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Chapter 1
Introdu tion

Games have been used in many areas of mathemati s, espe ially mathemati al
logi as well as theoreti al omputer s ien e. It was the Polish s hool of mathemati ians who onne ted in nite games with analysis (e.g., Lebesgue measurability) and topology (e.g., the Baire property) and obtained many results. In this
thesis, we give several results on games in set theory and logi or obtained by
appli ation of games.

1.1 Outline
In this thesis, we dis uss the following topi s. All the de nitions and the notions
given in this outline an be found in the later se tions of this hapter.
In Chapter 2, entitled `Games and Regularity Properties', we hara terize
almost all the known regularity properties for sets of reals via the Baire property
for some topologi al spa es and use Bana h-Mazur games to prove the general
equivalen e theorems between regularity properties, for ing absoluteness, and the
trans enden e properties over some anoni al inner models. With the help of
these equivalen e results, we answer some open questions from set theory of the
reals. Almost all the results in this hapter are ontained in my paper [35℄.
In Chapter 3, entitled `Games themselves', we ompare the Axiom of Real
Determina y (ADR ) and the Axiom of Real Bla kwell Determina y (Bl-ADR ).
We show that the onsisten y strength of Bl-ADR is stri tly greater than that of
the Axiom of Determina y (AD) in x 3.1 and that Bl-ADR implies almost all the
known regularity properties for every set of reals in x 3.2. In x 3.3, we dis uss the
possibility of the equivalen e between ADR and Bl-ADR under ZF+DC. In x 3.4,
we dis uss the possibility of the equi onsisten y between ADR and Bl-ADR . The
results in x 3.1 are joint work with David de Kloet and Benedikt Lowe [36℄. The
results in x 3.2, x 3.3, and x 3.4 are joint work with Hugh Woodin.
In Chapter 4, entitled `Games and Large Cardinals', we work on the onne tion between the determina y of Gale-Stewart games and large ardinals. We
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investigate the upper bound of the onsisten y strength of the existen e of alternating hains with length ! , whi h are essential obje ts to prove proje tive
determina y from Woodin ardinals. This is joint work with Ralf S hindler.
In Chapter 5, entitled `Wadge redu ibility for the real line', we study the
Wadge redu ibility for the real line. Unlike the Wadge order for the Baire spa e,
the Wadge order for the real line annot be hara terized by in nite games. We
show that the Wadge Lemma for the real line fails and the Wadge order for the
real line is ill-founded and we investigate more properties of the Wadge order for
the real line. All the results in this hapter are joint work with Philipp S hli ht
and Hisao Tanaka.
In Chapter 6, entitled `Fixed-Point Logi and Produ t Closure', we de ne
a produ t onstru tion of an event model and a Kripke model and dis uss the
produ t losure of modal xed point logi s. We show that PDL, the modal al ulus, and the ontinuous fragment of the modal - al ulus are produ t losed.
Most of the results are joint work with Johan van Benthem [12℄.
In the remaining se tions of this hapter, we give the mathemati al ba kground and results used in this thesis.

1.2 Choi e prin iples
We use the following two types of hoi e prin iples in this thesis.
The rst one is the family of the Choi e Prin iples ACX (Y ). Let X; Y be
nonempty sets. The Choi e Prin iple ACX (Y ) states that for any family fAx j
x 2 X g of nonempty subsets of Y , there is a fun tion f : X ! Y su h that
f (x) 2 Ax for every x 2 X . The Axiom of Choi e AC states that ACX (Y ) holds
for all nonempty sets X and Y . The following is easy to see:
Remark 1.2.1. Let X; Y1; Y2 be nonempty sets and suppose there is a surje tion
from Y2 to Y1 . Then ACX (Y2 ) implies ACX (Y1 ).
Furthermore, we onsider the Dependent Choi e Prin iples DCX . Let X be a
nonempty set. The Dependent Choi e Prin iple DCX states that for any relation
R on X (i.e., R  X  X ), if (8x 2 X ) (9y 2 X ) (x; y ) 2 R, then there is a
fun tion f : ! ! X su h that f (n); f (n + 1) 2 R for every n 2 ! . The Axiom
of Dependent Choi e DC states that DCX holds for every nonempty set X .
Throughout this thesis, we work in ZF + AC! (R ), where ZF is the axiom
system of Zermelo-Fraenkel set theory. When we need more hoi e prin iples, we
expli itly mention them (espe ially at the beginning of ea h hapter).

1.3 Trees
Trees are basi obje ts in mathemati al logi , espe ially des riptive set theory and
re ursion theory. We x some notation and introdu e de nitions about trees.
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If f is a fun tion from X to Y and A is a subset of X , then f A denotes
the restri tion of f to A, i.e., f A = f(a; f (a)) j a 2 Ag. For a relation R
between X and Y (i.e., R  X  Y ), dom(R) = fx 2 X j (9y ) (x; y ) 2 Rg and
ran(R) = fy 2 Y j (9x) (x; y ) 2 Rg.
Given a nonempty set X , <! X denotes the set of all nite sequen es of elements in X and a nonempty subset T of <! X is a tree on X if it is losed under
initial segments, i.e., if s is in T and t is a subsequen e of s (i.e., t = sn for
some n), then t is in T . For a nite sequen e t of elements in X , lh(t) denotes
the length of t.
By nodes, we mean elements of trees. For a tree T on X , two nodes s; t of
T are in ompatible (denoted by s?t) if there is an n in dom(s) \ dom(t) su h
that s(n) 6= t(n). Note that s; t are in ompatible if and only if there is no u in T
su h that s; t  u. For a node t of T and an element x of X , t_ hxi denotes the
one-step extension of t with x, i.e., t_ hxi = t [ f(lh(t); x)g.
A tree T on X is alled perfe t if for any node s in T , there are two nodes
t1 ; t2 of T su h that s  ti for i = 1; 2 and t1 ?t2 . For a tree T on X , [T ℄ denotes
the set of all in nite paths through [T ℄, i.e., [T ℄ = fx 2 ! X j (8n 2 ! ) xn 2 T g.
For a tree T on X and a node t in T , t is alled splitting in T if there are x and y
in X su h that x 6= y and both t_ hxi and t_ hy i are in T . For a tree T , the stem
of T (denoted by stem(T )) is the minimal splitting node in T if it exists.
If T is a tree on X and X is of the form Y  Z , then we often identify a node s
of T with the pair (t1 ; t2 ) where ti = (s(0)i; : : : s(n 1)i ) for i = 1; 2, n = dom(s),
and s(j ) = (s(j )1 ; s(j )2 ) for j < n. The same identi ation will be applied in
ase X is of the form Y1  : : :  Ym for a nite natural number m  1.

1.4 General topology
Topologi al spa es are fundamental obje ts in mathemati s. Throughout this
thesis, we assume the basi theory of topologi al spa es whi h an be found in,
e.g., [49℄. We mainly use the following three types of topologi al spa es:

The spa es ! X . Let X be a nonempty set. The set ! X is the set of all !-

sequen es of elements in X and we topologize it via the produ t topology where
X is always regarded as the dis rete spa e. Hen e for ea h nite sequen e s of
elements in X , the set [s℄ = fx 2 ! X j x  sg (i.e., the set of all ! -sequen es of
elements in X extending s) is a basi open set in this topology and any open set
is a union of basi open sets of this form.
Our main interest is when X = 2 (i.e., f0; 1g) or ! . The spa e ! 2 is alled
the Cantor spa e and the spa e ! ! is alled the Baire spa e.
One of the spe ial properties of this type of topologi al spa es is that losed
sets have a tree representation: A subset A of ! X is losed if and only if there
is a tree T on X su h that A = [T ℄. Also, there is a one-to-one orresponden e
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between perfe t subsets of ! X and perfe t trees on X , where a subset A of ! X is
perfe t if it is losed and it has no isolated points: A subset A of ! X is perfe t if
and only if there is a perfe t tree T on X su h that A = [T ℄.
A subset A of the Baire spa e or the Cantor spa e has the perfe t set property
if either it is ountable or it ontains a perfe t set. It is easy to see that for any
perfe t set C , there is a bije tion between C and the Cantor spa e. Hen e sets A
with the perfe t set property satisfy Cantor's Continuum Hypothesis (CH), i.e.,
either A is ountable or there is a bije tion between A and the Cantor spa e. For
this reason, it is interesting to see what kind of sets have the perfe t set property.
We dis uss this in x 1.11.

The spa es St(P). Stone spa es are fundamental topologi al spa es not only

in mathemati al logi but also in general mathemati s. We give basi de nitions
and the basi properties of Stone spa es of partial orders in our ontext.
Let P and Q be partial orders. A map i : P ! Q is alled a dense embedding
if it satis es the following:

 i preserves the order, i.e., if p1  p2 in P, then i(p1 )  i(p2 ) in Q ,
 i preserves the in ompatibility, i.e., given two elements p1; p2 of P, if there
is no p in P with p  p1 and p  p2 , then there is no q in Q with q  i(p1 )
and q  i(p2 ), and
 the image of i is dense, i.e., for any q in Q there is a p in P su h that
i ( p)  q .
Dense embeddings are important in for ings in the sense that if there is a dense
embedding from P to Q , then for ing with P and for ing with Q are essentially
the same. (See x 1.9 about for ing.)
It is well known that if P is a partial order, then there is a omplete Boolean
algebra B and a dense embedding i from P to B . Moreover, the pair (B ; i) is
unique up to isomorphism in the sense that if there are two su h pairs (B 1 ; i1 )
and (B 2 ; i2 ), then there is an isomorphism i between B 1 and B 2 as omplete
Boolean algebras su h that i Æ i1 = i2 . We all su h a pair (B ; i) a ompletion of
P and write (BP; iP) for (B ; i).
Let P be a partial order. A nonempty subset u of P is a lter on P if it is
upward losed (i.e., if p 2 u and p  q , then q is also in u) and any two elements
of u have an extension in u (i.e., if p and q are in u, then there is an r in u su h
that r  p and r  q ). A lter u on P is an ultra lter if u 6= P and u is maximal
with respe t to in lusions (i.e., if v is a lter ontaining u, then v = u or v = P).
We now de ne Stone spa es of partial orders. Given a partial order P, the set
St(P) is the olle tion of all ultra lters on BP. For ea h b 2 BP, we de ne the set
Ob = fu 2 St(P) j u 3 bg and the Stone spa e of P (also denoted by St(P)) is the
topology on the set St(P) generated by the set fOb j b 2 BPg.
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For example, if P is the pair (<! !; ), i.e., the set of all nite sequen es
of natural numbers ordered by reverse in lusion, then the Stone spa e of P is
homeomorphi to the Cantor spa e ! 2.
There are two advantages for taking ultra lters on BP rather than on P itself
as a de nition of the Stone spa e of P: The rst one is that it has several ni e
properties as topologi al spa es (e.g., it is a ompa t Hausdor zero-dimensional
spa e). The se ond is that it does not depend on the representation of P, i.e., if
there is a dense embedding from P to Q , then St(P) and St(Q ) are homeomorphi .

The real line R . We use R to denote the set of all real numbers ex ept in

Chapter 2, where we use it for Mathias for ing (we use R for Mathias for ing
be ause it is losely related to the Ramsey property). As usual, the topology of
the real line is generated by open intervals (a; b) = fx 2 R j a < x < bg for
a; b 2 R .

1.5 Borel sets, proje tive sets, and de nability
in the se ond-order arithmeti s
Let X be a topologi al spa e. Starting from open sets (or losed sets), we form
the two hierar hies of sets of subsets of X . One is alled the Borel hierar hy and
the other is alled the proje tive hierar hy:

De nition 1.5.1. Let X be a topologi al spa e. The Borel hierar hy of X
0 ; 0 ; 0 j 1   < !1 is de ned as follows:
Case 1:  = 1.
By 01 , we mean the set of all open subsets of X and 01 denotes the set of
all losed subsets of X . The set of all lopen subsets of X is denoted by 01 .
Case 2:  > 1.
S
By 0 , we mean the set of all ountable unions ofSsets in < 0 , and 0
denotes the set of all ountable interse tions of sets in < 0 . The interse tion
of 0 and 0 is denoted by 0 .
Elements of 0 ;S0 and 0 are alled 0 sets, 0 sets and 0 sets respe tively. We set B = <!1 0 and elements of B are alled Borel sets.
It is immediate that 0 = 0 \ 0 for ea h 1   < !1 . By indu tion on  ,
it is easy to show that 0 = fX n A j A 2 0 g for ea h 1   < !1 . With the
help of AC! (R ), it is easy to show that !1 is a regular ardinal and hen e that
the set of all the Borel sets B is losed under omplements and ountable unions
and it ontains the empty set. Su h a family of subsets of X is alled a  -algebra
on X . Note that the set of all the Borel subsets of X is the smallest  -algebra
on X ontaining all the open sets.
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Theorem 1.5.2 (Lebesgue). Let X be the Cantor spa e, the Baire spa e, or the

real line. Then the following stri t in lusions hold for ea h 1   < !1 :

(

(

0
0+1

(

(

0

0

Proof. See, e.g., [45, Theorem 22.4℄.

De nition 1.5.3. Let X be a topologi al spa e. The proje tive hierar hy of X
1n; 1n; 1n j 1  n < ! is de ned as follows:
Case 1: n = 1.
By 11 , we mean the set of all subsets A of X su h that there is a losed subset

C of X  ! ! su h that A is the rst proje tion of C , i.e., A = dom(C ), where
X  ! ! is topologized as the produ t spa e of X and ! ! . The set of all subsets
A of X whose omplements are in 11 is denoted 11 . The interse tion between
11 and 11 is denoted 11 .
Case 2: n > 1.
By 1n, we mean the set of all subsets A of X su h that there is a subset C of
X  ! ! in 1n 1 su h that A is the rst proje tion of C . The set of all subsets A
of X whose omplements are in 1n is denoted 1n . The interse tion between 1n
and 1n is denoted 1n .
Elements of 1n ; 1n, and 1n are alled 1n sets, 1n sets and 1n sets respe tively. Sets in 1n for some n are alled proje tive sets.
Elements of 11 are also alled analyti sets, and o-analyti sets are the same
as 11 sets. It is immediate that 1n = 1n \ 1n for ea h n and that 1n = fX n A j
A 2 1n g for ea h n.

Theorem 1.5.4 (Suslin). Let X be the Cantor spa e, the Baire spa e, or the
real line. Then B = 11 .
Proof. See, e.g., [45, Theorem 14.11℄.

Theorem 1.5.5 (Lusin). Let X be the Cantor spa e, the Baire spa e, or the real
line. Then the following stri t in lusions hold for ea h 1  n < ! :

(

(

1n

(

(

1n

1n

1n+1
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In parti ular, every Borel set is a 11 set and there is a 11 set whi h is not a
Borel set.1
Proof. See, e.g., [45, Theorem 37.7℄.

De nable sets in the se ond-order arithmeti are related to 0n sets, 0n sets,
sets, and 1n sets in the Baire spa e. By the se ond-order stru ture, we
mean the two-sorted stru ture A2 = (!; ! !; app; +; ; =; 0; 1), where app is the
fun tion from ! !  ! to ! su h that app(x; n) = x(n) and +; ; = are summation,
multipli ation, and equality on the natural numbers. By 0n -formulas, we mean
the formulas in the language of the se ond-order stru ture of the form

1n

(90 x1 ) (80 x2 ) : : : (Qn xn ) ;
where 90 ; 80 are the existential quanti er and the universal quanti er for natural
numbers respe tively, Qn is 80 if n is even and 90 if n is odd, xi (1  i  n) are
variables for natural numbers, and  is a quanti er-free formula. By 0n -formulas,
we mean the formulas in the language of the se ond-order stru ture of the form
(80 x1 ) (90 x2 ) : : : (Qn xn ) ;
where Qn is 90 if n is even and 80 if n is odd, xi (1  i  n) are variables for
natural numbers, and  is a quanti er-free formula. By arithmeti al formulas, we
mean 0n -formulas or 0n -formulas for some natural number n. By 1n -formulas,
we mean the formulas in the language of the se ond-order stru ture of the form
(91 x1 ) (81 x2 ) : : : (Qn xn ) ;
where 91 ; 81 are the universal quanti er and the existential quanti er for elements
in the Baire spa e respe tively, Qn is 81 if n is even and 91 if n is odd, xi (1 
i  n) are variables for elements in the Baire spa e, and  is an arithmeti al
formula. By 1n -formulas, we mean the formulas in the language of the se ondorder stru ture of the form
(81 x1 ) (91 x2 ) : : : (Qn xn ) ;
where Qn is 91 if n is even and 81 if n is odd, xi (1  i  n) are variables for
elements in the Baire spa e, and  is an arithmeti al formula. Let n be a natural
number with n  1, A be a subset of the Baire spa e and a be an element of
the Baire spa e. We say A is a 0n (a) set if there is a 0n -formula  su h that
A = fx j A2  (x; a)g. One an de ne 0n (a) sets, 1n (a) sets, and 1n (a) sets in
the same way. We also use 0n (a); 0n (a); 1n (a), and 1n (a) to denote the set of
all 0n (a) sets, 0n (a) sets, 1n (a) sets, and 1n (a) sets respe tively.
1

The last statement is due to Suslin [82℄.
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Theorem 1.5.6. Let n be a natural number with n  1. Then
0n =
1n =

[

a2! !
[
a2! !

0n (a); 0n =
1n (a); 1n =

[

a2! !
[
a2! !

0n (a);
1n (a):

Proof. See, e.g., [66, 8B.5 & 8B.15℄.

1.6 Gale-Stewart games
In this se tion, we introdu e Gale-Stewart games, whi h are in nite games with
perfe t information.
In 1913, Ernst Zermelo [93℄ investigated nite games with perfe t information
as a formalization of the game of hess and proved the determina y of these games.
In 1953, Gale and Stewart [27℄ developed the general theory of in nite games,
so- alled Gale-Stewart games, whi h are two-player zero-sum in nite games with
perfe t information. The theory of Gale-Stewart games has been investigated
by many logi ians and now it is one of the main topi s in set theory and it has
onne tions with other topi s in set theory as well as model theory and omputer
s ien e.
Let us start with the de nition of Gale-Stewart games.

De nition 1.6.1 (Gale-Stewart games). Let X be a nonempty set and A be a

subset of ! X . The Gale-Stewart game GX (A) is played by two players, player I
and player II. They play elements of X ! -many times in turn, i.e., player I starts
with hoosing an element x0 of X , then player II responds with x1 2 X , then
player I moves with x2 2 X and player II hooses x3 and so on. After ! moves,
they have produ ed an ! -sequen e x = hxn j n 2 ! i 2 ! X . Player I wins if x is
in A and player II wins if x is not in A.
This game is an in nite zero-sum game with perfe t information be ause one
of the players always wins and when one player wins, the other loses, and be ause
both players know what they have previously played and they an de ide the next
move onsidering their previous moves.
We are interested in whether one of the players has a winning strategy in
the game GX (A), i.e., whether one of the players has a way to play this game
su h that no matter her opponent moves, she will always win this game. Let us
formulate the notion of winning strategies.

De nition 1.6.2. A strategy for player I is a fun tion  : X Even ! X , where

X Even is the set of nite sequen es of elements in X with even length. A strategy
for player II is a fun tion  : X Odd ! X , where X Odd is the set of nite sequen es
of elements in X with odd length. Given a strategy  for player I and a strategy
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 for player II, one an produ e the run    of the game GX (A) a ording to
 and  by letting player I follow  and player II follow  , more pre isely, the
run    of the game GX (A) is a unique ! -sequen e of elements in X with the
following property: For any natural number n,


(   )(n) = ; (   )n ;
where for a nite sequen e s of elements in X , ; (s) =  (s) if the length of s
is even and ; (s) =  (s) if the length of s is odd. A strategy  for player I is
winning in the game GX (A) if for any strategy  for player II,    is in A. A
strategy  for player II is winning in the game GX (A) if for any strategy  for
player I,    is not in A. A subset A of ! X is determined if one of the players
has a winning strategy in the game GX (A).
Hen e we are interested in what kind of sets A are determined. Let us list
some results on erning this question. Re all from x 1.4 that the topology of ! X
is given by the produ t topology where ea h oordinate (i.e., X ) is seen as the
dis rete spa e.

Theorem 1.6.3 (Gale and Stewart). (AC) Let X be a nonempty set.
1. Any losed subset of ! X and any open subset of ! X are determined. If X
is well-ordered, one does not need AC.
2. There is a subset of ! ! whi h is not determined.
Proof. See, e.g., [37, Lemma 33.1, Lemma 33.17℄.

Theorem 1.6.4 (Martin). (AC) Let X be a nonempty set. Then every Borel
subset of ! X is determined.

Proof. See, e.g., [45, Theorem 20.5℄.

Theorem 1.6.5 (Davis; Godel and Addison). ZFC annot prove that every 11
subset of the Baire spa e is determined.

Proof. The statement follows from the ombination of the following two results:
The rst is that if every 11 subset of the Baire spa e is determined, then every
11 subset of the Baire spa e has the perfe t set property and the se ond one is
that ZFC annot prove that every 11 subset of the Baire spa e has the perfe t set
property. The rst result is due to Davis [23℄ and the se ond result was announ ed
by Godel [28℄ and the details of the proof given by Addison [1℄. For the proofs,
see, e.g., [66, p. 224 & 225℄ and [37, Corollary 25.37℄.

Gale-Stewart games are general enough that they an be used to simulate
several kinds of in nite games in mathemati s (e.g., Bana h-Mazur games; for
the de nition of Bana h-Mazur games, see x 1.8). In parti ular, the determina y
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of Gale-Stewart games implies that of several other kinds of games. From this,
one an prove several properties of sets of reals assuming the determina y of
Gale-Stewart games su h as Lebesgue measurability, the Baire property (for the
de nition, see x 1.8), and the perfe t set property (for the de nition, see x 1.4).
My ielski and Steinhaus [68℄ introdu ed the Axiom of Determina y (AD),
whi h states that every subset of the Baire spa e is determined, and investigated
the onsequen es of this axiom. They proved that AD implies that every set of
reals is Lebesgue measurable and that every subset of the Baire spa e has the
Baire property and the perfe t set property where ea h of these statements ontradi ts the Axiom of Choi e. Beside su h properties for sets of reals, AD supplies
a beautiful stru tural theory. Moreover, models of AD have been investigated for
a long time and they are essential for the resear h on inner models with large
ardinals (for inner models, see x 1.11). In this way, the study of AD has been
one of the entral topi s in set theory despite the fa t that AD ontradi ts AC.
One an de ne ADX for a nonempty set X as follows: Every subset of ! X is
determined. Let us list some known observations on ADX :

Proposition 1.6.6.
1. Let X; Y be nonempty sets and assume that there is an inje tion from X
to Y . Then ADY implies ADX . In parti ular, ADR implies AD! = AD.
2. The axioms AD!1 and ADP (R) are in onsistent.
Proof. The rst statement is a folklore and it is easy. For the se ond statement,
the in onsisten y of AD!1 is due to My ielski [67℄ and that of ADP (R) follows
from the in onsisten y of AD!1 , the fa t that there is an inje tion from !1 into
P (R ), and the rst item of this proposition. (One an send a ountable ordinal
to the set of all reals x su h that (!; x) is isomorphi to ( ; 2) and this is an
inje tion from !1 into P (R ).)

We investigate AD and ADR further in Chapter 3.

1.7 Point lasses, parametrization, and Re ursion Theorem
As with Borel sets, one often looks at the properties of a lass of sets of reals rather
those of a set of reals. Su h lasses are alled point lasses. In this se tion, we
introdu e basi properties for point lasses. When we are talking about \reals",
we mean elements of the Cantor spa e ! 2 and we use R to denote the Cantor
spa e.
A point lass is the union of sets of subsets of ! m  R n for natural numbers
m  0; n  1. If is a point lass, is alled a boldfa e point lass if it is losed
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under ontinuous preimages, i.e., for natural numbers m1 ; m2  0 and n1 ; n2  1,
a ontinuous fun tion f : ! m1 R n1 ! ! m2 R n2 , and a subset A 2 of ! m2 R n2 ,
f 1 (A) is also in . Closure under re ursive preimages is similarly de ned with
re ursive fun tions.
A point lass is ! -parametrized if for all natural numbers m  0 and n  1
there is a subset Gm;n of ! m+1 R n in su h that for any subset A of ! m R n in
m;n
, there is a natural number e su h that A = Gm;n
e = f(x; y ) j (e; x; y ) 2 G g.
The following lemma is useful: Let be a point lass and x be a real. Then the
point lass (x) is the set of all sets A su h that there
S is a set C 2 su h that
A = Cx where Cx = fy 2 R j (y; x) 2 C g. Set = x2R (x).

Lemma 1.7.1. Suppose is an !-parametrized point lass whi h is losed under

re ursive preimages. Then for ea h natural number n  1, there is a set Gn 
R  R n in su h that the following hold:
1. For ea h n  1, Gn is universal for subsets of R n in , i.e., for any subset
A 2 , there is a real x su h that A = Gnx ,
2. For A  R n in , there is a re ursive real x su h that A = Gnx , and
3. For all natural numbers n; m  1, there is a re ursive fun tion S n;m : R 
n
R ! R su h that for any real a, x 2 R n , and y 2 R m , Gm+n(a; x; y) ()
Gm (S n;m (a; x); y ).
Proof. See [66, 3H.1℄.

We x some notions for proje tions. For natural numbers m  0 and n  1
and a subset A of !  ! m R n , let 9! A = f(x; y ) 2 ! m R n j (9e 2 ! ) (e; x; y ) 2
Ag and 8! A = f(x; y ) 2 ! m  R n j (8e 2 ! ) (e; x; y ) 2 Ag. The sets 9R A and
8R A are de ned in the similar way. A point lass is losed under 9! if for any
A in , 9! A is in . Closure under 8! ; 9R , and 8R is de ned in the similar way.

De nition 1.7.2. A point lass is a Spe tor point lass if it satis es the following:
1. It ontains all the 01 sets and it is losed under re ursive substitutions,
nite interse tions and unions, 9! , and 8! ,
2. It is ! -parametrized,
3. It has the substitution property, and
4. It has the prewellordering property.

For the de nition the substitution property and the basi theory of -re ursive
fun tions, see [66, 3D & 3G℄. For the de nition of prewellordering property, see
[66, 4B℄. Typi al examples of Spe tor point lasses are 11 and 12 . Assuming the
determina y of all the proje tive sets, one an prove that 12n+1 and 12n+2 are
also Spe tor point lasses for ea h natural number n.
We use the following general form of Kleene's Re ursion Theorem for Spe tor
point lasses in Chapter 3:
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Theorem 1.7.3 (Re ursion Theorem). (Kleene) Let

be a Spe tor point lass
and suppose f : RR ! R is -re ursive on its domain. Then there exists a xed
real a su h that for all reals x, if f (a ; x) is de ned, then f (a ; x) = fa g(x),
where fa g is the -re ursive fun tion on its domain oded by a .
Proof. See [66, 7A.2℄.

1.8 The Baire property and Bana h-Mazur games
In this se tion, we introdu e the Baire property and Bana h-Mazur games and
dis uss the onne tion between them. In the S ottish Cafe \Kawiarnia Szzko ka"
in Lwow, Polish mathemati ians in the Lwow S hool of Mathemati s would often
meet and spend their afternoons dis ussing mathemati al problems in 1920s and
1930s. Their dis ussions produ ed the famous book so- alled \the S ottish book
of problems". In this book (see [63℄), Mazur des ribed in nite games nowadays
alled Bana h-Mazur games and onje tured their onne tion to the Baire property. The onje ture was on rmed by Bana h in 1935 and the statement was
generalized to arbitrary topologi al spa e by Oxtoby [69℄ in 1957.
We start with the de nition of the Baire property:

De nition 1.8.1. Let X be a topologi al spa e and A be a subset of X .

1. We say A is nowhere dense if the interior of the losure of A is empty.
2. We say A is meager if it is a ountable union of nowhere dense sets.
3. We say A is omeager if the omplement of A is meager.
4. We say A has the Baire property if there is an open subset U of X su h
that the symmetri di eren e between A and U (i.e., (A n U ) [ (U n A) , denoted
by A4U ) is meager.

Nowhere dense sets and meager sets are small in the sense of topology, e.g.,
on the Baire spa e, the Cantor spa e and the real line, any singleton is nowhere
dense and any ountable set is meager. Sets with the Baire property an be
approximated by open sets modulo su h small sets. But if some nonempty open
set was meager, this property would not make sense. To avoid that problem, we
introdu e a property for topologi al spa es: A topologi al spa e X is alled a
Baire spa e if any nonempty open subset of X is not meager.2 All the topologi al
spa es that appear in this thesis will be Baire spa es.
If X is a topologi al spa e, many subsets of X have the Baire property in
X : Trivially every open set has the Baire property, also every losed set has the
Baire property (if we take U to be the interior of the given losed set A, then
symmetri di eren e between A and U is A n U and it is nowhere dense by the

Note that being a Baire spa e is di erent from being the Baire spa e ! !. Being a Baire
spa e is a property for topologi al spa es while the Baire spa e is one parti ular topologi al
spa e.
2
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de nition of interior, hen e meager). From this, we an on lude that the set of
subsets of X with the Baire property is losed under omplements. Moreover,
sin e the set of meager sets is losed under ountable unions, the set of subsets
with Baire property is also losed under ountable unions and hen e every Borel
subset of X has the Baire property.
It is natural to ask whether the onverse is true for the Baire spa e, i.e., if a
subset of the Baire spa e has the Baire property, then is it Borel? The answer is
`No'. In 1923, Lusin and Sierpinski [57℄ proved that every 11 set of reals has the
Baire property and there is a 11 set of reals whi h is not Borel by Theorem 1.5.5.
So one ould ask, \How far an we go?" A tually, in the onstru tible universe
L, there is a 12 set of reals without the Baire property.3 On the other hand,
starting with a model of ZFC, one an onstru t a model of ZFC extending the
given model su h that every 12 set has the Baire property. Hen e the statement
that every 12 set of reals has the Baire property is independent from ZFC. Then
one ould naturally ask the following: When is it true and when is it not? We
dis uss this question in Chapter 2. Next, we introdu e Bana h-Mazur games,
whi h hara terize meagerness of topologi al spa es:

De nition 1.8.2 (Bana h-Mazur games). Let X be a topologi al spa e and A be

a subset of X . The Bana h-Mazur game of A, denoted by G (A) (or G (A; X )),
is de ned as follows: Players I and II hoose alternatively nonempty open sets Vn
(n 2 ! ) with V0  V1  V2  V3  : : : in ! moves,
I V0
II

V2
V1

Player II wins this run of the game if

:::
V3 : : :

T
n2! Vn

\ A = ;.

The notions of strategies and winning strategies are de ned in the same way
as for Gale-Stewart games in x 1.6.

Theorem 1.8.3 (Bana h and Mazur, Oxtoby). Let X be a topologi al spa e
and A be a subset of X . Then A is meager if and only if player II has a winning
strategy in the game G (A).
Proof. See, e.g., [45, Theorem 8.33℄.

One an hara terize when a subset A of X has the Baire property in X in
terms of Bana h-Mazur games: Let UA be the union of all open sets U in X su h
that U n A is meager in X . Then A has the Baire property if and only if the

Although Godel [28℄ announ ed the similar result for Lebesgue measurability in 1938 and
seemed to know about this result at that time, it seems to have been rst made expli it in [67,
p. 216℄ ( f. [44, p. 169℄).
3
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set A n UA is meager, hen e if and only if player II has a winning strategy in the
Bana h-Mazur game G (A n UA ).
It is natural to ask whether one ould hara terize when player I has a winning
strategy in Bana h-Mazur games in terms of topology. The answer is: If X is a
ompletely metrizable topologi al spa e, then player I has a winning strategy in
G (A) if and only if there is a nonempty open subset U of X su h that U n A is
meager in U , where U is equipped with the relative topology of X in this ase.
(But this hara terization is not true if X is a general topologi al spa e. For
the proof, see, e.g., [45, Theorem 8.33℄.) It follows from this result that player I
annot have a winning strategy in the Bana h-Mazur game G (A n UA ). Hen e
we an on lude that a subset A of X has the Baire property if and only if the
Bana h-Mazur game G (A n UA ) is determined, i.e., either player I or II has a
winning strategy in this game. Now we have redu ed the problem of the Baire
property of a given set to the problem of determina y of Bana h-Mazur games.
This is how the Polish s hool of mathemati s found out the following: Assume
every Bana h-Mazur game in the Baire spa e is determined, then every set of
reals has the Baire property.
We also use a variant of Bana h-Mazur games so- alled the unfolded Bana hMazur games:

De nition 1.8.4 (The unfolded Bana h-Mazur games). Let X be a topologi al

spa e and F be a subset of X  ! ! . De ne the unfolded Bana h-Mazur game

G
u (F ) (or Gu (F; X )) as follows:
I V0 ; y0
II

V 2 ; y1
V1

:::
V3 : : :

Players I and II hoose V0 ; V1 ; : : : as in the Bana h-Mazur game, but additionally
I plays aTnatural number
 yn in her nth move. Let y = hyn j n 2 ! i. Player II
wins if n2! Vn  fy g \ F = ;.
We have the same kind of hara terization theorem as Bana h-Mazur games:

Theorem 1.8.5 (Folklore). Let X be a topologi al spa e and F be a subset of

X  ! ! . Let A = 9R F .
1. If A is meager in X , then player II has a winning strategy in the game

Gu (F ).
2. Suppose that F is of the form (f  id) 1 (C ), where f : X ! ! ! is a
ontinuous fun tion, f  id: X  ! ! ! ! !  ! ! is de ned by (f  id) (x; y ) =
(f (x); y ), and C is a subset of ! !  ! ! . Then if player II has a winning strategy
in the game G
u (F ), then A is meager in X .
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Proof. We show the rst item. By Theorem 1.8.3, if A is meager, then player
II has a winning strategy  in the game G (A; X ). But  an be viewed as a
winning strategy for player II in the game G
u (F ) by ignoring I's moves of yn s.
Next we show the se ond item. The point is that given a winning strategy 
for player II in the game G
u (F ), she an modify  so that in her nth move, she
an de ide the nth digit of f (x) by the ontinuity of f . The rest of the argument
is the same as in [45, Theorem 21.5℄.

Using Theorem 1.8.5, one an hara terize when player I has a winning strategy in the game G
u (F ) as well: Player I has a winning strategy in the game

Gu (F ) if and only if there is a nonempty open set U in X su h that U n A is
meager in U . As before, it follows from this fa t that a subset A of X has the
0
0
Baire property if and only if the game G
u (F ) is determined, where F is a subset
!
R 0
of X  ! with 9 F = A n UA and UA is the same as in the paragraphs after
Theorem 1.8.3.
The advantage of the unfolded Bana h-Mazur games over Bana h-Mazur games
is that one an redu e the omplexity of the payo sets (from A to F in the above
de nition). If A is a 11 set in the Baire spa e, then A n UA is also 11 , hen e there
is a losed subset F of ! !  ! ! su h that 9R F = A n UA . Sin e there is no differen e between playing basi open sets and playing open sets for Bana h-Mazur
games and the unfolded ones and basi open sets in the Baire spa e are easily
oded by natural numbers, one an simulate the unfolded Bana h-Mazur games
by Gale-Stewart games in a simple way. By the rst item of Theorem 1.6.3, all
the losed Bana h-Mazur games and the unfolded ones are determined. Hen e
we an on lude that every 11 set of reals has the Baire property.4

1.9 For ing
While Zermelo-Fraenkel set theory with the axiom of hoi e (ZFC), whi h is a
set-theoreti axiomatization for the foundation of mathemati s, is a very good
basis for most of mathemati al pra ti e, some mathemati al questions remain
undetermined by ZFC and one su h typi al question is whether the Continuum
Hypothesis (CH) is true or not. In 1963, Cohen introdu ed for ing to prove
that CH does not follow from ZFC and sin e then, for ing has been one of the
most important basi tools in set theory. Starting from a model of ZFC ( alled
the \ground model"), Cohen produ ed an extension of the given model ( alled
a \generi extension") whi h is a model of ZFC and the negation of CH. This
te hnique is so general that one an de ne a generi extension for ea h partial
order in the given ground model, and one an hange the truth-value of many
mathemati al statements between ground models and their generi extensions
whi h yield the onsisten y and the independen e of those statements from ZFC.
4

This is not the original proof of Lusin. It is due to Solovay ( f. [44, Exer ise 27.14℄).
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In Chapter 2 and Chapter 3, we assume the basi theory of for ing whi h an
be found in, e.g., [52, x 7, 8℄. Let us x the notation on erning for ing and list
the partial orders we will use in this thesis.
The Universe is the lass of all sets and it is denoted by V . Let M be a model
of ZF, P be a partial order belonging to M , and G be a P-generi lter over M .
By M [G℄, we mean the generi extension of M via G. For a P-name  in M ,  G
denotes the interpretation of  via G. For a set x, x denotes the standard P-name
for x, i.e., xG = x for any lter G.
The following is the list of partial orders we will use:

Cohen for ing. The partial order is (<! !; ) denoted by C where  is reverse

in lusion on nite sequen es of naturalSnumbers. Given a model M of ZF and
a C -generi lter G over M , set xG = fp 2 C j p 2 Gg. By the generi ity of
G, xG is a fun tion from ! to itself (i.e., an element of the Baire spa e). Su h
obje ts are alled Cohen reals over M . Also one an re onstru t G from xG and
C as follows: G = fp 2 C j p  xG g. Hen e there is a anoni al one-to-one
orresponden e between C -generi lters over M and Cohen reals over M . We
often identify these two obje ts.

Random for ing Elements of the partial order are Borel sets in the Baire

spa e (or in the real line) with positive Lebesgue measure ordered by in lusion
and it is denoted byTB . Given a model M of ZF+AC! (R ) and a B -generi lter
G over M , the set fB M [G℄ j B 2 Gg is a singleton fxG g, where B M [G℄ is the
interpretation of B in M [G℄ via Borel odes for B in M .5 Su h reals xG are alled
random reals over M . As with Cohen reals, one an re over G from xG and M
as follows: G = fB 2 B j xG 2 B M [G℄g. Hen e there is a anoni al one-to-one
orresponden e between B -generi lters over M and random reals over M . We
often identify these two obje ts.

He hler for ing. Elements of the partial order are pairs (n; f ) where n is a
natural number and f is a fun tion from ! to itself and it is denoted by D . Given
(n; f ) and (m; g ) in D , (n; f )  (m; g ) if n  m, f m = g m and f (k)  g (k)
for anyS k  m. Given a model M of ZF and a D -generi lter G over M ,
xG = ff n j (n; f ) 2 Gg is a fun tion from ! to itself by the generi ity of G.
Su h reals xG are alled He hler reals over M . One an re over G from xG and
M as follows: G = f(n; f ) 2 D j xG  f n and (8k  n) f (k)  xG (k)g. Hen e
there is a anoni al one-to-one orresponden e between D -generi lters over M
and He hler reals over M . We often identify these two obje ts.
5

For the de nition and the basi properties of Borel odes, see x 1.13.
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Mathias for ing. Elements of the partial order are pairs (s; A) where s is a

nite set of natural numbers and A is an in nite set of natural numbers su h that
max(s) < min(A) and the for ing is denoted R .6 Given (s; A) and (t; B ) in R ,
(s; A)  (t; B ) if s \ (n + 1) = t, A  B and s n t  B , where
n = max t. Given
S
a model M of ZF and a R -generi lter over M , xG = fs j (9A) (s; A) 2 Gg
is an in nite set of natural numbers by the generi ity of G. Su h reals are alled
Mathias reals over M . One an re onstru t G from xG and M as follows: G =
f(s; A) 2 R j s  xG and xG  s [ Ag. Hen e there is a anoni al one-to-one
orresponden e between R -generi lters over M and Mathias reals over M . We
often identify these two obje ts.

Sa ks for ing. Elements of the partial order are perfe t trees on 2 ordered by

in lusion and it isSdenoted by S. Given a model M of ZF and an S-generi lter
G over M , xG = fstem(T ) j S 2 Gg is a fun tion from ! to 2 by the generi ity
of G. Su h reals are alled Sa ks reals over M . One an re over G from xG and
M as follows: G = fS 2 S j xG 2 [S ℄g. Hen e there is a anoni al one-to-one
onne tion between S-generi lters over M and Sa ks reals over M . We often
identify these two obje ts.

Silver for ing. Elements of the partial order are uniform perfe t trees on 2

ordered by in lusion and it is denoted by V, where a perfe t tree T on 2 is
uniform if for any s and t in T with the same length and i = 0; 1, s_hii 2 T if
and only if t_ hii 2 T . Given a model M of ZF and a V-generi lter G over M ,
one an de ne xG in the same way as Sa ks reals and su h reals are alled Silver
reals over M . There is a anoni al one-to-one orresponden e between V-generi
lters over M and Silver reals over M as in Sa ks for ing. We often identify these
two obje ts.

Miller for ing. Elements of the partial order are superperfe t trees on ! ordered by in lusion and it is denoted by M , where a tree T on ! is superperfe t if for
any node t of T , there is an extension u of t in T su h that fn 2 ! j u_hni 2 T g is
in nite. Given a model M of ZF and a M -generi lter G over M , one an de ne
xG in the same way as Sa ks reals and su h reals are alled Miller reals over M .
There is a anoni al one-to-one orresponden e between M -generi lters over M
and Miller reals over M as in Sa ks for ing. We often identify these two obje ts.
Laver for ing. Elements of the partial order are trees T on ! su h that for
ea h node t  stem(T ) of T , the set fn 2 ! j t_ hni 2 T g is in nite and they
are ordered by in lusion. The partial order is denoted by L . Given a model M
of ZF and a L -generi lter G over M , one an de ne xG in the same way as

We use this notation only in Chapter 2 where we do not use R either for the real line, the
Baire spa e or the Cantor spa e. Hen e there will be no onfusion for this notation.
6
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Sa ks reals and su h reals are alled Laver reals over M . There is a anoni al
one-to-one orresponden e between L -generi lters over M and Laver reals over
M as in Sa ks for ing. We often identify these two obje ts.

Eventually di erent for ing. Elements of the partial order are pairs (s; F )

where s is a nite sequen e of natural numbers and F is a nite set of fun tions
from ! to itself and it is denoted by E . Given (s; F ) and
(t; F 0 ) in E , (s; F ) 

(t; F 0 ) if s  t, F 0  F and (8f 2 F 0 ) 8n 2 dom(s n t)S s(n) 6= f (n). Given a
model M of ZF and a E -generi lter G over M , xG = fs j (9F ) (s; F ) 2 Gg
is a fun tion from ! to itself by the generi ity of G. Su h reals are alled E generi reals over M and one an re onstru t G from xG and M as follows:
G = f(s; F ) 2 E j s  xG and (8f 2 F ) 8n  dom(s) xG (n) 6= f (n)g. Hen e
there is a anoni al one-to-one orresponden e between E -generi lters over M
and E -generi reals over M . We often identify these two obje ts.
Next, we introdu e useful lasses of for ings that we use in Chapter 2. Let
P be a partial order. For p and q in P, p and q are ompatible (denoted by pjjq)
if there is an r in P su h that r  p and r  q . They are alled in ompatible
(denoted by p?q ) if they are not ompatible. A subset A of P is an anti hain if
any two di erent elements of A are in ompatible. A subset D of P is dense if for
any p in P there is a d in D su h that d  p. Let D be a subset of P and p be an
element of P. The set D is predense below p if for any q  p in P there is a d in
D su h that q and d are ompatible.
For a regular ardinal , H denotes the set of all sets a su h that jTC(a)j < ,
where TC(a) denotes the transitive losure of a, i.e., the smallest set b ontaining
a and whi h is transitive, i.e., (8x 2 b) x  b.

The ountable hain ondition (

). A partial order P has the ountable

hain ondition (or P is ) if every anti hain of P is ountable. Sin e the
invention of for ing,
for ings have been fundamental partial orders and they
enjoy many ni e properties, e.g., they preserve ardinalities, i.e., given a
partial order P and a P-generi lter G over V , for any ordinal , is a ardinal
in V if and only if it is a ardinal in V [G℄. In parti ular, !1V = !1V [G℄ . Typi al
examples of
for ings are Cohen for ing, random for ing, He hler for ing, and
eventually di erent for ing. Mathias for ing, Sa ks for ing, Silver for ing, Miller
for ing, and Laver for ing are not .

Proper for ings. A partial order P is proper if for any suÆ iently large regular

ardinal  (e.g.,   2jPj) and any ountable elementary substru ture X of H
with P 2 X , and any p in P\ X , there is a q  p in P su h that q is (X; P)-generi ,
i.e., for any dense set D of P in X , D \ X is predense below q . Proper for ings
were introdu ed by Shelah and they are also fundamental in modern set theory.
They are a generalization of
for ings (i.e., every
for ing is proper) and
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they enjoy several properties
for ings satisfy, e.g., for a proper for ing P, a
P-generi lter G over V , and any ountable set of ordinals A in V [G℄, there is
a ountable set of ordinals B in V su h that A  B . In parti ular, !1V = !1V [G℄ .
All the examples of for ings listed above are proper.

1.10 Large ardinals
Large ardinals are ardinals with ertain trans enden e properties over ardinals
smaller than them. Many su h properties are the analogies of the ones ! has over
nite numbers. For the basi s and ba kground for large ardinals, we refer the
reader to [44℄. Let us list the large ardinals (or the large ardinal properties) we
will use in this thesis:

Ina essible ardinals. Ina essible ardinals are the least and the oldest large

ardinals. An un ountable ardinal  is ina essible if it is regular, i.e., for any
ordinal <  and any fun tion f : ! , f is bounded, i.e., there is a < 
su h that ran(f )  , and it is strong limit, i.e., for any < , 2 < . If  is
ina essible, then V is a model of ZFC. Hen e the existen e of an ina essible
ardinal implies the onsisten y of ZFC and by Godel's In ompleteness Theorem,
the onsisten y of ZFC+\There is an ina essible ardinal" is stri tly stronger
than that of ZFC.

Sharps. Let X be a set. By X #, we mean the omplete theory of L(X ) in the

language (2; f n gn2! ; fda ga2TC(X ) ) with some spe ial properties, where n is the
onstant for the n-th indis ernible for L(X ) and da is the onstant for a 2 TC(X ).
For the details, see, e.g., [22℄. The existen e of X # is equivalent to the existen e of
a losed unbounded proper lass of indis ernibles for L(X ) with some properties.
Also it is equivalent to the existen e of an elementary embedding j from L(X ) to
itself whose riti al point is above the rank of X . (Here the riti al point of j is
the least ordinal  su h that j () > .) We say every real has a sharp if for any
real x, x# exists. We say every set has a sharp if for any set X , X # exists.

Measurable ardinals. Measurable ardinals are one of the most fundamental

large ardinals. An un ountable ardinal  is a measurable ardinal if there is an
elementary embedding from V to a transitive proper lass whose riti al point is
. There is a rst-order hara terization of measurable ardinals: An un ountable
ardinal  is measurable if and only if there is a non-trivial - omplete ultra lter
on ; here a lter is non-trivial if it is not prin ipal and it is - omplete if it
is losed under interse tions with < many sets. It is easy to see that if  is a
measurable ardinal, then for any set X 2 V , X # exists.
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Strong ardinals. Most large ardinals stronger than measurable ardinals

assert the existen e of elementary embeddings from V to a transitive lass M
with ertain properties. The more M is lose to V , the stronger the large ardinal
property is. Strong ardinals are one of the natural strengthening of measurable
ardinals in this sense. Let be an ordinal. An un ountable ardinal  is -strong
if there is an elementary embedding j from V to M su h that M is transitive,
the riti al point of j is , and V  M . An un ountable ardinal  is strong
if it is -strong for any ordinal . It is immediate that any -strong ardinal is
measurable. If  is ( + 2)-strong, then there are unboundedly many measurable
ardinals below .

Woodin ardinals. Woodin ardinals were introdu ed when Shelah and Woodin

tried to de ide the optimal upper bound for the onsisten y strength of the saturation of the nonstationary ideal on !1 and they are tightly onne ted to the
determina y of proje tive sets in Gale-Stewart games. Let < Æ be ordinals and
A be a subset of VÆ . An un ountable ardinal  < Æ is -A-strong if there is
an elementary embedding j from V to a transitive lass M su h that  is the
riti al point of j , V  M , and A \ V = j (A) \ V . An un ountable ardinal
 is <Æ -A-strong if it is -A-strong for every < Æ . An ina essible ardinal Æ
is Woodin if it is a limit of <Æ -A-strong ardinals for any subset A of VÆ . If Æ is
Woodin, then VÆ satis es \There is a proper lass of strong ardinals".

1.11 Inner models and inner model theory
Inner models are transitive proper lass models of ZF. The study of inner model
theory is about anoni al inner models with large ardinals. The Godel's Constru tible Universe L is the most basi anoni al inner model. It always exists
in ZF and it is the least inner model of ZFC. Godel introdu ed L to prove the
onsisten y of AC, CH, and moreover the Generalized Continuum Hypothesis
(GCH) with ZF. Beside this fa t, L has many interesting properties, e.g., in L,
there is a 12 set of reals without the Baire property and whi h is not Lebesgue
measurable, and there is a 11 set of reals without the perfe t set property. As
at the end of x 1.8, every 11 set of reals has the Baire property. Also every 11
set of reals is Lebesgue measurable and has the perfe t set property. Hen e the
above fa ts about L show that 11 sets of reals are the limit for proving the above
regularity properties in ZFC.
One an relativize the onstru tion of L to any set in the following two ways:
For a set A, L[A℄ denotes the least inner model su h that A \ L[A℄ 2 L[A℄ and
L(A) denotes the least inner model ontaining A as an element. The model L[A℄ is
always a model of ZFC and A might not belong to L[A℄ in general (e.g., L[R ℄ = L
and R does not belong to L in general) while L(A) might not be a model of AC
(e.g., if there are ! -many Woodin ardinals and a measurable ardinal above all
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of them, then AC fails in L(R )). For a set of ordinals A, L[A℄ = L(A).
Let us list the basi properties of L we use later:

Lemma 1.11.1 (Godel).
1. The relation f(x; a) 2 ! !  ! ! j x 2 L[a℄g is a 12 set of reals.
2. For any real a, L[a℄  \There is a 12 (a) wellordering of the reals".
Proof. See, e.g., [66, Theorem 8F.7, 8F.23, 8F.24℄.
Core models are anoni al inner models with the following spe ial properties:
rst they are ne stru tural ( onstru ted with Jensen's J Hierar hy), se ond,
they are for ing invariant (they are absolute between ground models and their
for ing extensions), and lastly they are lose to V , e.g., they have overing properties or weak overing. If 0# does not exist, L is the basi ore model. Unlike
many anoni al inner models, one needs to assume some anti-large ardinal hypothesis to prove the existen e of ore models. The following is a general result
for the existen e of the ore model:

Theorem 1.11.2 (Dodd and Jensen [24℄; Koepke [50℄; Jensen [38℄; Mit hell [64℄;
Jensen [39℄; Steel [79℄; Jensen and Steel [41, 40℄). Suppose every real has a sharp.

If there is no inner model of ZFC with a Woodin ardinal, then the ore model K
exists. More generally, if 12 -determina y fails, then there is a real a0 su h that
for any a T a0 , the a-relativized version of the ore model Ka exists, where T
is the Turing order.7 Moreover, the ore models have the following properties:
1. the relation f(x; a) 2 ! !  ! ! j x 2 Ka g is a 13 set of reals, and
2. for any real a, Ka  \There is a 13 (a) wellordering of the reals".
Proof. When there is a real a su h that ay does not exist, see [24℄. In the other
ase, see [79℄. Note that in [79℄, Steel assumed the existen e of a measurable
ardinal to onstru t K. But Jensen and Steel [41, 40℄ omitted this assumption.

To build ore models, one needs to study fragments of ore models or more
general obje ts, whi h are alled mi e. Standard examples of mi e are L and the
ore model K. For a set a, there are a-relativized version of mi e alled a-mi e.
Basi examples are L[a℄ and Ka . The following two theorems are essential to
study mi e:

Theorem 1.11.3 (Comparison Lemma). Let M; N be mi e and  = maxfjM j+; jN j+g.
After < steps of oiterations, one of them is an initial segment of the other.

Note that 12-determina y (lightfa e) is equivalent to the existen e of an inner model of
ZFC with a Woodin ardinal. This is why we said \More generally,".
7
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Proof. See, e.g., [92, Lemma 9.1.8℄.

Theorem 1.11.4 (Dodd-Jensen Lemma). Let M be a mouse and i : M ! M 0

be an iteration map a ording to the unique iteration strategy of M . Suppose
there is a  preserving map  : M ! M 0 . Then
1. there is no drop in the iteration tree for i, and
2. for any ordinal  in M , i( )   ( ).
In parti ular, any two iteration maps without drops from a mouse to a mouse are
the same.
Proof. See, e.g., [92, Lemma 9.2.10℄.

1.12 Absoluteness
We speak of absoluteness if a senten e or a lass of senten es does not hange
truth values of mathemati al statements between models of set theory and it is
one of the basi and entral notions in set theory. Given models of set theory
M and N with M  N and a formula ,  is absolute between M and N if
for any nite sequen e of elements ~x in M , M  (~x) if and only if N  (~x).
For example, the formula \x is ! " is absolute between any two transitive models
of ZF. The rst nontrivial and important absolute notion is wellfoundedness. A
relation R on a set A is wellfounded if for any nonempty subset B of A, there is
an R-minimal element of B , i.e., there is a b 2 B su h that for any element a of
B , (a; b) 2= R.

Lemma 1.12.1. The formula \R is a wellfounded relation on A" is absolute

between any two transitive models of ZF.

Proof. See, e.g., [37, Lemma 13.11℄ and the two paragraphs pre eding it.

Given a 11 formula , one an re ursively ompute a tree T on !  ! su h that
fx j A2  (x)g = fx j [Tx℄ = ;g, where Tx = ft 2 <! ! j xdom(t); t 2 T g in
ZF+AC! (R ). But [Tx ℄ = ; if and only if (Tx ; ) is wellfounded. Hen e A2  (x)
if and only if (Tx ; ) is wellfounded. Hen e the problem of membership for a 11
set is redu ed to the one for the wellfoundedness of ertain trees. Combining with
Lemma 1.12.1,

Theorem 1.12.2 (Mostowski). Every 11 formula is absolute between transitive models of ZF+AC! (R ). Hen e every 11 formula is also absolute between
transitive models of ZF+AC! (R ).
Proof. See, e.g., [37, Theorem 25.4℄.
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In general, a 12 formula is not absolute between transitive models of ZF.
Shoen eld proved that any 12 formula is absolute between inner models of ZF+
AC! (R ):

Theorem 1.12.3 (Shoen eld). For any 12 formula  and real a, there is a tree T

on ! !1 in L[a℄ su h that for any real x, A2  (x; a) if and only Tx is wellfounded.
This tree is alled a Shoen eld tree and one an onstru t a Shoen eld tree in
any inner model of ZF+AC! (R ) and the onstru tion depends only on , a, and
a xed un ountable ordinal (in this ase, !1V ).
Hen e Shoen eld trees are absolute and thus every 12 formula (and 12 formula) is absolute between between inner models of ZF+AC! (R ), espe ially between L and V .
Proof. See, e.g., [66, 8F.8, 8F.9, 8F.10℄.

In general, a 13 formula is not absolute between L and V , e.g., the statement
\Every real is in L" is equivalent to a 13 formula and one an add non onstru tible
real (e.g., a Cohen real over L) via for ing starting from L. Using sharps for reals,
Martin and Solovay onstru ted a tree alled Martin-Solovay tree for a 13 formula
whi h is like a Shoen eld tree for a 12 formula. We will give a suÆ ient ondition
for the absoluteness of Martin-Solovay trees. Assume every real has a sharp. For
a real a, let TIa be the losed unbounded lass of indis ernibles derived from a#
and set I = a2! ! Ia . The lass I is alled the lass of uniform indis ernibles and
u2 denotes the se ond element of I and is alled the se ond uniform indis ernible.

Theorem 1.12.4 (Martin and Solovay). Let M , N be inner models of ZFC+\Every

N
real has a sharp". If uM
2 = u2 with M  N , then Martin-Solovay trees are absolute between M and N and hen e every 13 formula (and 13 formula) is absolute
between M and N .

Proof. See, e.g., [33, Theorem 2.1℄.

Every 13 formula is absolute between the ore model K and V when K exists:

Theorem 1.12.5 (Dodd and Jensen; Steel). Assume every real has a sharp. If
12 -determina y fails, then there is a real a0 su h that for any a T a0 , the arelativized version of the ore model Ka exists and every 13 formula is absolute
between Ka and V .
Proof. In ase there is a real a su h that ay does not exist, this is due to Dodd and
Jensen [24℄. If every real has a dagger, then this is due to Steel [79, Theorem 7.9℄.8

In [79, Theorem 7.9℄, he assumed two measurable ardinals. But one an repla e this
assumption with daggers for reals. See [71, Theorem 0.1℄.
8
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Before losing this se tion, we dis uss the absoluteness of being a winning
strategy for Gale-Stewart games with losed payo sets:
Theorem 1.12.6 (Folklore). Let X be a nonempty set and M be a transitive
model of ZF with X 2 M . For any losed subset A of ! X , given a strategy  for
player I in M , M  \ is winning in A" if and only if V  \ is winning in A".
The same holds for player II.
Proof. As des ribed in [45, 20.B℄, if there is a winning strategy for player I in the
game GX (A) for a losed set A, then there is a anoni al winning quasistrategy
A for player I and a strategy  for I is winning for the game GX (A) if and only
if   A . Sin e the onstru tion of A is absolute between transitive models of
ZF, the statement \ is winning in A" is absolute between transitive models of
ZF, as desired.

1.13 Borel odes and 1-Borel odes
If X is the Baire spa e, the Cantor spa e, or the real line, it is easy to show
that there is a surje tion from the Cantor spa e to the set of all Borel subsets of
X . (By indu tion on 1   < !1 , one an onstru t surje tions from the Cantor
spa e to 0 subsets of X and one an amalgamate them into one surje tion.)
Borel odes are e e tive realizations of su h surje tions introdu ed by Solovay.
To introdu e them, we rst x some notions and notations. Let Y be a set. A
tree T on Y is wellfounded if (T; ) is wellfounded. A node s of T is terminal if
there is no node t in T extending s. Let Term(T ) denote the set of all terminal
nodes of T . Let s; t be nodes of T . The node t is a su essor of s in T if t extends
s and lh(t) = lh(s) + 1. For a node s of T , Su T (s) denotes the set of su essors
of s in T .
We introdu e Borel odes for Borel subsets of the Cantor spa e. One an
introdu e Borel odes for the Baire spa e and the real line in the same way. Borel
odes are pairs (T; f ) where T is a wellfounded tree on ! and f is a fun tion from
Term(T ) to <! 2. One an simply regard Borel odes as elements of the Cantor
spa e by identifying trees on ! with a map from <! ! to f0; 1g and xing a simple
bije tion between <! ! and ! . With this identi ation, we regard Borel odes as
elements of the Cantor spa e. Given a Borel ode = (T; f ), the de ode B is
de ned as follows: For ea h node t of T ,

Bt =

8
>
<[f (t)℄
!2 B
s
>
:S
s2Su T (t) Bs

n

if t 2 Term(T )
if (9s 2 T ) fsg = Su
otherwise.

T (t)

We set B = B; . This is well-de ned be ause T is wellfounded. One an easily
he k any Borel set is of the form B for some Borel ode . The following are
basi observations on Borel odes:
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Lemma 1.13.1 (Solovay). The set of Borel odes and the relations x 2 B ,

x 2= B are 11 sets and hen e they are absolute between transitive models of
ZF+AC! (R ).
Proof. See, e.g., [37, Lemma 25.44 & Lemma 25.55℄.

In nitary Borel odes (1-Borel odes) are a trans nite generalization of Borel
odes: Let L1;0 (fan gn2! ) be the language allowing arbitrary many onjun tions
and disjun tions and no quanti ers with atomi senten es an for ea h n 2 ! . The
1-Borel odes are the senten es in L1;0(fan gn2! ) belonging to any su h that

 the atomi senten e an is in for ea h n 2 !,
 if  is in , then so is :, and
 if is an ordinal
W and h j < i is a sequen e of senten es ea h of whi h
is in , then

<

 is also in .

To ea h 1-Borel ode , we assign a set of reals B in the same way as de oding
Borel odes:

 if  = an , then B = fx 2 ! 2 j x(n) = 1g,
 if  = : , then B = ! 2 n B , and
 if  = W < , then B = S < B .
A set of reals A is alled 1-Borel if there is an 1-Borel ode  su h that A = B .
As Borel odes, one an regard 1-Borel odes as wellfounded trees with atomi

senten es an on terminal nodes and de ode them by assigning sets of reals on ea h
node re ursively from terminal nodes. (If a node has only one su essor, then it
means \negation" and if a node has more than one su essors, then it means
\disjun tion".) The only di eren e between Borel odes and 1-Borel odes is
that trees are on ! for Borel odes while trees are on ordinals for 1-Borel odes.
From this visualization, it is easy to see that the statement \ is an 1-Borel
ode" is absolute between any transitive models of ZF by Lemma 1.12.1.
Given an 1-Borel ode  and a real x, the problem whether x is in B
an be easily translated into the following kind of satisfa tion game using the
above visualization of 1-Borel odes via wellfounded trees: Let us regard  as a
wellfounded tree T on ordinals with terminal nodes labeled by atomi senten es.
In the game G (T ), there are two players, Spoiler and Dupli ator, and a ounter
designating whi h player should move next. We start with the top node (the
empty sequen e) with the ounter designating Dupli ator. If the node has only
one su essor, no player is supposed to de ide anything and they move to the
unique su essor and ex hange the name in the ounter. (This is for the negation.)
If the node has more than one su essors, then the player designated by the
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ounter hooses one of the su essors and keeps the name of the ounter. (This
is for the disjun tion.) If the node is a terminal node, then look at the atomi
senten e labeled at the node, say an . If the real x satis es that x(n) = 1, then
the player designated by the ounter wins, otherwise the other player wins. It is
fairly easy to see that a real x is in B if and only if Dupli ator has a winning
strategy in the game G (T ). By the fa t that the payo set of this game is a
lopen subset of ! for some ordinal , being a winning strategy in this game is
absolute in any transitive model of ZF by Theorem 1.12.6. Hen e the statement
\a real x is in B " is absolute between transitive models of ZF.
The following hara terization of 1-Borel sets is very useful:

Fa t 1.13.2 (Folklore). Let A be a set of reals. Then the following are equivalent:
1. A is 1-Borel, and
2. There is a formula  in the language of set theory and a set S of ordinals
su h that for ea h real x,

x2A

() L[S; x℄  (x):

Proof. See [80℄.

Standard examples of 1-Borel sets are Suslin sets. A set of reals A is Suslin
if there are an ordinal and a tree T on 2  su h that A = p[T ℄, where p[T ℄ is
the proje tion of [T ℄ to the rst oordinate, i.e.,
p[T ℄ = fx 2 ! 2 j (9f

2!

) (x; f ) 2 [T ℄g:

By the above fa t, every Suslin set is 1-Borel. Assuming the Axiom of Choi e,
it is easy to see that every set of reals is Suslin, in parti ular 1-Borel. Hen e
the property 1-Borelness is trivial in the ZFC ontext while it is nontrivial and
powerful in a determina y world, as we will see in Chapter 3.

1.14 Bla kwell games
In this se tion, we introdu e Bla kwell games, whi h are in nite games with
imperfe t information and ompare them with Gale-Stewart games.
In 1928, John von Neumann proved his famous minimax theorem whi h is
about nite games with imperfe t information. In nite versions of von Neumann's
games were introdu ed by David Bla kwell [15℄ where he proved the analogue of
von Neumann's theorem for GÆ sets of reals (i.e., 02 sets of reals). The games he
introdu ed are alled Bla kwell games and they were alled by him \games with
slightly imperfe t information" in his paper [16℄.
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We start with the de nition of Bla kwell games.9 Let X be a nonempty set
and assume AC! (! R ). Re all from x 1.4 that the topology of ! X is given by the
produ t topology where ea h oordinate (i.e., X ) is seen as the dis rete spa e.
In Bla kwell games, players hoose probabilities on X instead of elements of X
and with those probabilities, one an dedu e a Borel probability on ! X , i.e., a
measure assigning probability to ea h Borel subset of ! X . Player I wins if the
probability of a given payo set is 1 and player II wins if the probability of the
payo set is 0. Let us formulate this in detail.

De nition 1.14.1. A mixed strategy for player I is a fun tion P
 : X Even !

Prob! (X ), where Prob! (X ) is the set of fun tions  : X ! [0; 1℄ with x2X (x) =
1.10 A mixed strategy for player II is a fun tion  : X Odd ! Prob! (X ).
Given mixed strategies  ,  for player I and II respe tively, let  (;  ): <! X !
Prob! (X ) be as follows: For ea h nite sequen e s of elements of X ,
(

 (;  )(s) =

 (s)
 (s)

if s 2 X Even ,
if s 2 X Odd .

For ea h nite sequen e s of elements of X , de ne

; ([s℄) =

lh(Y
s) 1

i=0



 (;  )(si) s(i) :

Re all that [s℄ denotes the set of x 2 ! X su h that x  s and these sets are basi
open sets in the spa e ! X . With the help of AC! (! X ), we an uniquely extend
; to a Borel probability on ! X , i.e., the probability whose domain is the set
of all Borel sets in the spa e ! X . Let us also use ; for denoting this Borel
probability.
Let A be a subset of ! X . A mixed strategy  for player I is optimal in A
if for any mixed strategy  for player II, A is ; -measurable and ; (A) = 1.
A mixed strategy  for player II is optimal in A if for any mixed strategy  for
player I, A is ; -measurable and ; (A) = 0. A set A is Bla kwell-determined
if one of the players has an optimal strategy in A. The axiom Bl-ADX states that
every subset of ! X is Bla kwell-determined. We write Bl-AD for Bl-AD! .
Note that sin e there is a bije tion between R and ! R , by Remark 1.2.1,
AC! (R ) implies AC! (! R ) and hen e one an formulate Bla kwell games in ! R and
Bl-ADR within ZF+AC! (R ). The following is an analogy with Proposition 1.6.6:

Our de nitions of Bla kwell games and Bla kwell determina y are di erent from the original
ones given by Bla kwell [16℄ where Bla kwell determina y is formulated as an extension of von
Neumann's minimax theorem, but our formulation is equivalent to the original one when it is
about the Cantor spa e (i.e., when X = 2). For the original formulation of Bla kwell games
and10 Bla kwell determina y, see, e.g., [56, x 3 & x 5℄.
We use Prob! (X ) to denote su h fun tions be ause they are the same as Borel probabilities
 on X with ountable support, i.e., there is a ountable subset A of X with (A) = 1.
9
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Proposition 1.14.2.
1. Let X; Y be nonempty sets and suppose that there is an inje tion from X
to Y and assume AC! (! Y ). Then Bl-ADY implies Bl-ADX . In parti ular,
Bl-ADR implies Bl-AD.
2. The axioms Bl-AD and Bl-AD2 are equivalent.
Proof. The rst item is easy to see. For the se ond item, see [55, Corollary 4.4℄.

As for Gale-Stewart games, one ould ask what kind of subsets of ! X are
Bla kwell-determined for a nonempty set X . After proving that every GÆ subset
of the Cantor spa e is Bla kwell-determined, Bla kwell asked whether every Borel
subset of the Cantor spa e is determined. It was Donald Martin who found a
general onne tion between the determina y of Gale-Stewart games and Bla kwell
determina y.11

Theorem 1.14.3 (Martin). Let X be a set and assume AC! (! X ). If there is

a winning strategy for player I (resp., II) in a subset A of ! X , then there is
an optimal strategy for player I (resp., II) in A. In parti ular, AD implies that
Bl-AD and ADR implies that Bl-ADR .

Proof. Given a strategy  for player I (resp., II), one an naturally translate 
into a mixed strategy ^ for player I (resp., II) by setting ^ (s) to be the Dira
measure on entrating on  (s). It is easy to see that if  is winning in A, then ^
is optimal in A.

By Theorem 1.6.4, every Borel subset of the Cantor spa e is Bla kwell-determined
in ZFC and this answers the question of Bla kwell. After proving Theorem 1.14.3,
Martin onje tured the following:

Conje ture 1.14.4 (Martin). Bl-AD implies AD.
This onje ture is still not known to be true. The best known result toward
AD from Bl-AD is as follows: Re all the notion of Suslinness from x 1.13. A set
of reals is o-Suslin if its omplement is Suslin.

Theorem 1.14.5 (Martin, Neeman, and Vervoort). Assume Bl-AD. Then every
Suslin and o-Suslin set of reals is determined.
Proof. See [59, Lemma 4.1℄.12

In [58℄, Martin proved the Bla kwell determina y in the original formulation as mentioned
in 12Footnote 9, not in our formulation.
In [59, Lemma 4.1℄, they assume the Bla kwell determina y for sets of reals in a weakly
s aled point lass. But the argument shows the statement in Theorem 1.14.5.
11
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Together with the following result, one an establish the equi onsisten y between AD and Bl-AD:

Theorem 1.14.6 (Ke hris and Woodin). Assume that every Suslin and o-Suslin
set of reals is determined. Then ADL(R) holds.
Proof. See [46℄.

Corollary 1.14.7 (Martin, Neeman, and Vervoort). In L(R ), AD and Bl-AD are
equivalent. In parti ular, AD and Bl-AD are equi onsistent.

Also, Bl-AD has some onsequen e on regularity properties:

Theorem 1.14.8 (Vervoort). Assume Bl-AD. Then every set of reals is Lebesgue
measurable.

Proof. See [86℄.

We dis uss the onne tion between Bla kwell determina y and other regularity
properties su h as the Baire property in x 3.2.
It is not diÆ ult to see that if nite games are Bla kwell determined, then
they are determined. As a orollary, one an obtain the following:

Theorem 1.14.9 (Lowe). Assume Bl-ADR . Then every relation on the reals an
be uniformized by a fun tion.

Proof. See [56, Theorem 9.3℄.

Sin e there is a relation on the reals whi h annot be uniformized by a fun tion
in L(R ), Bl-ADR does not hold in L(R ). Sin e Bl-ADR implies Bl-AD by the rst
item of Remark 1.14.2 and Bl-AD implies ADL(R) by Corollary 1.14.7, AD does
not imply Bl-ADR .
In Chapter 3, we dis uss the onne tion between ADR and Bl-ADR .

1.15 Wadge redu ibility and Wadge games
When we study des riptive set theory, we often would like to ompare given two
sets of reals via some measure of omplexity, i.e., we would like to ask the question
\Whi h set of reals is more omplex than the other?". In 1972, Wadge [88℄
introdu ed Wadge redu ibility for sets of reals in the Baire spa e, whi h is an
analogue of many-one redu ibility in re ursion theory: A set of reals A is Wadge
redu ible to a set of reals B if there is a ontinuous fun tion f from the Baire
spa e to itself su h that A = f 1 (B ). After its introdu tion, set theorists in
California developed a beautiful theory of Wadge redu ibility under the Axiom
of Determina y (AD) plus the prin iple of Dependent Choi e (DC). Nowadays
this theory is one of the basi tools in the resear h of determina y and is essential
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to the study of des riptive set theory. The key tool of the analysis of Wadge
redu ibility is a type of in nite games alled Wadge games, whi h hara terize
ontinuous fun tions from the Baire spa e to itself.
For a subset A of a topologi al spa e X , A denotes the omplement of A and
A denotes the losure of A in X .
We start with the de nition of Wadge redu ibility for a general topologi al
spa e. Let X be a topologi al spa e and A; B be subsets of X . The set A is Wadge
redu ible to B (write A XW B ) if there is a ontinuous fun tion f : X ! X su h
that A = f 1 (B ). Hen e the problem of the membership of A an be redu ed
to that of the membership of B via a ontinuous fun tion, and in this sense B
is more ompli ated than (or as ompli ated as) A. This notion reminds us of
the many-one redu ibility for subsets of ! in re ursion theory given by repla ing
ontinuous fun tions with re ursive fun tions. We de ne three other notions of
Wadge redu ibility. A subset A of X is Wadge equivalent to a subset B of X
(A XW B ) if A XW B and B XW A. A subset A of X is stri tly Wadge redu ible
to a subset B of X (A <XW B ) if A XW B and B XW A. A subset A of X is
Wadge omparable to a subset B of X if A XW B or B XW A holds. It is easy
to see that the Wadge order XW is a preorder (i.e., re exive and transitive) and
that the Wadge equivalen e XW is an equivalen e relation on subsets of X . An
equivalen e lass of this equivalen e relation is alled a Wadge degree.
When X is the Baire spa e, the study of Wadge degrees is interesting to
des riptive set theorists in the way that Turing degrees are interesting to re ursion
theorists. Sin e ea h boldfa e point lass is losed under ontinuous preimages, it
onsists of an initial segment of all the subsets of reals via Wadge redu ibility and
hen e the study of Wadge degrees gives us a ner analysis of boldfa e point lasses
su h as Borel lasses 0 and proje tive lasses 1n . Wadge introdu ed Wadge
games to analyze Wadge redu ibility for the Baire spa e. Given two set of reals
A; B in the Baire spa e, the Wadge game GW (A; B ) is played by two players
I and II in the following way: I plays a natural number x0 , then II plays a
natural number y0 or she an pass, then I plays again a natural number x1 and
II plays a natural number or she an pass. After ! rounds of this pro ess, they
will produ e sequen es x = hxn j n 2 ! i and y = hyn j n < ii where i  ! .
Player II wins if i = ! (i.e., player II plays natural numbers in nitely often)
and
x 2 A () y 2 B . Otherwise player I wins. It is easy to see that A !W! B if
and only if player II has a winning strategy in the Wadge game GW (A; B ). Sin e
Wadge games an be easily simulated by Gale-Stewart games, under AD, we an
on lude the following:

Theorem 1.15.1 (Wadge's Lemma). Assume
AD and
let A; B be two sets of
!
!

reals in the Baire spa e. Then either A W! B or B W! A holds.
Proof. Suppose A !W! B . Then by the above observation, player I has a winning
strategy in the game GW (A; B ). But using this strategy, player II an win the
game GW (B; A ) be ause the negation of x 2 A () y 2 B is the same as
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y 2 B () x 2 !A . Hen e player II has a winning strategy in the game
GW (B; A ) and B W! A .

By the above theorem, we an dedu e that the Wadge order !W! is almost
linear in the following sense: Let X be a topologi al spa e and A be a subset of
X . We say A is selfdual if A XW A (equivalently A XW A) and non-selfdual if
A XW A (equivalently A XW A). Let A be a !selfdual set of! reals and B be !a set
of reals in the Baire spa e. Then either i) B <W! A, ii) B W! A, or iii) A <W! B
holds. Let A be a non-selfdual set of reals and B be a set of reals in the Baire
spa !e. Then either !i) B <!W! A and B <!W! A , ii) B !W! A, iii) B !W! A , or iv)
A <W! B and A <W! B holds.
Donald Martin and Leonard Monk proved that the Wadge order !W! is wellfounded. Hen e we an measure the omplexity of sets of reals via ordinals by
taking their rank in the Wadge order.

Theorem 1.15.2 (Martin and Monk). Assume AD+DCR . Then the Wadge
order !W! is wellfounded.
Proof. See, e.g., [83, Theorem 2.2℄.

The above two theorems are essential parts of the basi theory of the Wadge
order for the Baire spa e. In Chapter 5, we show that both theorems fail for the
Wadge order for the real line.

