thesetwo equationsis thetrueequationof motion,thesecondis theBianchi
identity, seee.g.section10.3 of [41]. The electricandandmagnetic�elds canbe ex-
pressedin termsof the�eld strengthtensoras

E i = F 0i = � F i; 0 = Fi; 0 (2.4)

B i =
1
2

� ij k Fij ( ) F ij = � ij k B k : (2.5)

If theelectric�eld vanisheswe thushave

F = � B : (2.6)

where� correspondsto theHodgestarof the3-dimensionalEuclideanspaceR3.

A Dirac monopole[42] is a con�gurationof theelectric-magnetic�eld with everywhere
vanishingelectric�eld anda staticmagnetic�eld of theform

B =
G0

4� r 2 dr: (2.7)

Note that for an abeliantheoryB is gaugeinvariant. If the gaugegroup is truly non-
abelianthemagnetic�eld transformsas

B 7! G� 1B G (2.8)

undera gaugetransformation

A 7! G� 1
�

A +
i
e

d
�

G: (2.9)

10



2.1. Singularmonopoles

Hencein a non-abeliantheorythemagnetic�eld of a Dirac monopoleis de�ned by (2.7)
up to gaugetransformations.

Fromequation(2.7)we �nd for the�eld strength

F = �
�

G0

4� r 2 dr
�

=
G0

4�
sin � d� ^ d�: (2.10)

We shallcheckthatthissatis�estheequationsmotion(2.3)exceptat theorigin wherethe
Bianchi identity is violated. Note that sincethe �eld strengthtransformsin the adjoint
representationof the gaugegroup, its covariantderivativescontaina commutatorterm
with thegauge�eld. However, thereis agaugein which(2.7)is satis�edandin whichthe
gauge�eld commuteswith the �eld strengthso thateffectively theequationsof motion
reduceto the abeliancasewherethe covariantderivativesof the �eld strengthbecome
ordinary derivatives. If the electric �eld vanishes,so that F = � B , the equationsof
motionsimplify to:

dB = 0 ( ) � ij k @j Bk = 0

d � B = 0 ( ) @i B i = 0:
(2.11)

While the curl of the magnetic�eld given in (2.7) obviously vanisheseverywherethe
divergencevanishesonly awayfrom theorigin. As amatterfactfactone�nds

@i B i = G0� (3) (r ): (2.12)

FromGauss'theoremwe now seethat themagneticchargeof themonopoleequalsG0.
Finally, makinga comparisonwith (2.11)one�nds thata monopolewith non-vanishing
chargeG0 violatestheBianchi identity at theorigin. In thatsensetheDirac monopoleis
singularat theorigin.

Anotherway to view thesingularityof theDirac monopoleis to considerthegauge�eld
itself. Onepossiblesolutionfor thegauge�eld thatgivesriseto equation2.7is givenby

A+ =
G0

4�
(1 � cos� )d': (2.13)

On the negative z-axis (including the origin) whered' divergesA+ is singular. This
Diracstring,however, is merelya gaugeartifactascanbeseenby adoptingtheWu-Yang
formalism[43]. Onecanintroduceasecondgaugepotential

A � = �
G0

4�
(1 + cos� )d' (2.14)

which alsogivesrise to 2.7 andwhich is well de�ned everywhereon R3 exceptfor the
positive z-axis and the origin. Onecould alsoconstructothergaugeswherethe Dirac
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Chapter2. Classicalmonopolesolutions

stringdoesnot coincidewith thepositiveor negativez-axis.Nonetheless,in everygauge
thereis a singularityat theorigin O for non-vanishingvaluesof G0. Thetwo gaugepo-
tentialsA+ andA � thusgivea completedescription.
In theregion wherethey arebothwell-de�ned A+ andA � arerelatedby a gaugetrans-
formation:

A � = G� 1(' )
�

A+ +
i
e

d
�

G(' ): (2.15)

Onecancheck

G(' ) = exp
�

ie
2�

G0'
�

: (2.16)

Wethusseethatasingularmonopolein R3 with non-vanishingmagneticchargede�nesa
non-trivial H -bundleonR3nf Og andhenceanon-trivial bundleoneachspherecentredat
theorigin. We shalldiscussthis furtherin section2.3. Nonetheless,we alreadynotethat
thenon-triviality of theH -bundleis closelyrelatedto theviolationof theBianchiidentity
at theorigin. In thebundledescriptiononequiteliterally excisestheorigin from R3. One
might thereforebe temptedto saythat suchmonopolescannotexist. On theotherhand
onecansimplyacceptthatthemagnetic�eld hascertainprescribedsingularities.
Still, in somesensesingularmonopolesseemavoidableif onerestrictsthe �elds to be
smootheverywhere.This restrictiondoesnot rule out thepossibilityof having classical
monopolesolutions. If a Higgs �eld is presentin the theory it is alsopossibleto have
soliton like monopoles,seee.g.[6, 7]. Suchmonopolessatisfytheequationsof motion,
including the Bianchi identity, everywhereon R3. SinceR3 is contractiblea smooth
monopoleis relatedto a trivial bundle. Nonetheless,thesesmoothmonopolesbehave
asymptoticallyasDirac mopoles. In section2.3 we shall explain this relationbetween
singularandsmoothmonopolesin furtherdetail.

2.2 BPSmonopoles

A very specialsubtypeof monopolesareBPSmonopoleswhich by de�nition satisfythe
BPSequationdiscussedbelow. Examplesof smoothsolutionsof the BPSequationfor
SU(2) arethe(BPS)' t Hooft-Polyakov monopoles[6, 7, 3, 4]. Preciselythesemonopoles
have beenconjecturedby MontonenandOlive to correspondto theheavy gaugebosons
of theS-dualgaugetheory[5]. Thoughwe shallmainly focuson smoothmonopolesin
this thesisit shouldbenotedthatfor singularmonopolesonly BPSmonopoleshavebeen
shown to transformasrepresentationsof the dual gaugegroupby KapustinandWitten
[18]. Thismotivateswhy alsofor smoothmonopolesoneshouldwork in theBPSlimit to
obtainsomeinsightin for examplethefusionrulesmonopoles.
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2.2. BPSmonopoles

Insteadof giving a detaileddescriptionof BPSsolutionswe shall merelytry to give an
ideaof thegeneralcontext by introducingtheBPSlimit andby sketchingthederivation
of theBPSequationsandtheBPSmassformula[3, 4]. In section2.3weshallcomeback
to theasymptoticbehaviour of smoothBPSmonopoles.

In generalsmoothmonopolesexist in certainYang-Mills-Higgstheories.Specialcases
areGrandUni�ed theoriesor Yang-Mills-Higgstheoriesembeddedin alargertheorywith
extra fermionic�elds suchasfor exampleasuperYang-Mills theory. TheLagrangianfor
theYang-Mills-Higgstheorycanbewrittenas:

L = �
1
4

Tr(F�� F �� ) +
1
2

Tr(D � � D � �) � V (�) : (2.17)

Unlessstatedotherwisewe shalltake V to betheMexicanhatpotentialgivenby

V (�) = �= 4
�
j� j2 � j� 0j2

� 2
: (2.18)

Theenergy functionalfor theYang-Mills-Higgstheoryfor this theoryis givenby:

E [� ; A] =
Z

1
2

jD0� j2 +
1
2

jD k � j2 +
1
2

jBk j2 +
1
2

jEk j2 + V (�) d3x: (2.19)

To gettheBogomolny equationsoneshouldrestricttheHiggs�eld � to transformin the
adjointrepresentation.Onecannow rewrite thetotal energy as[3, 44]:

E [� ; A] = j� 0 j (Qe sin � + Qm cos� ) +
Z

1
2

jD0� j2 +
1
2

jBk � cos�D k � j2 +
1
2

jEk � sin �D k � j2 + V (�) d3x: (2.20)

whereqe andqm aretheso-calledtotalabelianelectricandmagneticchargede�ned by

Qe =
1

j� 0 j

Z

S2
1

dSi Tr(E i �) (2.21)

Qm =
1

j� 0 j

Z

S2
1

dSi Tr(B i �) : (2.22)

If we now take theBPS-limit by letting � ! 0 while keeping� 0 �x edandset

sin � =
Qe

(Q2
e + Q2

m )1=2
and cos� =

Qm

(Q2
e + Q2

m )1=2
; (2.23)

we �nd from (2.20)thefollowing inequalityfor theenergy:

E � j� 0 j (Qe sin � + Qm cos� ) = j� 0 j
�
Q2

e + Q2
m

� 1=2
= j� 0jjQe + iQ m j: (2.24)

This lowerboundfor theenergy is known astheBogolmolny boundandis satis�edwhen
the�elds satisfythefollowing �eld equations:

B i = cos�D i �

13



Chapter2. Classicalmonopolesolutions

E i = sin �D i � (2.25)

D0� = 0:

TheBPSboundis verynaturalin supersymmetricYang-Mills theoriesin thesensethatit
is satis�edif thegaugegroupis brokenbut thesupersymmetryremainsunbroken.

In thespecialcasethat theelectricchargevanishes,i.e. Qe = 0, andall �elds arestatic
thesethreeequationsreduceto theBogomolny or BPSequation:

B i = D i � : (2.26)

A solutionto this BPSequationis calleda BPSmonopole. In generala solutionof the
equationsof motionsatisfyingtheBogomolny boundis calleda BPSdyon. As for ordi-
naryparticlestheenergy of a BPSmonopoleor dyon is boundedfrom below by its rest
mass.Thereforetheright handsideof equation(2.24)is calledtheBPSmassformula.To
obtainamoreprofoundunderstandingof theBPSlimit it is veryconvenientto re-express
theBPSformulaas

M =

�
�
�
� � 0 �

�
e� +

4� i
e

g
� �

�
�
� : (2.27)

Thequantaties(� ) i =1 ��� r and(g) i =1 ��� r aretheelectricchargeandthemagneticcharge.To
determinetheallowedvaluesof theelectriccharge� is somewhatdelicate,see[45] and
referencestherein. Thereexist classicalsolutionsfor every valueof the electriccharge
but in thesemi-classicaltheorytheelectricchargemustbequantised.Withoutgoinginto
detailswe notethat in a gaugetheorywith gaugegroupG it is heuristicallyclearthat �
takesvaluein theweight latticeof G andthat this is at leastconsistentwith thefact that
theBPSmassformula reproducesthemassof themassive gaugebosonswith charge �
equalto a rootof G, seee.g.[46]:

M � = ej� 0 � � j: (2.28)

Themagneticchargeis alsoquantised,we shalldiscussthis in muchmoredetail in sec-
tion 2.3.

An interestingmodi�cation of thetheoryis obtainedby turningon the� parameter. This
meansthatoneaddsto theLagrangiantheterm:

�
� e2

32� 2

Z
Tr(F � F ): (2.29)

By introducingthecomplex couplingparameter� as

� =
�

2�
+

4� i
e2 (2.30)
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2.3. Magneticcharge lattices

thetotalLagrangiancannow beconvenientlyrewritten in a commonlyusedform as:

L = �
e2

32�
Im [� Tr(F�� + i � F�� )(F �� + i � F �� )]+

1
2

Tr(D � � D � �) � V (�) : (2.31)

Theadditionaltermdoesnot changetheequationsof motionsince(2.29)canbewritten
asa total derivative, seee.g.section23.5of [47]. Even thoughthe classicalphysicsis
unchangedby turningon the� -parameter, thequantumtheoryis affectedin a subtleway
via instantoneffects. As shown by Witten [45] theseinstantoneffectsgive rise to non-
integral abelianelectricchargesin thesensethat

j� 0 jQe = e� 0 � � +
� e2

8� 2 j� 0 jQm ; (2.32)

with � takingvalueon theweight latticeof G. This shift in theabelianelectricchargeis
calledtheWitteneffect. For anarbitraryvalueof � theBPSmassformulais givenby

M = jj � 0 jQe + i j� 0jQm j =

r
4�

Im �
j� 0 � (� + � g)j: (2.33)

In section4.5we shallreview theinvarianceunderS-dualitytransformationsof this BPS
massformulafor dyonsin agaugetheorywith arbitrarygaugegroup.

2.3 Magnetic chargelattices

In thissectionwedescribeandidentify themagneticchargesfor severalclassesof mono-
poles. We shall start with a review for Dirac monopoles,then continuewith smooth
monopolesin spontaneouslybrokentheories.Speci�cally for adjointsymmetrybreaking
we shallexplainhow themagneticchargelatticecanbeunderstoodin termsof theLang-
landsor GNOdualgroupof eitherthefull gaugegroupor theresidualgaugegroup.This
will �nally culminatein a thoroughdescriptionof thesetof magneticchargesfor smooth
BPSmonopoles.

Diracmonopolescanbedescribedassolutionsof theYang-Millsequationswith theprop-
erty that they aretime independentandrotationallyinvariant.More importantlythey are
singularat a point asdiscussedin section2.1. As a directgeneralisationof theWu-Yang
descriptionof U(1) monopoles[43], singularmonopolesin Yang-Millstheorywith gauge
groupH correspondto a connectionon anH -bundleon a spheresurroundingthesingu-
larity. TheH -bundlemaybetopologicallynon-trivial, but in additionthemonopolecon-
nectionequipsthebundlewith a holomorphicstructure.Theclassi�cationof monopoles
in termsof theirmagneticchargethenbecomesequivalentto Grothendieck'sclassi�cation
of H -bundleson CP1. As a result,themagneticchargehastopologicalandholomorphic
components,bothof whichplayanimportantrole in this thesis.
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Chapter2. Classicalmonopolesolutions

A differentclassof monopolesis found from smoothstaticsolutionsof a Yang-Mills-
Higgs theoryon R3 wherethe gaugegroupG is broken to a subgroupH . SinceR3 is
contractibletheG-bundleis necessarilytrivial. Choosingtheboundaryconditionssothat
thetotal energy is �nite while thetotal magneticchargeis nonzeroone�nds thatsmooth
monopolesbehaveasymptoticallyasDiracmonopoles.Sincethelong rangegauge�elds
correspondto theresidualgaugegroupthis givesa non-trivial H -bundleat spatialin�n-
ity. Thechargesof smoothmonopolesin a theorywith G spontaneouslybrokento H are
thusa subsetin themagneticchargelatticeof singularmonopolesin a theorywith gauge
groupH .
Finally onecanrestrictsolutionsto theBPSsectorwheretheenergy is minimal. Smooth
BPSmonopolesaresolutionsof theBPSequationsandthereforeautomaticallysolutions
of thefull equationsof motionof theYang-Mills-Higgstheory. Thusthechargesof BPS
monopolesarein principlea subsetof thechargesof smoothmonopoles.This subsetis
determinedby theso-calledMurray conditionwhich we shall introducebelow. We shall
alsode�ne the fundamentalMurray conewhich is relatedto thesetof magneticcharge
sectors.

2.3.1 Quantisation condition for singular monopoles

Themagneticchargeof a singularmonopoleis restrictedby thegeneralisedDirac quan-
tisationcondition[1, 2]. This consistency conditioncanbederivedfrom thebundlede-
scription[43]. Onecanwork in a gaugewherethemagnetic�eld hastheform

B =
G0

4� r 2 dr; (2.34)

with G0 anelementin theLie algebraof thegaugegroupH . This magnetic�eld corre-
spondsto a gaugepotentialgivenby:

A � = �
G0

4�
(1 � cos� ) d': (2.35)

Theindicesof thegaugepotentialreferto thetwo hemispheres.Ontheequatorwherethe
two patchesoverlapthegaugepotentialsarerelatedby agaugetransformation:

A � = G� 1(' )
�

A+ +
i
e

d
�

G(' ): (2.36)

Onecancheck

G(' ) = exp
�

ie
2�

G0'
�

: (2.37)

Oneobtainssimilar transitionfunctionsfor associatedvectorbundlesby substitutingap-
propriatematricesrepresentingG0. All suchtransitionfunctionsmustbesingle-valued.
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2.3. Magneticcharge lattices

In the Dirac picturethis meansthat underparallel transportaroundthe equatorelectri-
cally charged�elds shouldnot detectthe Dirac string. Consequentlywe �nd for each
representationthecondition:

G(2� ) = exp(ieG0) = I ; (2.38)

whereI is theunit matrix. To castthis conditionin slightly morefamiliar form we note
that thereis a gaugetransformationthatmapsthemagnetic�eld andhencealsoG0 to a
Cartansubalgebra(CSA) of H . Thuswithout lossof generalitywe cantake G0 to bea
linearcombinationof thegenerators(H a) of theCSA in theCartan-Weyl basis:

G0 =
4�
e

X

a

ga � Ha �
4�
e

g � H : (2.39)

ThegeneralisedDiracquantisationconditioncannow beformulatedasfollows:

2� � g 2 Z; (2.40)

for all charges� in theweightlattice�( H ) of H .

We thusseethat the magneticweight lattice � � (H ) de�ned by the Dirac quantisation
conditionis dualto theelectricweightlattice�( H ). Considerfor examplethecasewhere
H is semi-simpleaswell assimply connectedso that theweight lattice �( H ) is gener-
atedby the fundamentalweightsf � i g. Then� � (H ) is generatedby thesimplecoroots
f � �

i = � i =� 2
i g whichsatisfy:

2� �
i � � j =

2� i � � j

� 2
i

= � ij : (2.41)

As observedby EnglertandWindey andGoddard,NuytsandOlive, themagneticweight
latticecanbeidenti�ed with theweight latticeof theGNO dualgroupH � . For example
if we take H = SU(n) andde�ne the rootsof SU(n) suchthat � 2 = 1, we seethat
� � (SU(n)) correspondsto the root lattice of SU(n). Theroot latticeof SU(n) on the
otherhandis preciselytheweightlatticeof SU(n)=Zn . In thegeneralsimplecase� � (H )
resultingfrom theDirac quantisationconditionis theweight lattice �( H � ) of theGNO
dualgroupH � whoseweight lattice is thedualweight latticeof H andwhoserootsare
identi�ed with thecorootsof H [1, 2]. In additionthecenterandthefundamentalgroup
of H � areisomorphicto respectively the fundamentalgroupandthecenterof H . Note
thatfor all practicalpurposestherootsystemof H � canbeidenti�ed with therootsystem
of H wherethelongandshortrootsareinterchanged.

We shall not repeatthe proof of the duality of the centerand the fundamentalgroup,
but we will sketchtheproof of thefact that theroot latticeof H � is alwayscontainedin
themagneticweight lattice. Finally we sketchthegeneralisationto any connectedcom-
pactLie group.
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Chapter2. Classicalmonopolesolutions

If H is notsimplyconnectedwehaveH = eH =Z where eH is theuniversalcoverof H and
Z � Z ( eH ) a subgroupin thecenterof eH . Since�( H ) � �( eH ) with Z = �( eH )=�( H )
theDirac quantisationcondition(2.40)appliedonH is lessrestrictive thanthecondition
for eH . Moreover, onecancheck[2]:

� � (H )=� � ( eH ) = �( eH )=�( H ): (2.42)

This implies that the coroot lattice � � ( eH ) of H is always containedin the magnetic
weightlattice� � (H ) of H andin particularthatany coroot� � = �=� 2 with � a root H ,
is containedin � � (H ).
Without mucheffort this propertycanbeshown to hold for any compact,connectedLie
group.Any suchgroupH sayof rankr canbeexpressedas:

H =
U(1)s � K

Z
; (2.43)

whereK is a semi-simple,simply connectedLie groupof rankr � s andZ some�nite
group.TheCSA of H is spannedby f H a : a = 1; : : : ; r g whereH a with a � s arethe
generatorsof theU(1) subgroupsandf H b : s < b � rg spantheCSAof K . Any weight
of H canbeexpressedas� = (� 1; � 2) where� 1 is aweightof U(1)s and� 2 is a weight
of K . Finally one�nds thata magneticchargeG0 de�ned by

G0 =
4�
e

� �
j � H ; (2.44)

where� j is any of ther � s simplerootsof H , satis�esthequantisationcondition.

H H �

SU(nm)=Zm SU(nm)=Zn

Sp(2n) SO(2n + 1)
Spin (2n + 1) Sp(2n)=Z2

Spin(4n + 2) SO(4n + 2)=Z2

SO(4n + 2) SO(4n + 2)
G2 G2

F4 F4

E6 E6=Z3

E7 E7=Z2

E8 E8

Table2.1: Langlandsor GNOdualpairs for simpleLie groups.

In this sectionwe have identi�ed themagneticchargelatticeof singularmonopoleswith
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2.3. Magneticcharge lattices

H H �

(U(1) � SU(n))=Zn (U(1) � SU(n))=Zn

U(1) � Sp(2n) U(1) � SO(2n + 1)
(U(1) � Spin (2n + 1))=Z2 (U(1) � Sp(2n))=Z2

(U(1) � Spin (2n))=Z2 (U(1) � SO(2n))=Z2

Table2.2: Examplesof Langlandsor GNOdualpairs for somecompactLie groups.

theweight latticeof thedualgroupH � of thegaugegroupH . In table2.1and2.2some
examplesaregivenof GNO dualpairsof Lie groups.Table2.1 is completeup to some
dual pairsrelatedto Spin (4n) that areobtainedby moddingout non-diagonalZ2 sub-
groupsof thecenterZ2 � Z2. TheGNO dualgroupsfor thesecasescanbefoundin [2].
In section2.3.3we shallbrie�y explainhow thedualpairingin table2.2is determined.

The magneticcharge lattice containsan importantsubsetwhich we shall needlater on:
evenif onerestrictsG0 to theCSA thereis somegaugefreedomleft which corresponds
to theactionof theWeyl group.Moddingout this Weyl actiongivesa setof equivalence
classesof magneticchargeswhich arenaturallylabelledby dominantintegralweightsin
theweightlatticeof H � .

2.3.2 Quantisation condition for smoothmonopoles

Yang-Mills-Higgstheorieshavesolutionsthatbehaveat spatialin�nity assingularDirac
monopolesbut which arenonethelesscompletelysmoothat theorigin. This is possible
if onestartsoutwith a compact,connected,semi-simplegaugegroupG which is sponta-
neouslybrokento a subgroupH . Sinceall the �elds aresmooth,thegauge�eld de�nes
a connectionof aprincipalG-bundleoverspacewhichwe take to beR3. TheHiggs�eld
is asectionof theassociatedadjointbundle.As R3 is contractibletheprincipalG-bundle
is automaticallytrivial, so � is simply a Lie-algebravaluedfunction. We would like to
imposeboundaryconditionsfor theHiggs�eld � andthemagnetic�eld B at spatialin-
�nity which ensurethat the total energy carriedby a solutionof the Yang-Mills-Higgs
equationsis �nite. To our knowledgethequestionof whichconditionsarenecessaryand
suf�cient hasnot beenansweredin general.Below we review somestandardarguments,
many of themsummarisedin [48].

We assumeanenergy functionalfor static�elds of theusualform

E[� ; A] =
Z

1
2

jD k � j2 +
1
2

jBk j2 + V (�) d3x; (2.45)
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Chapter2. Classicalmonopolesolutions

whereD k = @k � ieA k is thecovariantderivativewith respectto theG-connectionA, and
themagnetic�eld is givenby � ieB k = � 1

2 ie� k lm Flm = 1
2 � k lm [D l ; Dm ]. Thepotential

V is a G-invariantfunctionon theLie algebraof G whoseminimumis attainedfor non-
vanishingvalueof j� j; thesetof minimais calledthevacuummanifold. Thevariational
equationsfor this functionalare

� k lm D l Bm = ie[� ; D k �] ; D k D k � =
@V
@�

: (2.46)

In orderto ensurethatsolutionsof theseequationshave�nite energy werequirethe�elds
� andB i to have thefollowing asymptoticform for larger :

� = � (r̂ ) +
f (r̂ )
4� r

+ O
�

r � (1+ � )
�

r � 1

B =
G(r̂ )
4� r 2 dr + O

�
r � (2+ � )

�
r � 1:

(2.47)

Here� > 0 is someconstantand� (r̂ ); f (r̂ ); andG(r̂ ) aresmoothfunctionsonS2 taking
valuesin theLie algebraof thegaugegroupG whichhave to satisfyvariousconditions.
First of all, thefunction� hasto take valuesin thevacuummanifoldof thepotentialV .
It is thusa smoothmapfrom the two-sphereto that vacuummanifold. The homotopy
classof thatmapde�nesthemonopole'stopologicalcharge[48]. Sincethevacuumman-
ifold canbe identi�ed with the cosetspaceG=H the topologicalcharge takesvaluein
� 2(G=H). Secondly, writing r for the inducedexterior covariantderivative tangentto
thetwo-sphere“at in�nity” it is easyto checkthat

r � = 0; r f = 0 (2.48)

arenecessaryconditionsfor theintegral de�ning theenergy (2.45)to converge.The�rst
of theseequationsimplies

[� (r̂ ); G(r̂ )] = 0: (2.49)

Thequickestway to seethis is to notethatthecurvatureon thetwo-sphereat in�nity is

F 1 = �
�

G(r̂ )
4� r 2 dr

�
=

G(r̂ )
4�

sin � d� ^ d': (2.50)

Since[r ; r ] = � ieF 1 , it follows that r � = 0 implies [F 1 ; � ] = 0. Finally we also
requirethat

r G = 0; (2.51)

andthat
[� (r̂ ); f (r̂ )] = 0: (2.52)

Thecondition(2.51)is crucial for what follows, andseemsto besatis�ed for all known
�nite energy solutions[48]. Thecondition(2.52)is requiredsothatthe�rst of theequa-
tions(2.46)is satis�ed to lowestorderwhentheexpansion(2.47)is inserted.In general
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2.3. Magneticcharge lattices

therewill beadditionalrequirementson thefunctions� andf thatdependon theprecise
form of thepotentialV in (2.45). Sincewe do not specifyV we will not discussthese
further.

The above conditionscanbemuchsimpli�ed by changinggauge.Theequations(2.48)
and(2.51)imply that for eachof theLie-algebravaluedfunctions�; f andG thevalues
at any two pointson thetwo-sphereat in�nity areconjugateto oneanother(therequired
conjugatingelementbeingtheparalleltransportalongthepathconnectingthepoints).We
canthereforepick apoint r̂ 0, saythenorthpole,andgaugetransform� into � 0 = � (r̂0),
f into � 1 = f (r̂0) andG into G0 = G(r̂0). However, sinceS2 is not contractible,we
will, in general,notbeableto do this smoothlyeverywhereon thetwo-sphereat in�nity .
If, instead,we cover the two-spherewith two contractiblepatcheswhich overlapon the
equator, thentherearesmoothgaugetransformationsg+ andg� de�ned, respectively, on
the northernandsouthernhemisphere,so that the following equationshold wherethey
arede�ned:

� (r̂ ) = g� 1
� (r̂ )� 0g� (r̂ ) (2.53)

f (r̂ ) = g� 1
� (r̂ )� 1g� (r̂ ) (2.54)

G(r̂ ) = g� 1
� (r̂ )G0g� (r̂ ): (2.55)

After applying thesegaugetransformation,our bundle is de�ned in two patches,with
transitionfunctionG = g+ g� 1

� de�ned neartheequator. This transitionfunction leaves
� 0 invariant,andhencelies in thesubgroupH of G whichstabilises� 0. This,by de�ni-
tion, is theresidualor unbrokengaugegroupreferredto in theopeningparagraphof this
section. It follows from (2.49), that [� 0; G0] = 0, so that G0 lies in the Lie algebraof
H . Similarly, (2.52)impliesthat� 1 lies in theLie algebraof H . After applyingthelocal
gaugetransformations(2.53), theasymptoticform of the�elds is

� = � 0 +
� 1

4� r
+ O

�
r � (1+ � )

�

B =
G0

4� r 2 dr + O
�

r � (2+ � )
�

:
(2.56)

Note that “the Higgs �eld at in�nity” is now constant,taking thevalue� 0 everywhere.
In particular, it thereforebelongsto the trivial homotopy classof mapsfrom the two-
sphereto the vacuummanifold. The topologicalchargesoriginally encodedin themap
� canno longerbe computedfrom the Higgs �eld. Instead,they are now encodedin
transitionfunction G. Since,in thenew gauge,themagnetic�eld at large r is thatof a
Diracmonopolewith gaugegroupH wecanrelatethetransitionfunctionto themagnetic
chargeasbefore:

G(' ) = exp
�

ie
2�

G0'
�

(2.57)
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Chapter2. Classicalmonopolesolutions

We thusobtaina quantisationconditionfor the magneticcharge of smoothmonopoles,
following thesameargumentsasin thesingularcase.For eachrepresentationof H the
gaugetransformationmustbesingle-valuedif onegoesaroundtheequator, sothat

2� � g 2 Z; (2.58)

for all charges� in theweightlatticeof H .

Oneobservesthat the magneticcharge lattice of smoothmonopoleslies in the weight
latticeof theGNO dualgroupH � . Thereis, however, anotherconsistency condition[1].
Note thata single-valuedgaugetransformationon theequatorde�nes a closedcurve in
H aswell asin G, startingandendingat theunit element.SincetheoriginalG-bundleis
trivial, thisclosedcurvehasto becontractiblein G. Thereforethemonopole'stopological
chargeis labelledby anelementin � 1(H ) whichmapsto atrivial elementin � 1(G). This
is consistentwith ourearlierremarkthatthetopologicalchargeis anelementof � 2(G=H)
becauseof theisomorphism� 2(G=H) ' ker(� 1(H ) ! � 1(G)) .

To �nd the appropriatecharge lattice we usethe fact that a loop in G is trivial if and
only if its lift to theuniversalcoveringgroup eG is alsoa loop (closedpath).This implies
thatfor smoothmonopolesthequantisationconditionshouldnotbeevaluatedin thegroup
H itself but insteadin thegroup eH � eG de�ned by theHiggs VEV � 0. Consequently
equation(2.58)mustnot only hold for all representationsof H but in fact for all repre-
sentationsof eH . Notethatif G is simply connectedthen eH = H . In thenext sectionwe
shallwork this topologicalconditionout in moredetail.

2.3.3 Quantisation condition for smoothBPSmonopoles

In chapter3 we will mainly focuson BPSmonopolesin spontaneouslybrokentheories.
We shallthereforework outsomeresultsof theprevioussectionin somewhatmoredetail
for theBPScase.Weshallalsogiveanexplicit descriptionof themagneticchargelattice.
In additionwe introduceterminologythat is convenientlyusedin the remainderof this
thesis.

By BPSmonopoleswemeanstatic,�nite energy solutionsof theBPSequations

B i = D i � (2.59)

in a Yang-Mills-Higgstheorywith a compact,connected,semi-simplegaugegroupG.
The equations(2.59) imply the secondorderequations(2.46). In order to obtain�nite
energy solutionswe againimposethe boundaryconditions(2.47). As in the previous
sectionwe cangaugetransformtheseinto the form (2.56). Therearesomedifferences
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2.3. Magneticcharge lattices

with thenon-BPScase.ThepotentialV in (2.45)vanishesin theBPSlimit, sodoesnot
furnishany conditionsonthefunctions� andf . Ontheotherhand,by substituting(2.56)
in theBPSequationandsolvingorderby orderone�nds thatf = � G, or, equivalently,
� 1 = � G0. As beforewe have [� 0; G0] = 0, so in the BPS casewe automatically
have [� 0; � 1] = 0. Fromnow on we shall thusde�ne a BPSmonopoleto be a smooth
solutionof theBPSequationssatisfyingtheboundarycondition(2.47)with � 1 = � G0.
After applyingthe local gaugetransformationsdiscussedin the previous section,these
boundaryconditionsareequivalentto

� = � 0 �
G0

4� r
+ O

�
r � (1+ � )

�

B =
G0

4� r 2 r̂ + O
�

r � (2+ � )
�

;
(2.60)

where� 0 andG0 arecommutingelementsin theLie algebraof G. Theseboundarycon-
ditionsaresuf�cient to guaranteethat theenergy of theBPSmonopoleis �nite. It is in
generalnot known what thenecessaryboundaryconditionsareto obtaina �nite energy
con�guration. It is expectedthough[49, 50], and true for G = SU(2) [51], that the
boundaryconditionsabovefollow from the�nite energy conditionandtheBPSequation.

Beforewe give an explicit descriptionof the magneticcharge lattice let us summarise
somepropertiesof theresidualgaugegroup. Since[� 0; G0] = 0 thereis a gaugetrans-
formationthatmaps� 0 andG0 to our chosenCSA of G. Without lossof generalitywe
canthusexpress� 0 andG0 in termsof thegenerators(H a ) of thatCSA:

� 0 = � � H

G0 =
4�
e

g � H :
(2.61)

Theresidualgaugegroupis generatedby generatorsL in theLie algebraof G satisfying
[L; � 0] = 0. Sincegeneratorsin the CSA by de�nition commutewith the Higgs VEV
theresidualgroupH containsat leastthemaximaltorusU(1) r � G. For genericvalues
of the Higgs VEV this is the completeresidualgaugesymmetry. If the Higgs VEV is
perpendicularto a root � the residualgaugegroupbecomesnon-abelian.This follows
from theactionof thecorrespondingladderoperatorE � in theCartan-Weyl basison the
HiggsVEV: [E � ; � 0] = � � � � E � = 0. Accordinglywe shallcall a root of G brokenif
it hasa non-vanishinginnerproductwith � andwe shall de�ne it to beunbroken if this
innerproductvanishes.
Theresidualgaugegroupis locally of theform U(1)s � K , whereK is somesemi-simple
Lie group. Theroot systemof K is derivedfrom theroot systemof G by removing the
brokenroots. Similarly, theDynkin diagramof K is foundfrom theDynkin diagramof
G by removing thenodesrelatedto brokensimpleroots.For completenesswe �nally de-
�ne afundamentalweightto be(un)brokenif thecorrespondingsimplerootis (un)broken.
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Chapter2. Classicalmonopolesolutions

Themagneticchargelatticefor smoothmonopoleslies in thedualweightlatticeof H , as
we saw in thepreviouschapter. For adjointsymmetrybreakingtheweightlatticeof H is
isomorphicto theweight latticeof G. Moreover, theisomorphismrespectstheactionof
theWeyl groupW(H ) � W(G). Theexistenceof an isomorphismbetween�( G) and
�( H ) is easilyunderstoodsincethe weight latticesof H andG aredeterminedby the
irreduciblerepresentationsof their maximaltori which areisomorphicfor adjoint sym-
metry breaking. A naturalchoicefor the CSA of H is to identify it with the CSA of
G. In this case�( G) and �( H ) arenot just isomorphicbut also isometric. Sincethe
rootsof H canbe identi�ed with rootsof G andsincethe Weyl groupis generatedby
there�ectionsin thehyperplanesorthogonalto theroots,this isometryobviouslyrespects
the actionof W(H ). Often the CSA of H is identi�ed with the CSA of G only up to
normalisationfactors.This leadsto rescalingsof theweight latticeof H . Of courseone
canapplyanoverall rescalingwithout spoilingthe invarianceof weight latticeunderthe
Weyl re�ections. Onecanalsochoosethe generatorsof the U(1)s factorsuchthat the
correspondingchargesareeitherintegralor half-integral.Notethattheserescalingsagain
respecttheactionof W(H ). To avoid confusionweshallignorethesepossiblerescalings
in theremainderof this thesisandtake �( H ) to beisometricto �( G).
Sincethe weight lattices�( H ) and �( G) are isometric their dual lattices� � (H ) and
� � (G) are isometrictoo. We thus seethat the Dirac quantisationcondition (2.58) for
adjointsymmetrybreakingcanconsistentlybeevaluatedin termsof eitherH or G.

Rememberthat for smoothmonopolesthereis yet anothercondition: sinceone starts
out from a trivial G bundlethemagneticchargeshouldde�ne a topologicallytrivial loop
in G asexplainedin the previous section. For generalsymmetrybreakingthis implies
that theDirac quantisationconditionmustbeevaluatedwith respectto weight latticeof
eH � eG, whereeG is theuniversalcoveringgroupof G. For adjointsymmetrybreakingwe
canconsistentlylift thequantisationconditionto eG; theweightlatticeof eH is isometricto
theweight latticeof eG. Theweight latticeof eG is generatedby thefundamentalweights
f � i g andhencethe magneticcharge lattice for smoothBPSmonopolesis given by the
solutionsof:

2� i � g 2 Z; (2.62)

for all fundamentalweights� i of eG. Themostgeneralsolutionof this equationis easily
expressedin termsof thesimplecorootsof G:

g =
X

i

mi � �
i mi 2 Z; (2.63)

with � �
i = � i =� 2

i andf � i g thesimplerootsof G.
We thusconcludethat themagneticcharge lattice for smoothBPSmonopolesis gener-
atedby thesimplecorootsof G. Theresultingcorootlattice� � ( ~G) correspondsprecisely
to the weight lattice �( eG� ) of the GNO dual group eG� asmentionedin section2.3.1.
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2.3. Magneticcharge lattices

Similarly, thedual lattice � � ( eH ) canbe identi�ed with �( eH � ). With � � ( eG) beingiso-
metric to � � ( eH ) we now concludethat the weight lattice of eG� canbe identi�ed with
theweight latticeof eH � . For G simply connectedwe have thusestablishedan isometry
betweentheroot latticeof G� andtheweight latticeof H � . We have usedthis isometry
to computethe GNO dual pairsgiven in table2.2 which appearin the minimal adjoint
symmetrybreakingof theclassicalLie groups.

Above we have seenthat the magneticcharge lattice for smoothBPS monopolescor-
respondsto thecorootlatticeof thegaugegroupG. Onecansplit thesetof corootsinto
brokencorootsandunbrokencoroots.A corootis de�ned to bebrokenor unbrokenif the
correspondingroot is respectively broken or unbroken. Note that the unbrokencoroots
arepreciselythe rootsof H � . The distinctionbetweenbrokenandunbrokenappliesin
particularto simplecoroots. Thereis, however, alternative terminologyfor the compo-
nentsof themagneticchargesthatre�ects thesesameproperties.Brokensimplecoroots
areidenti�ed with topological chargeswhile unbrokensimplecorootsarerelatedto so-
calledholomorphiccharges.
Rememberthat the magneticcharge g = m i � �

i de�nes an elementin ker(� 1(H ) !
� 1(G)) . Onemighthopethateverysinglemagneticchargeg, i.e.everypoint in thecoroot
lattice,de�nesauniquetopologicalcharge.If in thatcaseastaticmonopolesolutiondoes
indeedexist even its stability undersmoothdeformationsis guaranteed.Sucha picture
doeshold for maximallybrokentheorieswheretheresidualgaugegroupequalsthemax-
imal torusU(1)r � G. If H containsa non-abelianfactorthesituationis slightly more
complicatedbecausethesefactorsarenotdetectedby thefundamentalgroup.For G equal
to SU(3) for instancethemagneticchargelatticeis 2-dimensionaland� 1 (SU(3)) = 0.
In themaximallybrokentheorywe have � 1(U(1) � U(1)) = Z � Z, while for minimal
symmetrybreaking� 1(U(2)) = � 1(U(1)) = Z. As a rule of thumbonecansaythat
thecomponentsof themagneticchargesrelatedto theU(1)-factorsin H aretopological
charges.It shouldbeclearthatthesecomponentscorrespondto thebrokensimplecoroots.
We thereforecall thecoef�cients m i = 2� i � g with � i a brokenfundamentalweight the
topologicalchargesof g. The remainingcomponentsof g areoftencalledholomorphic
charges.

2.3.4 Murray condition

We have found thatmagneticchargesof smoothmonopolesin a Yang-Mills-Higgsthe-
ory lie on the coroot lattice of the gaugegroup. In the BPSlimit thereis yet another
consistency conditionwhichwas�rst discoveredby Murray for SU(n) [52]. We referto
thisconditionastheMurrayconditioneventhoughits �nal formulationfor generalgauge
groupsstemsfrom a paperby Murray andSinger[50]. For a derivationof the Murray
conditionwe referto theseoriginal papers.We shallonly brie�y review someproperties
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Chapter2. Classicalmonopolesolutions

of rootswhicharecrucialfor theMurraycondition.Next weshallformulatetheresultsof
MurrayandSingerin suchawaythatthesetof magneticchargesfor BPSmonopolescan
easilybeidenti�ed. Finally weshow thatour formulationis equivalentto theconditionas
statedin [50]. Both formulationsof theMurray conditionwill show up in latersections.
The setof magneticchargessatisfyingtheMurray conditionshall be calledtheMurray
cone.At theendof this sectionweshallalsointroducethefundamentalMurraycone.

TheMurrayconditionhingeson thefactthatonecansplit therootsystemof G into posi-
tiveandnegativerootswith respectto theHiggsVEV. If for a root � wehave� � � > 0 it
is by de�nition positiveandif � � � < 0 it is negative. Thesetof rootsis now partitioned
into two mutually exclusive sets,at leastif the residualgaugegroupis abelian. In that
casewecanasusualde�ne a simpleroot to beapositiveroot thatcannotbeexpressedas
asumof two otherpositiverootsandit turnsout thattheHiggsVEV de�nesa uniqueset
of simpleroots.Theseform a basisof theroot diagramis sucha way thateverypositive
root is a linearcombinationof simplerootswith positivecoef�cients andsimilarly every
negative root is a linearcombinationwith negative coef�cients. In thenon-abeliancase
thereexist rootssuchthat � � � = 0. Hencethereareseveralchoicesfor a setof simple
rootswhichareconsistentwith theHiggsVEV. Againfor a�x edchoicesuchsimpleroots
mustby de�nition havethepropertythatall rootsarealinearcombinationof simpleroots
with eitheronly positive or only negative coef�cients. In additionthesimplerootsmust
haveeitherastrictly positiveor a vanishinginnerproductwith theHiggsVEV:

� i � � � 0: (2.64)

Thisconditionimpliesthat� mustlie in theclosureof thefundamentalWeyl chamber. In
theremainderof this thesiswe shallalwayschoosesimplerootssothattheinequalityin
(2.64)is satis�ed.
All choicesfor asetof simplerootsrespectingtheHiggsVEV arerelatedby theresidual
Weyl groupW(H ). This is seenasfollows. In generalall choicesof simplerootsin the
root systemof G arerelatedby the Weyl groupW(G) of G. SinceWeyl transforma-
tionsareorthogonalwe have for all w 2 W(G), w(� i ) � � = � i � w� 1(� ). Givena set
of positive rootssatisfying(2.64) the actionof w 2 W(G) givesanothersetof simple
rootssatisfyingthesameconditionif andonly if � andw(� ) lie in theclosureof same
Weyl chamber. This is only possibleif � is actually invariantunderw, implying that
w 2 W(H ) � W(G).

Above we have de�ned a positivity conditionfor the rootsof G that is consistentwith
theHiggsVEV. This samede�nition is applicablefor corootssincethesediffer from the
rootsby a scaling.We now alsoextendthis de�nition of positivity in a consistentway to
the complete(co)rootlattice. We call an elementon the (co)rootlattice positive if it is
a linearcombinationof simple(co)rootswith positive integercoef�cients. Notethat the
intersectionof thesetof positive elementsin the(co)rootlatticewith thesetof (co)roots
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2.3. Magneticcharge lattices

is preciselythesetof positive (co)roots.Finally we seethat if theHiggsVEV lies in the
fundamentalWeyl chamberthentheinnerproductof any positiveelementin the(co)root
latticewith � is non-negative.

Murray andSingerhave found that the magneticcharge mustbe positive with respect
to all possiblechoicesof simplerootsconsistentwith theHiggsVEV. Thismeansthatin
theexpansiong =

P
i mi � �

i thecoef�cients m i shouldbepositivefor all possiblechoices
of simpleroots(� i ) thatsatisfy� i � � � 0. TheMurrayconditioncanbesummarisedas
follows:

2w(� i ) � g � 0 8w 2 W(H ); 8� i : (2.65)

This is seenfrom thefactthatthefundamentalweightsandsimplerootssatisfy2� i � � �
j =

� ij andthatall allowedchoicesof positive simplerootsandfundamentalweightsarere-
latedby theresidualWeyl groupW(H ) � W(G).

The Murray conditionde�nes a solid conein the CSA. In combinationwith the Dirac
quantisationconditionthis resultsin a discreteconeof magneticcharges. We shall call
this conethe Murray cone. As an exampleone can considerSU(3) broken to either
U(1) � U(1) or U(2) asdepictedin �gure 2.1. In the �rst casethe Weyl groupof the
residualgaugegroup is trivial and the Murray conditionsimply implies that the topo-
logical chargesmustbe positive. In the secondcasethe residualWeyl groupis Z2, the
re�ectionsin theline perpendicularto � 1. Consequentlytherearetwo possiblechoicesof
positive simplerootswhich makestheMurray conditionmorerestrictive. Thetopologi-
cal chargestill hasto bepositive, just like theholomorphiccharge,but theholomorphic
chargeis boundedby thetopologicalcharge.

Weshall�nish thissectionwith yetanotherformulationof theMurrayconditionoriginat-
ing from proposition4.1 in thepaperof Murray andSinger[50]. It relieson thefactthat
theholomorphicchargescanbeminimisedundertheactionof the residualWeyl group.
For any elementg in thecorootlattice thereexistsa uniquelydeterminedreducedmag-
neticcharge~g in theWeyl orbit of g suchthat� j � ~g � 0 for all unbrokensimpleroots� j .
The Murray conditioncanbe expressedin termsof this minimisedcharge. A magnetic
chargeg is positivewith respectto any chosensetof simplerootsif andonly if for a �x ed
choiceof simple roots its reducedmagneticcharge is positive. The reducedmagnetic
chargeshouldthussatisfy:

2� i � ~g � 0 8� i : (2.66)

We shallshortlyshow that~g doesindeedexist andis unique.But alreadywe canseethat
this lastconditioneasilyfollows from (2.65). Since~g = ~w(g) for some ~w 2 W(H ) we
havew(� i ) � ~g = w(� i ) � ~w(g) = ~w� 1 (w(� i )) � g = w0(� i ) � g � 0, wherew0 = ~w� 1w 2
W(H ). To show equivalence,however, we alsohave to show that (2.65) follows from
(2.66),whichboilsdown to proving thefollowing proposition:
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