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In this article we study the function algebra generated by z> and g* on a small closed disk
centred at the origin of the complex plane. We prove, using a biholomorphic change of
coordinates and already developed techniques in this area, that for a large class of functions
g this algebra consists of all continuous functions on the disk.

Keywords: Function algebra; Uniform approximation; Polynomial convexity

2000 Mathematics Subject Classifications: 46J10; 32E20

1. Introduction

Let g be a C' function defined in a neighbourhood of the origin in the complex plane,
with g(0) = 0, g-(0) = 0, g=(0) = 1 (i.e. g behaves like Z near 0), and such that z* and g°
separate points near 0. Is it possible to find a small closed disk D about 0 in the complex
plane, so that every continuous function on D can be approximated uniformly on D
by polynomials in z* and g?? In other words is the function algebra [z2,¢?; D] on D
generated by z* and g% i.e. the uniform closure in C(D) of the polynomials in z*
and g°, equal to C(D)? It has been shown that both answers no and yes are possible,
cf. [1,2].

The motivating question for this approximation problem was whether [z2, 2> + Z; D]
equals C(D). The answer has been given recently by O’Farrell and Sanabria-Garcia and
is no, cf. [3].

The crucial point in showing whether or not the algebra [z, g?; D] coincides with
C(D), is to determine whether or not the preimage of X = (z%,g>)(D) under the
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map T1(¢1, &) = (&3, 83) is polynomially convex. Now the set TT-!(X) consists of the
following four disks:

Dy ={(z,¢()): z € D},
Dy ={(~z —g(2): z€ D} = {(z. —g(~2)) : z € D},
Dy = {(~2,8()) : z € D},

Dy={(z, —g(2) : 2 € D} = {(—z, —g(~=2)) : z € D).

In this situation our problem boils down to the (non-)polynomial convexity of D; U D.

An appropriate tool in this context is Kallin’s lemma: suppose X; and X, are
polynomially convex subsets of C”", suppose there is a polynomial p mapping X; and
X, into two polynomially convex subsets Y; and Y, of the complex plane such that 0
is a boundary point of both Y, and Y, and with Y; N Y, = {0}. If p~'(0)N (X; U X»)
is polynomially convex, then X; U X, is polynomially convex [4,5].

In [6], Nguyen and the first author obtained a positive answer to our approximation
question in a real-analytic situation for a new class of functions g. By using a biholo-
morphic change of coordinates, it is possible to assume that the first disk is the standard
disk {(z,2) : z € D} and then apply an approximation result of Nguyen [7]. In the pre-
sent article the same idea of applying a biholomorphic map near the origin together
with already developed techniques in this area is used. We obtain several new results
of the form [z2, g; D] = C(D), one of them being a generalisation of the main result
of [6], for new and larger classes of functions g (Theorem 2.5).

2. An approximation result
We agree on the following convention: all functions defined in a neighbourhood of the
origin are of class C', even if we do not mention this explicitly.

Definition 2.1 Let g(z) be an even function defined near the origin with g(z) =o(2).
Suppose that there exists a polynomial p(¢i, ¢2) such that for all functions R(z) with
R(z) = o(g(z)) both

Imp(z,z+ g(z) + R(z)) > 0
and
Imp(z,z —g(z) + R(z)) < 0

hold for all z # 0 sufficiently close to 0. We then say that g satisfies the polynomial
condition (with respect to p).

We analyse this condition in the next lemma, in particular for the situation where the
condition g(z) = o(z) is replaced by the stronger

g is homogeneous of degree m > 1,1i.e.
g(tz)=1t"g(z) fort>0

(so in fact g is defined everywhere).
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Example 2.2

o If m > 1, then for g(z) = i|z|” one can take p(¢1, &) = ¢ + &.

e For the function g(z)=alz|>+bz*> with |b| <|a| one can take
p(¢1, ) = —iagy + iag,. From this fact a version of the main result of [2] follows.

e The function g(z) = |z|> + z* does not satisfy the polynomial condition because
it has non-zero zeroes.

e The function g(z) = z’Z satisfies the polynomial condition with respect to
P&1,5) = —it] +it3.

Lemma 2.3

(1) If g satisfies the polynomial condition with respect to a polynomial p, then g satisfies
the polynomial condition with respect to the odd part of the polynomial p.

(2) If g is even and of class C' near the origin in the complex plane, is homogeneous of
order m > 1 satisfying

)
m L:2.gz)>0 iflzl=1,
e}

where p is a homogeneous polynomial of odd degree n, which is complex-symmetric
ie. withp(£1,6) =Y ry a k=% and a = @,y for all k = 0,. .., n, then g satisfies
the polynomial condition with respect to p.

Proof We start with the proof of part (1). Fix R(z) = o(g(z)) for the moment, then for
z # 0 close to 0, we have:

(@) Imp(z,Z+4g(z) + R(2)) > 0,
(b) Imp(z,z—g(z) — R(—2)) < 0.

Replace z by —z in (b) and use the fact that g is even, then also:
(©) Imp(—z,—Z—g(z) — R(2)) < 0.

Now write p as a sum of homogeneous analytic polynomials, in other words
p = ps + -+ p, where p; is homogeneous of degree j. Rewrite (c), for small z # 0, as:

> (=1)"'piz.2 4 g(2) + R(2)) > 0.

Jj=s
Combination with (a) shows that all terms with j even in (a) drop out. In a similar way
these terms can be removed in the second part of the polynomial condition.

We not only show part (2) of the lemma but also indicate how to arrive at the condition
stated in this part. So from (1) we see that if g satisfies the polynomial condition, then
there is an odd polynomial p such that

(@) Imp(z,z+g(z)+ R(z)) > 0
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and
(b) Imp(z,z—g(z) + R(z)) < 0

hold for all z # 0 sufficiently close to 0 if R(z) = o(g(z)). Now write p as a sum
of homogenecous analytic polynomials, p = py_| + - -+ py,—1 where all p, are
homogeneous of odd degree k.

We assume first that m is not an odd integer. Let ny <n be maximal such that
2ng—1 <2s —2+m.

Taking for R the zero function we obtain:

p(z, 2+ g(2)) = pas—1(2,2) + - - - + pany—1(2, 2)

P2l (212 ¢(2)+ 01",

+

for some a > 25 — 2 + m. Now we restrict z to the unit circle I', and obtain for ¢ > 0:

Pz 24+ g(tz) = 5o, (2,2 4 A+ oy i(2,2)

, 0p2s—
O 2) 2 + O

Now take the imaginary part, divide by r»~! and let ¢ tend to 0. We obtain
Impye_1(z,2) > 0. Similarly, using the second condition on g, we obtain
Im pas—1(z,2) <0, hence Im py,_i(z,2) = 0 for all z € ' (hence for all z € C). Writing
Pre1(C1,82) = Y0y ardb e 1K this means that a; = @3, 1% for all k =0,...,25 — I,
i.e. the polynomial p,;_| is complex-symmetric.

Repeating this reasoning we successively obtain:
Imprei1(z,2) =0,...,Impay,—1(2,2) =0
and

3p2371
Im
0%

(z,2) - g(2) = 0. M

Also in the case that m is an odd integer (a) and (b) in a similar way as above lead to (1).

Now suppose that for all z € T" the inequality (1) is strict then we will show that the
polynomial condition is satisfied for g with respect to the polynomial py,;. Indeed,
if R(z) = o(g(2)) it follows for small z # 0:

Pas—1(z,Z 4+ g(2) + R(2)) = pas—1(2,2)
asz—l
/e

@aﬂwo+ﬂ%+mwwm)

* <)
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So for z € T" and small ¢ > 0 it follows that:

Im poy—1(iz, 1z + g(1z) + R(iz))

_ 25—2+m apas — 1 2\ . . @ m—1
= Im #~%" <43§2 (z,2) - g(2) <1+g(tz)>+0(t )).

Since R(tz)/g(tz) is uniformly small on I" if # > 0 is sufficiently small, the above expres-
sion is positive on I' for small # > 0. In other words: Im py,_1(z,zZ + g(2) + R(z)) > 0 if
z # 0 is sufficiently small. Also Im py;_1(z,z — g(z) + R(z)) < 0 for small z#0. So g
satisfies the polynomial condition with respect to pas_i.

The result of (2) immediately follows. |

We need the following lemma which is without doubt well known.

AUXILIARY LEMMA 2.4 Let F(wy,wy) be holomorphic near the origin, let [>2 be an
integer and let F(wy, w>) = O(||(w1, w)|").
Let A(wy,wy) be defined near the origin with

A(wi, w2) = O([[(w1, w2)lD).
Then sufficiently close to the origin
Flwi, wa 4+ A(wi, w2)) = Fwi, wa) + A(wi, w2) Bwy, wa),

with B(wi, w2) = O([(w1, wo)[|™").

Proof As F(wy,w) is holomorphic near the origin,

F(wi, w3) — F(wi, )
w3 — Wy

, 1wy #£ wo,
H(wi, wo,w3) =

F .
— (Wi, wa), if w3 = ws,
e}

is holomorphic near the origin, H(w, w», w3) = O(||(w1, w», w3)||'"!) and
Fwy,wy +z) = F(wy, wa) + zH(wy, wy, wa + 2).
Since A(wy, w2) = O(|l(wy, wy)]l) it follows that
F(wy,wy + A(wy, wa)) = F(wy, wa) + A(wy, wa)B(wyi, wy),
and
B(wi, wa) = H(wy, wa, wy + A(wi, wa)) = O(||(wyi, w2)|™1). [ |
We now formulate our main result. It consists of a general statement on generators of

the algebra of all continuous functions near the origin, and of an application of this
result in a special situation.
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THEOREM 2.5

(1) Consider the functions F,g and h.
o Let F(wi,wa) be an odd holomorphic function near the origin satisfying
Fwi, wa) = O(|(wi, w)II?) and let f(z) = F(z, Z).
o Suppose that g satisfies the polynomial condition.
o Let h be defined near the origin with h(z) = o(g(z)).
Then for all disks D about O with sufficiently small radius

[, G+ f2) +(2) +h(2)* : D] = C(D).
(2) In particular this result can be applied in the following situation: let
2(z) = Y00 o akZ* 22K with m a positive integer. Suppose that Y 3 |kay| < oo and

that one of the following increasingly weaker conditions is met:

31 < m such that |a;| > Z la,|,

n#l
or
00 _
a a._
3 [ < m such that Zﬁ-i- L <1,
aj aj
n=1
or

n=1

o _
3/ < m such that Re(l + Z(@+al__">w”) >0 on|w =1.
a a

Then g is an even homogeneous C' function of degree 2m that satisfies the polynomial
condition.

Proof For part (1), let X = {(z2, (Z 4 f(z) + g(z) + h(2))*) : z € D}.
The inverse image of X under the map IT: C* — C?, defined by I1(¢), &) = (2, 33)
consists of

Dy ={(z, 2+ f(z) + g(z) + h(2)) : z € D},

Dy ={(—z,—C+f(2) + g(2) + h(2))) : z € D}
={(z,z+ f(z) — g(z) — h(—=z)) : z € D},

D3 ={(—z,Z+fz) + g(z2) + h(z)) : z € D},

Dy ={(z, —(Z+f(z) + g(z) + h(2))) : z € D}
={(—z,24+ f(z) — g(2) — h(=z2)) : z € D}.

Note that the condition on the existence of the polynomial p implies that g has no
non-zero zeroes and that the two functions z> and (Z + f(z) + g(z) + h(2))* separate
the points of D (if D is sufficiently small).
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The techniques developed in the papers [1,2] on approximation on disks give us:

[22, G +/2) + ¢(2) + h(=))* : D] = C(D)
> P(X) = C(X)
<= X is polynomially convex
<= D; UD, U D3 U Dy is polynomially convex
<= D; U D; is polynomially convex.

We comment on these equivalences. The first equivalence is trivial. Since X is totally
real except at the origin, the second one follows from a theorem of
O’Farrell et al. [8]. The next equivalence is a consequence of a theorem of Sibony [9],
and the last one is an application of Kallin’s lemma using the polynomial
P&, 8) =4 &.

Later on we will also use the following theorem of Wermer [10]. If the function F is of
class C" near the origin in the complex plane, with F=(0) # 0, then [z, F : D] = C(D) if D is
a sufficiently small disk around 0.

For precise statements and use of these theorems [1], in particular the proof of
theorem 1.

Now let us show that D;UD, is polynomially convex. Consider the map
G(wi, wr) = (Wi, wa + F(wi, wy)). Since F(wi, wa) = O([|(w1, wr)|?) it follows that G is
biholomorphic near the origin (with inverse called H).

Now E; = H(D)) consists of points of the form (z, ¢(z)) where ¢ is of class C' near 0
and ¢(0) = 0. Then there are a and b such that ¢(z) = az + bz + r(z), where r(z) = o(z).
Applying G we see

(2,4(2) + F(z,4(2))) = (2, 2 + f(2) + &(2) + h(2)). (@)

Since f(z) + g(z) + h(z) = O(z%) + o(2) + o(z) and moreover F(z, g(z)) = O(z*) we infer
that ¢(z) = z 4+ r(z). So (2) translates into

(2,24 1(2) + F(z,2 4+ 1(2) = (2.2 + f(2) + g(2) + h(2)).

Applying the auxiliary lemma to this expression with w; =z,w, =2 and
A(wy, wy) = r(w;) we obtain:

(2,2 4+1(2) + f(2) + 1(2)B(z,2)) = (2,2 + f(z) + g(2) + h(2)).
It follows that

) g(2) + h(z) h(z) — g(2)B(z, 2)
O =118z 9 T1Bes
We conclude that E; = H(D;) consists of points (z,z+ g(z) + Ri(z)) in which
Ri(z) = o(g(2)) and is of class C".

Now E| is polynomially convex if D is sufficiently small (Wermer).

Similarly E; = H(D,) consists of points (z,z — g(z) + Ra(z)) in which Ry(z) = o(g(z))
and is of class C'. Also E, is polynomially convex if D is sufficiently small. Since g
satisfies the polynomial condition, Kallin’s lemma can be applied, showing that



Downloaded By: [Universiteit van Amsterdam] At: 13:24 24 January 2008

558 P. de Paepe and J. Wiegerinck

E|UE, is polynomially convex. Applying G it follows that DU D, is polynomially
convex for sufficiently small D.

(2) We now show the second part of the theorem using Lemma 2.3.

Let p(¢1,0) = d{f’”_zm + a{%’”_z”l with « to be determined later (and with / < m).
Then for z e T

1 ap
=21 o

00
— Im § Olak22m_2l+k22m_k

(z,2) - g(2)

k=—00
-1 00
— Im Z aak52m—21+kz2m—k + aal|z|4m—21 + Z O[ak22m—2l+kZZm—/’( }
k=—00 k=I+1

n=1

o - N
= Im]{ ijay||z|*"2 1+Z(a’*"+al_”> (Z) .
P aj aj z

In the last equality we chose o = i(|a;|/a;). The final expression has positive imaginary
part for |z| = 1 if the third condition in the statement of the theorem is satisfied. M

00
= Im{ aq|z|*"* + Z(aa1+n — 0_5&1_,1)52"1_“'”22”’_1_”}

Remark 2.6 This result includes the more restricted case of polynomials
2(z) =Y @z "% in z and Z for which there exists 0 </<m such that
lail > >, 41 lak|, essentially studied by Nguyen [7], and applied in a real-analytic setting
by Nguyen and de Paepe [6]. The condition on the coefficients here is more general.
For instance if m =1 the condition is valid if |(a2/a;) + (ao/a1)| < 1, which is certainly
the case for (but is not equivalent to) |a;| > |ag| + |az].

Example 2.7 Applying both parts of Theorem 2.5 we obtain a result from [11]:

12 2
2,22+ D)= |:22, (5+§Z§+h.o.t.> ;Di| = C(D).
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