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In this article we study the function algebra generated by z2 and g2 on a small closed disk
centred at the origin of the complex plane. We prove, using a biholomorphic change of
coordinates and already developed techniques in this area, that for a large class of functions
g this algebra consists of all continuous functions on the disk.

Keywords: Function algebra; Uniform approximation; Polynomial convexity

2000 Mathematics Subject Classifications: 46J10; 32E20

1. Introduction

Let g be a C1 function defined in a neighbourhood of the origin in the complex plane,
with gð0Þ ¼ 0, gzð0Þ ¼ 0, g �zð0Þ ¼ 1 (i.e. g behaves like �z near 0), and such that z2 and g2

separate points near 0. Is it possible to find a small closed disk D about 0 in the complex
plane, so that every continuous function on D can be approximated uniformly on D
by polynomials in z2 and g2? In other words is the function algebra ½z2, g2;D� on D
generated by z2 and g2, i.e. the uniform closure in C(D) of the polynomials in z2

and g2, equal to C(D)? It has been shown that both answers no and yes are possible,
cf. [1,2].

The motivating question for this approximation problem was whether ½z2, �z2 þ �z3;D�
equals C(D). The answer has been given recently by O’Farrell and Sanabria-Garcı́a and
is no, cf. [3].

The crucial point in showing whether or not the algebra ½z2, g2;D� coincides with
C(D), is to determine whether or not the preimage of X ¼ ðz2, g2ÞðDÞ under the
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map �ð�1, �2Þ ¼ ð�
2
1, �

2
2Þ is polynomially convex. Now the set ��1ðXÞ consists of the

following four disks:

D1 ¼ fðz, gðzÞÞ : z 2 Dg,

D2 ¼ fð�z, �gðzÞÞ : z 2 Dg ¼ fðz, �gð�zÞÞ : z 2 Dg,

D3 ¼ fð�z, gðzÞÞ : z 2 Dg,

D4 ¼ fðz, �gðzÞÞ : z 2 Dg ¼ fð�z, �gð�zÞÞ : z 2 Dg:

In this situation our problem boils down to the (non-)polynomial convexity of D1[D2.
An appropriate tool in this context is Kallin’s lemma: suppose X1 and X2 are

polynomially convex subsets of C
n, suppose there is a polynomial p mapping X1 and

X2 into two polynomially convex subsets Y1 and Y2 of the complex plane such that 0
is a boundary point of both Y1 and Y2 and with Y1 \ Y2 ¼ f0g. If p�1ð0Þ \ ðX1 [ X2Þ

is polynomially convex, then X1[X2 is polynomially convex [4,5].
In [6], Nguyen and the first author obtained a positive answer to our approximation

question in a real-analytic situation for a new class of functions g. By using a biholo-
morphic change of coordinates, it is possible to assume that the first disk is the standard
disk fðz, �zÞ : z 2 Dg and then apply an approximation result of Nguyen [7]. In the pre-
sent article the same idea of applying a biholomorphic map near the origin together
with already developed techniques in this area is used. We obtain several new results
of the form ½z2, g2;D� ¼ CðDÞ, one of them being a generalisation of the main result
of [6], for new and larger classes of functions g (Theorem 2.5).

2. An approximation result

We agree on the following convention: all functions defined in a neighbourhood of the
origin are of class C1, even if we do not mention this explicitly.

Definition 2.1 Let g(z) be an even function defined near the origin with g(z)¼ o(z).
Suppose that there exists a polynomial pð�1, �2Þ such that for all functions R(z) with
RðzÞ ¼ oðgðzÞÞ both

Im pðz, �zþ gðzÞ þ RðzÞÞ > 0

and

Im pðz, �z� gðzÞ þ RðzÞÞ < 0

hold for all z 6¼ 0 sufficiently close to 0. We then say that g satisfies the polynomial
condition (with respect to p).

We analyse this condition in the next lemma, in particular for the situation where the
condition g(z)¼ o(z) is replaced by the stronger

g is homogeneous of degree m > 1, i:e:

gðtzÞ ¼ t mgðzÞ for t > 0

(so in fact g is defined everywhere).

552 P. de Paepe and J. Wiegerinck
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Example 2.2

. If m>1, then for gðzÞ ¼ ijzjm one can take pð�1, �2Þ ¼ �1 þ �2.

. For the function gðzÞ ¼ ajzj2 þ b �z2 with jbj < jaj one can take
pð�1, �2Þ ¼ �ia�1 þ i �a�2. From this fact a version of the main result of [2] follows.

. The function gðzÞ ¼ jzj2 þ �z2 does not satisfy the polynomial condition because
it has non-zero zeroes.

. The function gðzÞ ¼ z3 �z satisfies the polynomial condition with respect to
pð�1, �2Þ ¼ �i�

3
1 þ i�32.

LEMMA 2.3

(1) If g satisfies the polynomial condition with respect to a polynomial p, then g satisfies
the polynomial condition with respect to the odd part of the polynomial p.

(2) If g is even and of class C1 near the origin in the complex plane, is homogeneous of
order m> 1 satisfying

Im
@p

@�2
ðz, �zÞ � gðzÞ > 0 if jzj ¼ 1,

where p is a homogeneous polynomial of odd degree n, which is complex-symmetric
i.e. with pð�1, �2Þ ¼

Pn
k¼0 ak�

k
1�

n�k
2 and ak ¼ an�k for all k ¼ 0, . . . , n, then g satisfies

the polynomial condition with respect to p.

Proof We start with the proof of part (1). Fix RðzÞ ¼ oðgðzÞÞ for the moment, then for
z 6¼ 0 close to 0, we have:

ðaÞ Im pðz, �zþ gðzÞ þ RðzÞÞ > 0,

ðbÞ Im pðz, �z� gðzÞ � Rð�zÞÞ < 0:

Replace z by �z in (b) and use the fact that g is even, then also:

ðcÞ Im pð�z,� �z� gðzÞ � RðzÞÞ < 0:

Now write p as a sum of homogeneous analytic polynomials, in other words
p ¼ ps þ � � � þ pn where pj is homogeneous of degree j. Rewrite (c), for small z 6¼ 0, as:

Xn
j¼s

ð�1Þ jþ1pjðz, �zþ gðzÞ þ RðzÞÞ > 0:

Combination with (a) shows that all terms with j even in (a) drop out. In a similar way
these terms can be removed in the second part of the polynomial condition.

We not only show part (2) of the lemma but also indicate how to arrive at the condition
stated in this part. So from (1) we see that if g satisfies the polynomial condition, then
there is an odd polynomial p such that

ðaÞ Im pðz, �zþ gðzÞ þ RðzÞÞ > 0

More approximation on disks 553
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and

ðbÞ Im pðz, �z� gðzÞ þ RðzÞÞ < 0

hold for all z 6¼ 0 sufficiently close to 0 if RðzÞ ¼ oðgðzÞÞ. Now write p as a sum
of homogeneous analytic polynomials, p ¼ p2s�1 þ � � � þ p2n�1 where all pk are
homogeneous of odd degree k.

We assume first that m is not an odd integer. Let n0 � n be maximal such that
2n0 � 1 < 2s� 2þm.

Taking for R the zero function we obtain:

pðz, �zþ gðzÞÞ ¼ p2s�1ðz, �zÞ þ � � � þ p2n0�1ðz, �zÞ

þ
@p2s�1
@�2
ðz, �zÞ � gðzÞ þOðjzj�Þ,

for some � > 2s� 2þm. Now we restrict z to the unit circle �, and obtain for t>0:

pðtz, t �zþ gðtzÞÞ ¼ t2s�1P2s�1
ðz, �zÞ þ � � � þ t2n0�1p2n0�1ðz, �zÞ

þ t2s�2þm
@p2s�1
@�2
ðz, �zÞ � gðzÞ þOðt�Þ:

Now take the imaginary part, divide by t2s�1 and let t tend to 0. We obtain
Im p2s�1ðz, �zÞ � 0. Similarly, using the second condition on g, we obtain
Im p2s�1ðz, �zÞ � 0, hence Im p2s�1ðz, �zÞ ¼ 0 for all z 2 � (hence for all z 2 C). Writing
p2s�1ð�1, �2Þ ¼

P2s�1
k¼0 ak�

k
1�

2s�1�k
2 this means that ak ¼ a2s�1�k for all k ¼ 0, . . . , 2s� 1,

i.e. the polynomial p2s�1 is complex-symmetric.
Repeating this reasoning we successively obtain:

Im p2sþ1ðz, �zÞ ¼ 0, . . . , Im p2n0�1ðz, �zÞ ¼ 0

and

Im
@p2s�1
@�2
ðz, �zÞ � gðzÞ � 0: ð1Þ

Also in the case that m is an odd integer (a) and (b) in a similar way as above lead to ð1Þ.
Now suppose that for all z 2 � the inequality ð1Þ is strict then we will show that the

polynomial condition is satisfied for g with respect to the polynomial p2s�1. Indeed,
if RðzÞ ¼ oðgðzÞÞ it follows for small z 6¼ 0:

p2s�1ðz, �zþ gðzÞ þ RðzÞÞ ¼ p2s�1ðz, �zÞ

þ
@p2s�1
@�2
ðz, �zÞ � gðzÞ � 1þ

RðzÞ

gðzÞ

� �
þOðjzj2s�3þ2mÞ:

554 P. de Paepe and J. Wiegerinck
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So for z 2 � and small t>0 it follows that:

Im p2s�1ðtz, t �zþ gðtzÞ þ RðtzÞÞ

¼ Im t2s�2þm
@p2s � 1

@�2
ðz, �zÞ � gðzÞ �

�
1þ

RðtzÞ

gðtzÞ

� �
þOðtm�1Þ

�
:

Since RðtzÞ=gðtzÞ is uniformly small on � if t>0 is sufficiently small, the above expres-
sion is positive on � for small t>0. In other words: Im p2s�1ðz, �zþ gðzÞ þ RðzÞÞ > 0 if
z 6¼ 0 is sufficiently small. Also Im p2s�1ðz, �z� gðzÞ þ RðzÞÞ < 0 for small z 6¼ 0. So g
satisfies the polynomial condition with respect to p2s�1.

The result of (2) immediately follows. g

We need the following lemma which is without doubt well known.

AUXILIARY LEMMA 2.4 Let Fðw1,w2Þ be holomorphic near the origin, let l� 2 be an
integer and let Fðw1,w2Þ ¼ Oðkðw1,w2Þk

lÞ.
Let Aðw1,w2Þ be defined near the origin with

Aðw1,w2Þ ¼ Oðkðw1,w2ÞkÞ:

Then sufficiently close to the origin

Fðw1,w2 þ Aðw1,w2ÞÞ ¼ Fðw1,w2Þ þ Aðw1,w2ÞBðw1,w2Þ,

with Bðw1,w2Þ ¼ Oðkðw1,w2Þk
l�1Þ.

Proof As Fðw1,w2Þ is holomorphic near the origin,

Hðw1,w2,w3Þ ¼

Fðw1,w3Þ � Fðw1,w2Þ

w3 � w2
, if w3 6¼ w2,

@F

@�2
ðw1,w2Þ, if w3 ¼ w2,

8>><
>>:

is holomorphic near the origin, Hðw1,w2,w3Þ ¼ Oðkðw1,w2,w3Þk
l�1Þ and

Fðw1,w2 þ zÞ ¼ Fðw1,w2Þ þ zHðw1,w2,w2 þ zÞ:

Since Aðw1,w2Þ ¼ Oðkðw1,w2ÞkÞ it follows that

Fðw1,w2 þ Aðw1,w2ÞÞ ¼ Fðw1,w2Þ þ Aðw1,w2ÞBðw1,w2Þ,

and

Bðw1,w2Þ ¼ Hðw1,w2,w2 þ Aðw1,w2ÞÞ ¼ Oðkðw1,w2Þk
l�1Þ: g

We now formulate our main result. It consists of a general statement on generators of
the algebra of all continuous functions near the origin, and of an application of this
result in a special situation.

More approximation on disks 555
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THEOREM 2.5

(1) Consider the functions F, g and h.
. Let Fðw1,w2Þ be an odd holomorphic function near the origin satisfying

Fðw1,w2Þ ¼ Oðkðw1,w2Þk
3Þ and let fðzÞ ¼ Fðz, �zÞ.

. Suppose that g satisfies the polynomial condition.

. Let h be defined near the origin with hðzÞ ¼ oðgðzÞÞ.
Then for all disks D about 0 with sufficiently small radius

½z2, ð �zþ fðzÞ þ gðzÞ þ hðzÞÞ2 : D� ¼ CðDÞ:

(2) In particular this result can be applied in the following situation: let
gðzÞ ¼

P1
k¼�1 ak �zkz2m�k with m a positive integer. Suppose that

P1
k¼�1 jkakj <1 and

that one of the following increasingly weaker conditions is met:

9 l � m such that jalj >
X
n 6¼l

janj,

or

9 l � m such that
X1
n¼1

alþn
al
þ

�al�n
�al

����
���� < 1,

or

9 l � m such that Re 1þ
X1
n¼1

alþn
al
þ

�al�n
�al

� �
wn

 !
> 0 on jwj ¼ 1:

Then g is an even homogeneous C1 function of degree 2m that satisfies the polynomial
condition.

Proof For part (1), let X ¼ fðz2, ð �zþ fðzÞ þ gðzÞ þ hðzÞÞ2Þ : z 2 Dg:
The inverse image of X under the map � : C

2
! C

2, defined by �ð�1, �2Þ ¼ ð�
2
1, �

2
2Þ

consists of

D1 ¼ fðz, �zþ fðzÞ þ gðzÞ þ hðzÞÞ : z 2 Dg,

D2 ¼ fð�z,�ð �zþ fðzÞ þ gðzÞ þ hðzÞÞÞ : z 2 Dg

¼ fðz, �zþ fðzÞ � gðzÞ � hð�zÞÞ : z 2 Dg,

D3 ¼ fð�z, �zþ fðzÞ þ gðzÞ þ hðzÞÞ : z 2 Dg,

D4 ¼ fðz,�ð �zþ fðzÞ þ gðzÞ þ hðzÞÞÞ : z 2 Dg

¼ fð�z, �zþ fðzÞ � gðzÞ � hð�zÞÞ : z 2 Dg:

Note that the condition on the existence of the polynomial p implies that g has no
non-zero zeroes and that the two functions z2 and ð �zþ fðzÞ þ gðzÞ þ hðzÞÞ2 separate
the points of D (if D is sufficiently small).

556 P. de Paepe and J. Wiegerinck
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The techniques developed in the papers [1,2] on approximation on disks give us:

½z2, ð �zþ fðzÞ þ gðzÞ þ hðzÞÞ2 : D� ¼ CðDÞ
()PðXÞ ¼ CðXÞ
()X is polynomially convex
()D1 [D2 [D3 [D4 is polynomially convex
()D1 [D2 is polynomially convex.

We comment on these equivalences. The first equivalence is trivial. Since X is totally
real except at the origin, the second one follows from a theorem of
O’Farrell et al. [8]. The next equivalence is a consequence of a theorem of Sibony [9],
and the last one is an application of Kallin’s lemma using the polynomial
pð�1, �2Þ ¼ �1 � �2.

Later on we will also use the following theorem of Wermer [10]. If the function F is of
class C1 near the origin in the complex plane, with F �zð0Þ 6¼ 0, then ½z, F : D� ¼ CðDÞ if D is
a sufficiently small disk around 0.

For precise statements and use of these theorems [1], in particular the proof of
theorem 1.

Now let us show that D1[D2 is polynomially convex. Consider the map
Gðw1,w2Þ ¼ ðw1,w2 þ Fðw1,w2ÞÞ. Since Fðw1,w2Þ ¼ Oðkðw1,w2Þk

3Þ it follows that G is
biholomorphic near the origin (with inverse called H).

Now E1 ¼ HðD1Þ consists of points of the form ðz, qðzÞÞ where q is of class C1 near 0
and qð0Þ ¼ 0. Then there are a and b such that qðzÞ ¼ azþ b �zþ rðzÞ, where r(z)¼ o(z).
Applying G we see

ðz, qðzÞ þ Fðz, qðzÞÞÞ ¼ ðz, �zþ fðzÞ þ gðzÞ þ hðzÞÞ: ð2Þ

Since fðzÞ þ gðzÞ þ hðzÞ ¼ Oðz3Þ þ oðzÞ þ oðzÞ and moreover Fðz, qðzÞÞ ¼ Oðz3Þ we infer
that qðzÞ ¼ �zþ rðzÞ. So ð2Þ translates into

ðz, �zþ rðzÞ þ Fðz, �zþ rðzÞÞÞ ¼ ðz, �zþ fðzÞ þ gðzÞ þ hðzÞÞ:

Applying the auxiliary lemma to this expression with w1 ¼ z,w2 ¼ �z and
Aðw1,w2Þ ¼ rðw1Þ we obtain:

ðz, �zþ rðzÞ þ fðzÞ þ rðzÞBðz, �zÞÞ ¼ ðz, �zþ fðzÞ þ gðzÞ þ hðzÞÞ:

It follows that

rðzÞ ¼
gðzÞ þ hðzÞ

1þ Bðz, �zÞ
¼ gðzÞ þ

hðzÞ � gðzÞBðz, �zÞ

1þ Bðz, �zÞ
:

We conclude that E1 ¼ HðD1Þ consists of points ðz, �zþ gðzÞ þ R1ðzÞÞ in which
R1ðzÞ ¼ oðgðzÞÞ and is of class C1.

Now E1 is polynomially convex if D is sufficiently small (Wermer).
Similarly E2 ¼ HðD2Þ consists of points ðz, �z� gðzÞ þ R2ðzÞÞ in which R2ðzÞ ¼ oðgðzÞÞ

and is of class C1. Also E2 is polynomially convex if D is sufficiently small. Since g
satisfies the polynomial condition, Kallin’s lemma can be applied, showing that

More approximation on disks 557
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E1[E2 is polynomially convex. Applying G it follows that D1[D2 is polynomially
convex for sufficiently small D.

(2) We now show the second part of the theorem using Lemma 2.3.
Let pð�1, �2Þ ¼ ���2m�2lþ11 þ ��2m�2lþ12 with � to be determined later (and with l � m).

Then for z 2 �:

1

2m� 2lþ 1
Im

@p

@�2
ðz, �zÞ � gðzÞ

¼ Im
X1

k¼�1

�ak �z2m�2lþkz2m�k

¼ Im
Xl�1

k¼�1

�ak �z2m�2lþkz2m�k þ �aljzj
4m�2l þ

X1
k¼lþ1

�ak �z2m�2lþkz2m�k

( )

¼ Im �aljzj
4m�2l þ

X1
n¼1

�
�alþn � �� �al�n

�
�z2m�lþnz2m�l�n

( )

¼ Im ijaljjzj
4m�2l 1þ

X1
n¼1

alþn
al
þ

�al�n
�al

� �
�z

z

� �n
 !( )

:

In the last equality we chose � ¼ iðjalj=alÞ. The final expression has positive imaginary
part for jzj ¼ 1 if the third condition in the statement of the theorem is satisfied. g

Remark 2.6 This result includes the more restricted case of polynomials
gðzÞ ¼

P2m
k¼0 ak �zkz2m�k in z and �z, for which there exists 0 � l � m such that

jalj >
P

k 6¼l jakj, essentially studied by Nguyen [7], and applied in a real-analytic setting
by Nguyen and de Paepe [6]. The condition on the coefficients here is more general.
For instance if m¼ 1 the condition is valid if jða2=a1Þ þ ð �a0= �a1Þj < 1, which is certainly
the case for (but is not equivalent to) ja1j > ja0j þ ja2j.

Example 2.7 Applying both parts of Theorem 2.5 we obtain a result from [11]:

½z2, �z2 þ z3;D� ¼ z2, �zþ
1

2

z3

�z
þ h.o.t.

� �2

;D

" #
¼ CðDÞ:
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