
Downloaded from UvA-DARE, the institutional repository of the University of Amsterdam (UvA)
http://hdl.handle.net/11245/2.30026

File ID uvapub:30026
Filename 135314y.pdf
Version unknown

SOURCE (OR PART OF THE FOLLOWING SOURCE):
Type article
Title A new gauge theory for W-type algebras
Author(s) K. Schoutens, A. Sevrin, P van Nieuwenhuizen
Faculty UvA: Universiteitsbibliotheek
Year 1990

FULL BIBLIOGRAPHIC DETAILS:
  http://hdl.handle.net/11245/1.423716

Copyright
 
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s) and/or
copyright holder(s), other than for strictly personal, individual use, unless the work is under an open content licence (like
Creative Commons).
 
 
UvA-DARE is a service provided by the library of the University of Amsterdam (http://dare.uva.nl)
(pagedate: 2016-04-04)

http://hdl.handle.net/11245/2.30026
http://hdl.handle.net/11245/1.423716
http://dare.uva.nl


Volume 243, number 3 PHYSICS LETTERS B 28 June 1990 

A new gauge theory for W-type algebras 

K. Schoutens, A. Sevrin and P. van Nieuwenhuizen 
Institute for Theoretical Physics, State University of New York at Stony Brook, Stony Brook, NY 11790-3840, USA 

Received 14 March 1990 

The rigid conformal and rigid W3-type symmetries of the action fiar scalar fields in d= 2 dimensions are promoted to local gauge 
invariances of both chiralities. The complete action and transformation rules are given; both are infinitely nonlinear. 

In string theory, one may  start  with a real scalar field on a fiat d =  2 worldsheet  with action 

L~= ½0+~0_tp,  (1)  

and  add  the constraints  T+ + -= 0+(p 0 + ¢ =  0 and T _  = 0. They generate left- and r ight-handed rigid conformal  
symmetr ies ,  8~ = k -+ 0 + tp with 0 k + = 0+ k -  = 0. The quan tum algebra follows then from the opera tor  product  
expansion (OPE) ,  and consists of  two commut ing  copies o f  the Virasoro algebra. The BRST charge Q has the 
s tandard  form and is ni lpotent  i f  the central charge of  the mat te r  sector has the value c--  26. This can be achieved 

= ~"26 T i by taking 26 copies o f  ( 1 ), and choosing as constraints  T_+_+ /_,~= ~ _+ +_ = 0. 
By in t roducing n real scalar fields ~0~(i= 1, ..., n) with act ion as in (1) ,  and defining the constraints  

W+ + + = 0+~0 i 0 + ~  0+~0 k dak= 0 and W_ _ _ = 0, one obtains a theory with a current  algebra that  is reminiscent  
of  the W3-algebra [ 1 ]. The constraints  produce left- and r ight-handed rigid symmetr ies  of  the action, 6~0~= 
2 + + 0 + ~  0+~o k d ak and idem with 2 - -  where 0_2 + + = 0+2 - - = 0. Classically, the rigid algebra o f  conformal  
and W-transformat ions  on ~0 closes, but  with ~ d e p e n d e n t  structure constants,  p rovided  the total ly symmetr ic  
d ak satisfy [ 2 ] 

dk(iJd l)mk = t~ (ij(~l)m . ( 2 )  

Quantum mechanically,  the requi rement  that  W+ + + be p r imary  fields o f  spin 3 requires that  the d symbol be 
traceless. The OPE of  the proper ly  normal ized  W-current,  

[4Z+++=NO+tpiO+~O+~okdiJk w i t h N - 1 / 2 = - - 9 ( n + 2 ) ,  

yields, using (2)  and d ak = 0, 

ffZ(z)ffZ(w) - In 2T(w)  OT(w) 1 ( 4 
( z - w )  ~ + ( z - w )  ~ 4  + ( z - w )  ~ ~- ~ ;~-45 (Tr ) (w)  

1 ( 2  l n - 2  . ) 
+ O(TT) O~#)(w)-~203T(w) + .... z - w  ~ 4n+--2 0(03{°' 

where W =  W+ + +, T =  T+ +, while 8 and z s tand for 0+ and x +. 
The W3-algebra has the same form, except that  the last two terms read 

(3) 

1 n - 2  03~p i O~pi(w)" ~ ) 2 n + 2  

(4)  
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_1 ( 3 2  + 3 0 2 T ) ( w  ) 1 ( 1 6  _O(TT 302T)+~O3T)(w) (5) 
( z -w)2 \22  + 5n ( T T - 3 0 2 T )  + z - w k 2 2  + 5n 

There is clearly only agreement if n = 2 [ 2,3]. The difference between our model and the W3 result at position 
(Z--W)-2 is 

- 1 2  n ~ 2  ( ( T T )  22+5n  03~0 i 0~o i) (6) 22-+5n k +~ ( n + 2 ) 0 2 T +  -SU- 

which is a primary field with spin 4, in agreement with ref. [ 4 ]. 
The quantum algebra for n = 2  scalar fields consists then of two commuting copies of the W3-algebra. The 

quantum BRST charge has been constructed in refs. [ 5,6 ]. It reads 

I T g h  Q= dz[c+(T++ +~-++)+7++(W+++ + ±Wgh 2 -  +++)+z~a~+c+] ,  

T~+ = - 2 b + +  0+c + -  (O+b++)c+-3fl+++ O+y++-2(O+f l+++)y  ++ , 

25 
W~++ = 6.52~ [20(03+Y++)b++ +30(Oz+Y++)O+b++ + 18(0+7++)(02+b+++) +47++ O3+b++] 

+c  + 0+fl+ +3(0+c+) f l++  16 + ++ + + 5-~-~[2(0+ y +)b++T+++7++O+(b++T++)]. (7) 

The requirement that it be nilpotent leads to two independent conditions which the central charge must satisfy, 
namely, 

c - 5 0  
c = 2 6 + 7 4 ,  c = 1 0 4 4 5 c + 2 ~ .  (8) 

The lowest eigenstate of Lo + L ~  has eigenvalue - 4. Eq. ( 8 ) is satisfied for c = 100, but taking fifty n = 2 dou- 
= Y ~= ~ W% + + (n = 2) would not satisfy the OPE in (4) or ( 5 ) due to the blets would not achieve this, as W+ + + 50 

nonlinearity of the W3-algebra. 
In order to solve this dilemma, we have taken the following course of action. We start with the action in ( 1 ) 

for n scalar fields, with d °k only satisfying (2), and add a minimal coupling of T± +, W_+ ± + to new gauge fields 
h + -+ (the graviton) and B +- ± ± (the W-graviton). We also let the parameters k +, k - ,  2 ++, 2 - -  become arbi- 
trary, instead of being chiral. Giving these initial data, we then deduce the complete action and transformation 
rules using the time-honored Noether method. Our approach is similar to that of Hull [2 ], but he considers only 
one chiral sector. We hope that our treatment which includes the interactions between the two chiral sectors, 
will lead to a better understanding of the essential nonlinearity of the higher spin gauge theories and of the 
underlying geometric structure. 

We start with the action for lowest nonminimal coupling 

~=½O+~0i i l + O_{o-~kh ± T ± ± - ~ k B  ++-±W±±±, (9) 

where k is the expansion parameter for the Noether method which will be set equal to one at the end. To order 
k ° it is invariant under 

1 + 
f i h + + = ~ 0 _ k  +(k  + O+ + k -  O_)h+++h++(O_ k - - O + k + ) + ( 2  ++ 0 + B + + + - B  + + + 0 + 2 + + ) T + + ,  

(k + O+ + k -  O_)B+++ + B + + + ( O _ k - - 2 0 + k + ) +  k O_2++-h ++0+2  + + + 2 ( 0 + h + + ) 2  ++ ,  ~B+++= 

3~0'= (k + O+ + k -  a_)~0i+2 -+-+ O±~OJO++_~okd ijk . (10 )  
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The rules for f i B - - -  and ~ h - -  follow by interchanging + and - .  These rules give invariance to all orders if 
only one chiral sector is considered [ 2 ]. 

We then Noethered through third order in k. The results for the 2 variation are given in table 1. It should be 
stressed that this method yields, order by order in k, in a systematic way the extra terms in transformation rules 
and action. Possible ambiguities at one level in k are fixed at the next level [ 7 ]. 

Inspection of  these results reveals the following patterns: 
(i) In the action and transformation rules one can find order k +  1 terms from order k terms replacing 0_ by 

0_ - h ÷ + 0+ and 0+ by 0+ - h - - 0_. This suggests to introduce vielbeins e~ where/~ is the curved index, distin- 
guished henceforth by a caret. In the gauge e ~_ = e--_ = 1 we have 

( 1 - h i + +  ) ( 1 h~ + ) + (11) e~+-= - h - -  , e ~ = e  h - -  ' 

where e = det (e) = ( 1 - h + + h - - ) - 1. The compensating local Lorentz and local Weyl transformations, needed 
+ ~e~: to preserve this gauge, lead to the following complete k transformation rules for eu 

k e 6 e ; _  = - V _ ~  + - -  (e u_ 0u+to_  + + ) ~ + ,  (12) 

wi th~ ± , + = k e ; .  The spin connection (with all indices flat) reads in this gauge 

o ) _ + + = e - l ( - O _ e + h  ++ 0 + e ) + 0 + h  ++ (13) 

(ii) As a confirmation of  the vielbein formulation, one may check that all B-independent terms in the action 
to third order in k are reproduced by ½e(eU+ 0u~0) (e"_ 0~0) in the gauge chosen. The term with h B  in the action 
can be viewed as vielbein covariantizations of  the term with B, and it follows that B ± ± ± are flat tensors. Hence, 
with the known Lorentz and Weyl compensations, we predict that B ± ± ± must gravitationally transform as 
gravitational covariantization of  (10).  This rule agrees again with the Noether results. 

(iii) A most important  general observation is that in gauge theories, especially in supergravity, both the trans- 
formation rules and the field equations (but not the action! ) can be written in terms of  covariant derivatives. 

Table 1 
Action through order k 3 and transformation rules as obtained by the Noether method. 

~=½0+(O i O_(oi-½kh ±± O±(O i O+~'-~kB+±+-d°k O+~ ~ O±~ O+_(ok+k2h++h - -  O+(o ~ 0_~ i 

+ k2B +- +- ± h ~: ~: d °k O~ (oi O+_ q~ O± (Ok W k2B + + + B -  - -dWqdirs( O+ (OP O+ (oq) ( O_ (or O_ (os) 

-- ½k3(h + +h- - )h ± ± O+_ ~o i 05 (O'- }k3h + +h - - B  +- ÷ ±d Ok 05 (oi 0+_ ~ 05 tog 

-- k3B ± + ± h q- ~; h n: :; d °k O~: qr 3~ ~ 05 (o k -  2k3B + + + B -  - - h ± + dimdirs( 05 (OP O+_ (oq) (05 (or O~ (OS) 

_ k3B:~ n ~:B:~ ~ :~B +_ ± + (dOk O± (oi) (dim 0~: (OJ' 0:~ (oq) (d  kr" 0~; (or 0:~ (os) + O ( k  4) 

6(oi-----2--dJk 0_ ~ O_ (ok- 2 k 2 - - h  ++d °k 0_ ~ O+ (ok-- 2 k 2 - - B + + +  (d°k O_ gJ) (d  km c3+ (ot, O+ (pq) 

+ k 2 2 - - h +  +h++dJk 0+ 9 a O+(ok+k22- -B+++B+++d°k(d  j~ O+(O" O+(oS)(d '~pq O+(O" O+(O '~) 

+ 2k22- -B+++h++(dOkO+~) (d  kpq O+(O p O + ( o q ) + 4 k 2 2 - - B + + + B - - - ( d  qk O_(OJ)(d km O+(OP)(d qrs O_(O ~ O_(O s) 

+ 4/,32- - B  + + +h- - (d  '.ik O_ ~ )  (d  km O+ (a t' O_ (oq) + 0 (k  3) 

6h--=  (2--  O _ B - - - - B - - -  0_2--)0_ (Oi(0_(Oi-2kh ++ O+(oi-2kB+++d ijk O+q~ O+(O k) 

+ k [ - ( O + h  ++ ) 2 - - B - - - - h  + + 2 - - (  O + B - - -  )+ B - - - h  ++ ( O+2--  ) ] (O_ ~ i 0_(O~)+O(k 2) 

1 
3 B - - - =  ~ 0 + 2 - -  - h - -  ( O _ 2 - -  ) + 2(O_ h - -  ) 2 - - - 2 k  O+ ( h + + h - -  ) 2 - -  +O(  k 2) 
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Closer inspection of  the 2-transformation rules for ~o i reveals a new type ofcovariant  derivative, which is perhaps 
best described as "nested covariant derivative": higher B-terms are obtained by successive substitutions of  the 
form 

O ++ ~oi--~ O + ~ i -  B -7- ~ T- 0-7 ~o J OT_ ~ok d ijk . (14) 

This nesting implies the following closed form solution for the nested covariant derivative: 

O+q~i=e~_ O u ~ o i - B  -v T -7 ~_~oJ ~_ ~ok d ijk. (15) 

Iteration reproduces all results for &0 ~ in the table. We suspect this to be a general feature of  future gauge theories 
for nonlinear algebras. 

(iv) Spurred by this success, we turn to the 2-law for fh + +. One may check that all results obtained so far 
agree with 

e f i h  + + =  (2 ++ V+B +++ - B  +++ V+2++)~+~0 ~ ~+~0 ~. (16) 

A most dramatic confirmation is provided by the B-field equation: al l  B + + + ( B - - - )  dependent terms in the 
action can be recovered if the B -+ -+ -+ field equation reads - ~e ~+ ~o ~ ~+ ~o j 0+_ ~okd °k . 

(v)  To extend these results to an exact result at all orders, we introduce a new field F% which on-shell reduces 
to the nested covariant derivative ~_+ ~0 ~. Our intent is to reduce the infinite nonlinearity to polynomial form. 

-T- F j  F k  di jk  Therefore, we interpret ( 15 ) as a set of  coupled field equations for F ~. and F'_" F ~ = 0_+ ~0 ~- B-v- • _ -7 - -7 - • 
A corresponding first-order action suggested by this observation and by dimensional arguments, is then given 
by 

5 f =  l e  O+ ~o i ~i ~F  i F i - O _ v , - e  + _ + e ( O + q ~ - ~ B - - - F J _ F k _ d ° k ) F ' _ + e ( O _ ~ o ~ - ~ B + + + F S + F ~ + d ° ~ ) F ~ + .  (17) 

This is the complete action. 
(vi) To find the complete transformation laws, we start from 

61 6 I  f h  + +- 6 I  ++ 61 _Fi +  kvS+  +.  (18) 

We now use the obvious (but little understood) 1.5 order formalism [7].  According to this formalism, one 
works in second order formalism, but one needs not determine f F  ~ (by the chain rule) since they are multiplied 
by 6 I / 3 F ~  which vanishes i d en t i ca l l y .  The complete transformation rules are now easily found. They read for 
2 - -  transformations 

c~ f  = 2 - - F C F ~ d  ' jk ,  e f h - - = X - -  , e f h + + = Y  + + ,  

f i B - - -  = V + 2 - -  - B - - - h + + X  - -  + 2 B - - - h - -  Y++ , f iB + + + =  + 2 B + + + h  + + X - - _ B + + + h - -  y ++ , 

(19) 

where 

X - - = ( 1 - x ) - ~ ( 2  - - V _ B - - - - B - - - V _ 2 -  ) ( F ~ _ F ' - ) ,  

x =  (B +++ ) 2 ( B - - -  ) 2 ( F ~  F~_ ) ( F ~  FC ) .  

Y + + = X - - B + + + B + + + F i + F i +  , 

(20) 

In these results one must replace F% by its on-shell value. The rules for 2 + + follow by interchanging + and - .  
(vii) In first order formalism the rules for F ~  follow by keeping track of  where the F-field equations were 

used in the proof  of  the invariance of  the second order action. One finds 

OF'_ = V_ (2 - - F  s_ F k_ d °k ) - e (  h - - F  ~_ - ½F'+ + ½O+ ~o~+ ½B - - - F  j_ F k_ d ° k ) f i h  + + , 

1_~ t~i_k l R + + + F j  ~ k  f l i j k ] ~ l q - -  (21) M ~ ' ~ + = - e ( h + + F ' + - ½ F ~ _ + 2 , _ v , - 2 u  - - + 1 + ,  , . . . .  
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(v i i i )  A purely cubic act ion is ob ta ined  by replacing d ° k F J F  k _ by Q ~ _ ,  and adding the terms eSZº++_ 
× ( - Q ( ~ :  +d iJkV~F~  ). 

We end with some comments  and a list o f  open problems.  
( i )  Of  course, the outs tanding problem is the quant iza t ion  of  this model.  In part icular ,  it should be s tudied 

whether  the conformal  and W-anomaly both  cancel for a suitable choice of  d °k and n. F rom the BRST analysis 
one knows that  i f  the algebra is exactly W3, one needs a c =  100 mat te r  system, but  for our present  model  with 
n ¢ 2 this analysis must  be modif ied.  The quan tum consistency of  our  classical act ion is still completely open. A 
solut ion of  this p roblem would pave the way to W-strings, of  which some pre l iminary  considerat ions  were given 

in ref. [ 81. 
( i i )  The gauge algebra can be studied. In part icular ,  we in tend to investigate whether  (modi f i ed )  transfor-  

mat ion  rules for the set o f  fields in ( 18 ) can lead to a closed gauge algebra, or whether  addi t ional  auxil iary fields 

are needed. 
( i i i )  A covar iant  formula t ion  for hu~ and Wu, p should exist. Just  as the absence of  h + - can be t raced to the 

existence of  Weyl gauge invariance,  the absence of  B + + - and  B + - - hints at the existence of  a W-Weyl-sym-  
merry. It should appear  in the commuta to r  of  a W-symmetry  and a Weyl symmetry.  

( iv)  The W-geometry should be analyzed.  As a start ing point ,  the W-anomaly in the covar iant  formula t ion  is 
expected to give the W-extension of  the usual conformal  anomaly  which is p ropor t iona l  to the scalar curvature 

of  gravity. 
(v)  The t ransformat ion  rules of  h +- -+ and B -+ "+ +- under  which the anomalous  conservat ion laws of  the Noether  

currents T -+ -+ and W "+ "+ "+ are invar iant  as found in refs. [ 9,10 ], differ from the purely classical laws of  ref. [ 2 ] 
and us: the 2 var ia t ion  of  h -+ ± contains  addi t ional  higher der ivat ive terms. We observe that  these same terms 

appear  in renormal ized  form in the quan tum BRST charge (7) .  
(v i )  Supersymmetr iza t ion .  
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